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SECTION I. 
THEORY OF TRIGONOMETRICAL RATIOS. 

OBJECT OF TRIGONOMETRY— METHODS OP REPRESENTING 
NUMERICALLY THE MAGNITUDES OP LINES AND ANGLES. 

1. In any plane triangle there are six parts to be consi- 
dered, three angles, and three sides. In order to find all the 
rest, it is in general sufficient to know three of them, but one 
of the three must be a side ; because with three given angles 
(provided their sum be equal to two right angles) we can form 
an infinite number of triangles, which are not equal, but only 
similar to one another. Geometry furnishes simple construe- 
tions for each of the cases in which we can determine a triangle 
by means of some of its parts when known ; but these construc- 
tions, on account of the imperfection of the instruments em- 
ployed, give only a rough and often insufficient approximation. 
Mathematicians have therefore sought to substitute for them 
numerical calculations, which always attain the required degree 
of exactness. 

The special object of Trigonometry is to give methods for 
calculating all the parts of a triangle when there are sufficient 
data ; this is what is called solving a triangle. But in its pre- 
sent enlarged sense. Trigonometry treats of the principles by 
which angular magnitudes may be estimated, and numerically 
connected with one another, and with other magnitudes; and 
shews how to perform measurements generally, by means of the 
relations of the sides and angles of rectilinear figures. 

2. To represent the magnitudes of the sides of a triangle, 
or of any lines, we refer them to the common unit of length, a 
foot for instance ; and when we represent any line by a general 
symbol a, we use an abbreviated mode of writing a x 1^* ; for a 
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in reality expresses the ratio which the length of the line bears 
to the assumed unit of length. 

3, We represent the magnitudes of angles by numbers 
expressing how many times they contain a certain angle fixed 
upon as the unit of angular measure. For this purpose we 
divide a right angle (which is capable of being determined 
geometrically, and famishes an invariable standard of angular 
measure) into 90 equal parts called degrees, each degree into 
60 equal parts called minutes, each minute into 60 equal parts 
called seconds; then an angle is expressed by the number of 
degrees, minutes, seconds, and decimal parts of a second, which 
it contains. 

Degrees, minutes, and seconds are marked by the symbols 
®, ', *' ; thus, to represent 14 degrees, 9 minutes, 37,4 seconds, 
we write 14^ 9'. 37^^4. 



4. Another division of the right angle has sometimes been 
employed, with a view of assimilating the measures of angles 
to the decimal notation. In this system the right angle is 
divided into 100 equal parts called grades, the grade into 100 
minutes, the minute into 100 seconds, and so on; and since a 
minute and second, expressed by decimal parts of a grade, are 
respectively '01 and '0001, an angle expressed in grades, minutes, 
and seconds, will be represented by the same figures when ex- 
pressed in grades and decimal parts of a grade ; thus 14^. 9^ 37^' 
becomes 14 + 9 x '01 + 37 x -0001 = 14*0937, and expressed in 
decimal parts of a right angle, it is '140937. 

But notwithstanding this advantage of the centesimal di- 
vision of the right angle, viz. that an angle given in grades, 
minutes, &c. can be expressed decimally by inspection, and 
conversely — ^whereas, in the sexagesimal division, to effect the 
same reductions, arithmetical processes are required — the latter 
division is generally adopted. 

5. We shall however here shew how common degrees may be 
converted into grades, and vice versd. 

Let ^ represent the magnitude of an angle of l'» and d that 
of an angle of 1^, and let (r, D, be respectively the number of 
grades and degrees contained in any angle; then 



... G=— D = 2>+- A and i>=-^Gf = Gf-—Gf. 

• g 9 > ""^ 10 10 

To convert therefore the measure of an angle in degrees to the 
corresponding measure in grades, we must (after having reduced the 
minutes and seconds to the decimal of a degree) increase the mea- 
sure in degrees hy one-ninth of itself, and the result is the measure 
in grades : to convert, on the other hand, the measure of an angle in 
grades to the corresponding measure in degrees, we must diminish it 
(expressed decimally) by one-tenth of itself, and the result is the 
measure in degrees and decimal parts of a degree, which may then be 
reduced to minutes and seconds. 

Thus 29P. 5'. 33'' = (29-0925) degrees = ^29-0925 + ^1^?^\ grades 

= 323250 grades = 32», 32'. 50". 

32-3250 - ^Q ) degrees 

= (29-0925) degrees = 29®. 5\ 33'\ 

6. Besides the above-mentioned unit of angular measure, 
viz. the 90th part of a right angle, which is always used in 
practical applications, there is another, viz. the angle at the 
centre of a circle which is subtended by an arc equal to the 
radius of the circle, which is more convenient in analytical in- 
vestigations. 

This angle will be of an invariable magnitude, whatever 

be the radius of the circle. For, assuming the ratio of the 

circumference of a circle to its diameter to be invariable, and 

employing, as usual, the symbol ir to express the numerical 

value of that ratio, so that if r be the radius of the circle, its 

circumference will equal 27rr, let A CB (fig. 1) be an angle at 

the centre of a circle subtended by an arc equal to the radius 

of the circle ; then since (Euclid, VI. 33) angles at the centre 

of the same circle are to one another as the arcs on which they 

stand, 

anffle^CS arc^J? r 

four right angles circumference 2irr ' 
.-.angle ^03 = ^5£i2|^^S^«, 

which, being independent of r, is invariable. 



Since then this angle, which although it cannot be deter- 
mined geometrically admits of the simple definition above stated, 
is of invariable magnitude, it may be properly used to measure 
other angles. Let it be denoted by o), then any other angle 
will be denoted by 6w, if 6 express the ratio which its magni- 
tude bears to that of the angle denoted by ca ; or, if we choose 
to suppress the angular unit o), (in the same manner as we 
suppress 1® when an angle is expressed in degrees,) the angle 
will be represented simply by 6, 

7. In this latter mode of measuring the magnitudes of 
angles, 6 is equal to the ratio which the arc of any circle sub- 
tending the angle supposed to be formed at its centre bears to 
the radius of the circle, and is therefore called the circular 
measure. 

For let ABy AP (fig. 1) be arcs traced out by any point in 
the line CP which, revolving from the position A (7, describes 
the angles ACB^ ACP; and let arc AB=AC^ so that ACB is 
the angle subtended by an arc equal to the radius, or = <» ; and 
A CP any other angle = Oco ; then (Euclid, VI. 33) 

^ACP AP AP 
z ACB" AB" AC' 

.'. I ACP= AACB,-rri—to.—Ti — ; 

A C radius 






e= '■''' 



radius ' 



If we suppose the radius of the circle to be taken equal to 
the unit of linear measure, we have 5 = arc ; or the measure of 
the angle is the length of the arc subtending it ; on this account 
an angle expressecTby its circular measure is sometimes said to 
be expressed in arc. 

8. The numerical value of the constant ratio which the 
circumference of a circle bears to its diameter, as already stated, 
is usually denoted by the symbol tt; hence the ratio of the 
semi-circumference to the radius will also be denoted by -tt, and 
the ratio of the quadrantal arc to the radius by Jtt; so that the 
measures of two right angles, and of a right angle, according to 



this mode of estimating the magnitudes of angles, will be re- 
spectively IT and i-TT. When the fraction arc -f- radius is used 
to measure an angle, we shall generally denote it by a letter 
of the Greek alphabet ; and those, and other symbols, will be 
used indifferently to designate either the measures of angles, or 
the angles themselves. 

9. Having given the measure of an angle where the 90th 
part of a right angle is taken for the unit of angular measure, to 
find its measure where the angle at the centre of a circle subtended 
by an arc equal to the radius of the circle, is taken for the unit, 
and conversely. 

The numerical value of tt, the ratio of the circumference 
of a circle to its diameter, is 3*14159. Let r be the radius and 
c the circumference of a circle, then c = 27rr ; also let x be the 
number of degrees in o), the angle which at the centre of a circle 
is subtended by an arc equal to the radius of the circle, then 
(Euclid, VI. 33), 

x^ r 



ISC'* irr' 

3-14159 

Hence if an angle 6 be given referred to the unit o), its 

measure in degrees will be 5 x 57^*29577 ; and, conversely, if 

an angle A be given in degrees, its measure, when a> is taken for 

A 

the unit, will be . 

' 57-29577 



DEFINITIONS OF THE TEIGONOMETRIOAL RATIOS. 

10. In trying to connect numerically the angles and the 
sides of triangles, our first idea would be to find direct rela- 
tions between the sides and those ratios, involving the lengths 
of circular arcs, which serve as the measures of the angles. 
But as circular arcs cannot be compared with one another or 
with straight lines, by means of their geometrical properties, 
we soon become aware of the difficulties of introducing the 



measures of the angles into calculation ; and we are led to re- 
place them by certain ratios depending upon the angles, so that 
they are determined when the angles are known, and conversely ; 
and which, involving the sides of right-angled triangles only, are 
capable of comparison with one another by means of their geo- 
metrical properties. These ratios which determine angles though 
they do not measure them, the use of which now extends to all 
branches of Mathematics, are what are called collectively Trigo- 
nometrical Ratios. We proceed to give definitions of them. 

11. If firom any point in either of the indefinitely pro- 
duced sides containing an angle, a perpendicular be dropped 
upon the other side, or the other side produced backwards, so as 
to form a right-angled triangle, then 

The ratio of the side opposite to the angle, to the hjrpothe- 

nuse, or the fraction M^!^ , i^ called the Sine 
' hypothenuse 

of the angle. 
The ratio of the side opposite to the angle, to the side 

adjacent to it, or the fraction *— ^-i- , is called 

the Tangent of the angle. 
The ratio of the hypothenuse to the side adjacent to the 

angle, or the fraction ^^ , is called the Secant 

of the angle. 

Thus (fig. 2) if the line AC revolving from the position 
AB describe the angle BA C containing A degrees ; and if from 
any point P in -4 (7 we drop a perpendicular PN upon AB, or 
AB produced backwards, we have, employing the usual abbre- 
viated mode of writing the Trigonometrical Ratios, 

. . PN ^ . PN A AP 

®^^ ZP' ^^-^^^AN' ^^^""AN' 

12. The complement of an angle is that angle which must 
be added to it to make a right angle ; thus the complement of 
45° is 45^ and the complement of 30° is 60°. When the angle 
is greater than 90°, its complement is negative ; thus the com- 



plement of 127'* is — 37°. The two acute angles of a right-angled 
triangle are complements one of the other. 

The Cosine, Cotangent, and Cosecant of an angle, axe the 
sine, tangent, and secant of its complement, and are denoted 
by the abbreviations cos, cot, cosec. Hence, according to these 
definitions, 

cos ^ = sin (90*--4), cot -4 = tan (90°--4), cosec A = sec(90'*-u^). 

AJso, referring to fig. 2, 

A • A nxT AN base 

cos^ = sm-4P^= -m = 



AP hypothenuse ' 

or the Cosine of the angle -4, is the ratio of the side adjacent to 
the angle -4, to the hypothenuse ; 

cot ^ = tan APN— --f^t^ 



FN perpendicular ' 

A A-n-^T AP hypothenuse 

cosec -4 = sec -4PiV = ■5xr=— "^^^ — t= — i — • 

PN perpendicular 

In conformity with the definitions we likewise have 

cos (90'+ A) = sin (- A), cot (90" + A) = tan (- A), 

cosec (90" + A) = sec (- A). 

13. Hence we see that the cosecant, cotangent, and cosine 
of an angle, are respectively equal to the reciprocals of the sine, 
tangent, and secant of the angle, so that we have 

cosec A = -; — J , cot -4 = , j , cos A = 



sin A ' tan A^ sec A* 

and that, consequently, the cosecant, cotangent, and cosine might 
have been defined to be the reciprocals of the sine, tangent, 
and secant. 

As however the sine, cosine, and tangent are by far the 
most frequently used, they must be regarded as forming the 
primary class of the Trigonometrical Ratios ; and the others as 
forming a subordinate class, the employment of which is occa- 
sionally attended with conveniences which will be hereafter 
pointed out. 

There are also two other quantities which are sometimes 
employed to determine an angle -4, viz. versine Ay and su-versine 
A ; they are used to express 1 — cos -4 and 1 + cos A. 
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14. The Trigonometrical Ratios determine the angles, and 
conversely ; i. e. any determinate values being given for the one, 
determinate values can be found for the other. 

For suppose the angle to be given, and that it is BAG 
(fig. 3) ; then as long as the angle continues the same, the 
values of the Trigonometrical Ratios remain the same, wherever 
the point P is taken in AC\ for if we take a second point P' 
and drop a perpendicular P'N'y since the triangles APNy 
APN* are similar, their sides have to one another the same 
ratios, and therefore sin -4, tan A, &c. will have the same values, 
whether APN or APN' be the triangle by the sides of which 
they are expressed. 

Again^ suppose the values of any of the Trigonometrical Ratios 
given> Bin A^a, c(^ A^ a, tan A =ay for instance. Taking any line 
CP (fig. 4) describe upon it as diameter a semi-circle, and from centre 
P with a radius which is to CP as a to 1> describe a circle cutting 
the former in N^ and join CN^ PN; then PCN is an angle whose sine 
equals a ; for on account of the right angle PNd 

PN 
sin PCN- YPp = «• 

If it is the cosine which is given> the construction will be the same> 
except that the second circle will be described from centre C with a 
radius (7^ which is to CP as a to 1. 

Again, taking any line AN (fig. 2) erect PN perpendicular to it, 
and having to -4j^the same ratio that a has to 1 ; join AP, then PAN 

PN 

is an angle whose tangent equals a, for tan PAN= 71^= «• 

These geometrical solutions of the problem of finding an angle 
from its sine, tangent^ &c. are given only by way of illustration; we 
shall hereafter shew how to find the values of the Trigonometrical 
Ratios of all angles to any degree of accuracy; and if these values and 
the angles be arranged in Tables, side by side, they will mutually 
determine one another vrith a precision unattainable by geometrical 
constructions. 

15. From the above considerations we also see that for the 
same angle, there is one determinate value and only one of each 
of its Trigonometrical Ratios. The converse Proposition is not 
true, viz. that, corresponding to a given value of the sine, 
tangent, &c. there is only one determinate value of the angle. 
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On the contrary, we shall see further on, that, allowing our 
definitions their necessary generality, there is, corresponding 
to the same value of the sine, tangent, &c. an indefinite num- 
ber of determinate values of the angle. 



EELATIONS OF THE TRIGONOMETKICAL RATIOS TO ONE 

ANOTHER. 

16. To express the cosine of ian angle by means of its 
sine, and vic^ versd; and to express the other Trigonometrical 
Eatios of an angle by means of its sine and cosine. 

From the right-angled triangle APN (fig. 2) 

PlsT ■\- AN^ =^ AP" ) 

^PN\^ fAN\^ 



. . 



AP) • \AP} "-^^ 



or sin^-4 + cos'-4 = l (1) ; 

.•. cobA = ± Vl — sinM, and sin -4 = + Vl — cosM. 

It will be explained (Arts. 31 and 32) why we obtain two 
equal values with contrary signs, when we express cos^ in 
terms of sin -4, or sin -4 in terms of cos A. 

PN 

., ^ . PAT ^P sin ^ ,^. 

Also tan^ = ^^5^=^-^ (')' 

AP 

and, by Art. 13, sec-4 = j (3), 

' -^ ' cos^ ^ ^ 

t >4 — ^ - cos J . ..s 

""tan^~"sin-4 ^ 

cosec J[ = -^ — -. << (5). 

17. The four latter formulae enable us to find the values of 
tan Ay sec A^ &c. when those of sin A and cos A are known. 

Ex.1. Suppose ^ = 45^ 

Let ABC (fig. 5) be an isosceles triangle, right-angled at C\ 
then the other angles are equal, and their sum is k right angle, 
therefore each of them is half a right angle. 

TRIG. 2 



10 
Now AB'^AC''\-BC*^2BC^, oi AB^^.BC; 

cos 45' = sin (90^ - 45^ = sin 45' = i ^2, 

ten 45' = cot 45' = 1, 

sec 45' = cosec 45' = V2. 

Ex, 2. Suppose A = 30'. 

Let ABC (fig. 6) be an equilateral triangle ; therefore each 
of its angles = Jrd of two right angles = 60'. 

Draw BD a perpendicular from any angle upon the opposite 
side ; then BD bisects both the angle ABC, and the side A C. 

• BinABB^^-^^^i' 
.. sin^^iy-^^- ^jg -4, 

or sin 30' = cos 60' = J, 

cos 30' = sin 60' = Vl-J = J V3, (Art. 16) 

ten 3 0' = cot 6 0' = -~ = J Vs , 

cot 30* =» tan 60' = Vs, 

sec 30' = cosec 60' = § Vs, 

cosec 30' = sec 60' = 2. 

These values may of course be obteined, not through the 
sine, but directly from the figure ; for 

AD =: iAB, and DB^ ^AB"- AD" = IAB\ 
or DB^^'^.AB; 

.'. cos30'=-jg = iV3, tan30' = ^=-^=jV3, &c. 

18. The five formulae of Art. 16 are the ftmdamentel ones, 
and will enable us to deduce all others in which only one angle 
is involved ; the following are the most remarkable. 

Squaring, and adding unity to each side of (2), we have 

1 + tanM = 1 + 5i^ -^4Jlio^, 

cos' A cos'* A ' 
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but sin' A + cos' ^ = 1, and — 5-7 = sec* A : 

cos' A ' 

.\ 1 +tan'^ = sec' J. 

This also appears from triangle APN (fig. 2) in which , 

AF'^AN' + NI^; 

■■■ (^■-©" 

or sec' -4 = 1 + tan'-4» 
Similarly, (^=l+(^; 

or cosec'-4 = 1 + cof -4, 
which also results from the preceding by writing 90**— A for A. 

19. In general, any one of the six Trigonometrical Eatios 
of an angle being given, the five fundamental relations will 
enable us to find the values of all the rest ; and for that purpose 
it will only be requisite to effect the solution of simple equations. 

Suppose, for instance, it was required to find the sine and 
cosine of an angle by means of its tangent, we must take the 
equations (1) and (2), viz. 

sin'w4 + cos' -4 = 1, tan A = 7 ; 

cos-4 

the second gives sin -4 = tan -4 cos -4, or sin'ui = tan'ui cos' -4; 
and substituting this value of sin'-4 in the former, we easily find 

cos-4 = + , =, and then sin-4 = + 



Vl+tanM' "Vl + tan'^' 

the double sign implying that there exist two sines and two 
cosines, equal in magnitude but contrary in algebraical sign, 
corresponding to the same tangent; the explanation will be 
found in Article 33. 



USB OF THE SIGNS + AND - TO INDICATE CONTRARIETY 

OF POSITION. 

20. In giving the line A C (fig. 2) which, revolving about 
A from ABj describes the angle BACj all possible positions, 
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the sides of the determining triangle may assume situations 
entirely contrary to those which they have when the angle is 
less than 90°. For instance, in the case of the angle BAG 
greater than 90°, the base ^^is situated to the left of -4, while 
before it was situated to the right. 

These contrarieties of position may be taken account of in 
our calculations, by affecting the quantities representing the 
magnitudes of the lines with contrary algebraical signs. 

For let BG be any line (fig. 7), in which are given two 
points A^ By separated by a distance AB=a; and suppose the 
distance from ^ of a point N in the line to be known, and = J, 
and we wish to express the distance of N from B; if we denote 
this distance by a?, we have 

x = a + h, or a? = a — 5, 

according as ^lies in AG or AB; so that it will be necessary 
to use two formulae for these two positions of N. But this in- 
convenience may be eluded, and a single formula will suffice, if 
we take care to give different algebra,ical signs to distances 
which have contrary situations with respect to the origin A. 
In fact, the first formula x = a + b, if we suppose 5 to be nega- 
tive, becomes a? = a — 5, which corresponds to a point N* placed 
just as far to the left of .4 as -^ is to the right ; and so will 
serve to determine all positions of N in the indefinite line BG, 
or all distances of N from any line AJD, measured parallel to 
BG. 

Similarly, if distances originating in BG, and taken along 
AD or only parallel to AD, be denoted by positive quantities 
when they are measured upwards, when measured downwards 
th^y will be denoted by negative quantities. As the signs + 
and — ^!^ not s^ffi,cient to express the relation of position of 
lines to each other which are inclined at any angle to one an- 
other, they are only applicable to lines which are either in the 
same straight line, or are parallel to one another ; but we shall 
soon see how, by the employment of Trigonometrical Katios, the 
more g^ieral relation of position likewise may be expressed. 

21. Again, we may bring angles under the same rule; for 
let AB, AD (fig. 8) be two lines including a known angle Ay 
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and suppose the inclination of 9> line AO to AB to be known, 
and = B ; and we wish to express its inclination to AD ; calling 
this latter angle (7, we have 

(7 = ^ + J5, or G^A'-B, 

according as -4 (7 falls above or below AB) both of which formulae 
may be included in a single one, (7 = -4 H--B, if we affect B with 
a positive or negative sign, according as the angle which it re- 
presents is formed above or below the line AB. 

Hence if angles described by a line revolving from a fixed 
position in one direction be denoted by positive quantities, those 
which are described by the line revolving from the same initial 
position in the opposite direction will be denoted by negative 
quantities j and the arcs which are the measures of the angles 
will be afiected with their proper algebraical signs according 
to the same rule. 

22. By these considerations we are led to the following important 
principle, first established by De9 Cartes, 

If on any line, straight or curved, we consider different distances 
measured from a fixed point in the line as the common origin, we shall 
introduce into the calculation the distances which have contrary situ- 
ations relative to the origin, by affecting the one with the sign +, and 
the other with the sign — . 

The direction of the positive distances is quite indifferent; but 
being once fixed, the negative distances must lie in the contrary 
direction. With respect to the sides opposite and adjacent to an angle 
in the determining triangle, and which, for different angles measured 
from the same primitive line, are always either parallel, or in the 
same straight line, it is usual to consider them positive in the situ- 
ations which they occupy when the angle is less than 90^. With 
respect to the hypothenuse, it is necessary to take only its magnitude 
into account; for its position is fixed by the other two sides, and 
cannot be determined by the signs + and — , since it does not remain 
parallel to a fixed line. 

This principle of Des Cartes is not to be assimilated to a theorem 
capable of being demonstrated ct priori; it is in truth but a simple 
convention, which we must be careful not afterwards to contradict, 
and of which the utility is rendered evident by the applications we 
make of it. 



14 

23. The Supplement of an angle is that angle which most 
be added to it to make two right angles; when the angle is 
greater than 180°, its supplement is negative ; thus the snpple* 
ment of 100° is 80, and the supplement of 200° is - 20°. 

If two angles be supplementary to one another, their Tri- 
gonometrical Ratios are all equal and of contrarj signs, with 
the exception of the sines and cosecants, which are equal and 
of the same sign. 

Let BA G (fig. 9) be an angle greater than a right angle^ 
containing A degrees. In AC take any point Q, and draw 
QM perpendicular to BA produced ; also make angle BA C 
=: z QAM, AP=AQ, and draw PN perpendicular to AB. 
Then the triangles PAN, QAM, are equal in all respects ; and 
we may assume AN=b, PN=p, b andjp being positive quanti- 
ties, and AP = r ; therefore AM= — h, MQ =jp, AQ^^r-, 

now sin BAC= sin A = -^j-pr = ^ , 

AQ r ' 

sin5J(7' = sin(180°-^)=^=|; 

.-. sin ^ = sin (180° --4). 

AM -5 



Also, cos BA (7 = cos w4 = 



AQ 



cos5^C" = cos(l80°-^)=^=*; 

.-. cos ^ = - COS (180° - A). 
Hence 

. sin^ sin (180° -J) , ,,„^o a\ 

*^^ = ^3r2 = -coB(i80--:i) = -^(^^Q-^) 

cot A = r^ = — : — ttUs Tn = - cot (180°-^), 

tan^ -tan (180°-^) ^ ^ 

cosec A = -, — ^ = . ,,_^o Tn" = cosec (180° - A). 

sm A sm (180° — A) 
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24. If two angles are equal but of contrary signs, then all 
their Trigonometrical Batios are equal and of contrary signs, 
with the exception of the cosines and secants, which are equal 
and of the same sign. 

Let AC (fig. 10) revolving about the point A from the 
initial position AB, describe the angle BA C containing A de- 
grees; then if it revolve in the contrary direction from AB 
till angle BAC' = BACy we shall have angle BAC'^-A. 
Through any point N in AB draw PNQ perpendicular to AB 
and meeting AC, AC, in P and Q; and let AP=r^ AN=^h, 
PN—p; then NQ^^'-p, a,niAQ = r. 

Now sin BA (7 = sin -4 =-7-= =-2 , 

AP r' 

sin5^C' = sin(-^) = ||=:^; 

*\ sin -4 = — sin (— A), 

Again, coa BAC=j^ = -, 

cos BA C'= -r7=i = - ; 
AQ r' 

/. cos A = cos (— A). 

Ai A . sin ^ —sin (—-4) ^ , .. 

Also tan^ = j = / ./ = -tan (--4), 

cos^ COS (—-4) ^ ^' 

sec A = -. = 7 — -T. = sec (— A), 

cos J. cos (—-4) ^ " 

cot u4 = — cot (— -4), cosec -4 = — cosec (—-4). 



MAGNITUDES OF ANGLES UNLIMITED.— METHOD OF REDUCING 
THE TRIGONOMETRICAL RATIOS OF ALL ANGLES TO THOSE 
OF ANGLES LESS THAN A RIGHT ANGLE. 

25. Every angle considered in Geometry is less than two 
right angles; but in Trigonometry the term angh has a far 
wider signification ; and the representation of angles by means 
of their measures, leads to the consideration of angles not only 
greater than two right angles, but of all possible magnitudes. 
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With <5entre^ (fig. 11) and any radius -4jB describe a circle; 
and suppose the radius -4(7, starting firom the initial position ABj 
to revolve in the direction BGG^, and so to form different posi- 
tive angles BAC^B, BAC, = 0,, with AB. Then if AC 
continue to revolve in the same direction, we shall have the 
angle ir + BAC^ greater than two right angles, with measure 

BDB'C 
0^= — ' , and the angle ir-j-BAC^ greater than three 

BDH'C 
right angles, with measure 0^ = — j TT"* * When the describing 

radius reaches AB, the whole angle described is fotir right 
angles, or 27r ; and when it reaches A C for the second time, the 
whole angle described is 2w + BAG or 2ir + 0; and for the 
n*^ time, the whole angle described is 2 (n—l) ir+ 0. 

Similarly, negative angles of all magnitudes may be formed 
by the describing line revolving from AB in a direction opposite 
to its former one; and the various positions of AC relative to 
the primitive line will be equally well determined by them 
as by positive angles. Thus the positions of -4Cj, AC^, may 
be determined by the negative angles BAC^, -B^Cg, that is, 
\yy - (27r - 0,1 - (27r - 0,), as well as by 0„ 0,. 

Angles greater than two right angles, are sometimes called 
goniometrical angles, to distinguish them from geometrical angles 
which are always less than two right angles. 

26. To trace the changes in the magnitudes and algebraic 
signs of the Trigonometrical Eatios of an angle, as the angle 
increases from zero to 27r. 

Since the values of the Trigonometrical Ratios of an angle 
are independent of the magnitude of the hypothenuse of the 
determining triangle, we may suppose it to preserve the same 
constant value = r ; and we shall consider four cases according 
as the angle lies between zero and a right angle, between one 
right angle and two, between two and three, or between three 
and four right angles. 

I. When the describing radius AC (fig- 2) coincides with 
AB, and the angle BAG consequently is ?ero, PN vanishes, 
and .4-^" becomes equal to AP or r ; hence 
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r 

*sinO = -- = 0, cosO = - = l, taiiO=-=30: 

.'. cosec = 00 , see = 1, cot = co . 

As the angle increases, PN increases and AN diminishes ; 
therefore the sine, tangent, and secant increase, and the cosine, 
cotangent, and cosecant diminish ; till the angle becomes a right 
angle when PN becomes equal to AP or r, and AN vanishes ; 

. IT r ^ TT ^ ^ TT r 

/. sm- = -=l, cos- = - = 0, tan- = - = QO, 
2 r 2 r 2 

cosec rt = 1, sec — = 00 , cot - = 0. 

^ M ^ 

All the Trigonometrical Eatios of an angle lying between 
zero and a right angle, are positive : and as in the triangle ANP 
the greater side is opposite the greater angle, the sine is less 
than the cosine when the angle is less than half a right angle, 
and afterwards greater. 

II. When the angle BA G increases from ^ to tt (fig. 2) 
PN diminishes and AN increases ; therefore the absolute values 
of the sine, tangent^ and secant diminish, whilst those of the 
cosine, cotangent, and cosecant, increase. Also since the value 
of PN is positive and that of AN negative, the values of the 
sine and cosecant are positive, and those of the rest of the 
Trigonometrical Eatios negative. When the angle increases 
up to TT, so that PN vanishes, and AN— — r, we have 

sm7r3=-5=0, cos 9r = — = — 1, tan7r = — ==0, 
r r — r 

cosec 9r = 00 , sec tt = — 1, cot tt == oo 4 

III. Similarly, as the angle BAG (fig. 12) increases from 

TT to — , the sine, tangent, and secant increase, and the other 

Trigonometrical Eatios diminish ; and as the values both of PN 
and -4^ are negative, the sine, cosine, cosecant, and secant are 
negative, but the tangent and cotangent positive ; and when the 

TRIG. 3 
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angle increases up to — , so that AN vanishes, and PN^^r, 
we have 

sin — = — = - 1, cos — « - = 0, tan — = •— = QO y 
2 r 2 r 2 ' 

cosec — = — 1, sec — 5= QO , cot — = 0. 

2 A it 

IV. Lastly, as the angle S4 G (fig. 13) increases from — 

to 27r, the sine, tangent, and secant diminish, and the rest 
increase ; and as the value of PN is negative, but that of AN 
positive, the cosine and secant are positive, and the rest nega- 
tive ; and when the angle becomes 27r, we have 

r 

sin27r = -s=0, cos29r = - = l, tan29r = -=0, 
T T r 

cosec 27r = QO , sec 27r = 1, cot 27r = oo . 

Hence we conclude, 

1. The sines and cosines of angles are always less than 
unity, and may represent all proper fractions positive or nega- 
tive, but no other numbers: and as the angle increases from 
zero to 29r, the sine is numerically greater than the cosine for 

13 5 

angles between the limits - tt and -tt, and between -ir and 

4 4 4 

7 

J TT ; and less for the other values of the angle. 

2. It is only the tangent and cotangent that are continuous 
through all values from positive to negative infinity, and may 
represent all real numbers whatever. 

3. The Secant and cosecant are discontinuous from + 1, to 
— 1, but may represent any number whatever that is not a proper 
fraction. 

27. In the applications of Analysis, as has been stated, we 
have frequently to consider angles which contain tt several times: 
we must therefore give formulas for expressing the Trigonome- 
trical Ratios of all such angles by those of other angles less 
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than -ir; and the investigations upon which we are now 

obliged to enter, though some of them may seem minute and 
tedious, deserve the greatest attention on the part of the Student. 
We shall especially consider the Sine and Cosine, which are the 
Eatios most used ; and as every angle greater than tt must con- 
sist of an angle <7r, together with tt, once or several times 
repeated, we shall first examine what would be the sine and 
cosine of tt + ^, being less than ir. 

Let the angle BA C (fig. 14) be denoted by ; produce GA 

to G\ then the positive angle BA C will be denoted by tt + ^ ; 

PN FN' 
and these angles will have equal sines -jp , -jpr ; hut as the 

lines FNy FN' have contrary positions, they must be affected 

AN 
with different algebraic signs ; the cosines in like manner -jp , 

AN' 

-jpT 9 are equal and must be affected with contrary algebraic 

signs ; 

.•• sin (tt + d) = — sin 6, cos (tt + d) = — cos 0. 

Next suppose increased by 27r, then tlie line AG will 
return to its original position, and all the Trigonometrical Katios 
will remain the same ; 

•*. sin (27r -|- ^) = sin 0, cos (27r +0) = cos 0. 

In general, whatever be the magnitude of the angle 0, if 
we add to it tt, or any odd multiple of tt, the bounding radius 
will be transported to a position exactly opposite to that which 
it first occupied, and then, as is evident, the sine and cosine 
have only their algebraic signs altered, but not their magni- 
tudes ; but if we add to it 27r, or any even multiple of tt, the 
bounding radius returns to its original position, and the Trigo- 
nometrical Ratios are altered neither in magnitude nor algebraic 
sign. Hence the sign of any multiple of ir will be zero ; and 
the cosine will equal + 1 or — 1 according as the multiple is 
even or odd ; i. e. sin mr = 0, cos nir = (— 1)*. 

From the preceding results we readily perceive that 
tan (tt + d) = tan 0, tan (27r + (?) = tan 0. 
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28. It is proper to observe, that the formulse proved here, 
and at Arts. 23, 24, 

sin {tt — O) = sin^, cos (tt — ^) = — cos5...(l) 

sin(7r + ^) = — sin^, cos (ir + ff) = — cos5...(2) 

sin {27r+0) =sin^, cos {27r+0) =:coaO (3) 

sin(— ^) = — sin^, cos(— ^=scos^ (4) 

are true for positive and negative angles of all magnitudes. 

The first were proved only for values of between zero and 
TT ; changing into ir + O, they become 

sin (— 0) = sin (tt + d), cos (— ^) = — cos (tt + 0), 

which are evidently true by (2) and (4). We may now again 
increase by tt, and so on to any extent ; also putting — d 
instead of 0, we see that the two formulae are still true ; there- 
fore they hold for all angles whatever. 

Formulae (2) we have seen to be true for all positive angles ; 
also if we replace hy —0^ they become identical with (1), 
therefore they subsist also for negative angles. 

In formulae (4) it is evident that may be replaced by — ^ ; 
and from the way in which these formulae are established, there 
is no limitation to the magnitude of 0. 

Formulae (3) we have seen to be true for all positive values 
of 0] and since the addition of 27r to any angle, positive or 
negative, makes no alteration in its sine or cosine, they must 
be true for negative values of 0, 

Hence also, from Art. 12, we have 

cos (^TT +0) — sin (— d) = — sin 0, 

cot (iTT + d) = tan {-0) = - tan ^, 

cosec (^TT + d) = sec (— 0) = sec 0. 

29. It is now easy to reduce the Trigonometrical Eatios 
of any angle whatever, to those of an angle less than 90°. 

We must first suppress 360° as often as we can, and the 
sine, cosine, and tangent remain unaltered. We must next 
suppress 180° (if the angle exceed 180°) and change the signs 
of sine and cosine, but not of tangent. If the angle which now 
remains be greater than 90°, we must take its supplement, and 
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change the algebraic signs of the cosine and tangent, but not of 
the sine. The values of the other Trigonometrical Batios may be 
foxmd by expressing them by the sine, cosine, or tangent. 

Ex. sin 1029'^ = sin 309' = - sin 129° = - sin 51*. 

cos 1029" = cos 309'* = - cos 129* = cos 51^ 

tan 675' = tap 315'= tan 135' = - tan 45'. 

sin (- 1029°) :^ sin (- 309') = - sin (- 129') = sin 51'. 

30. Since sin ^ = sin (tt -- ^) = — sin (— d) = — sin (tt + ^), 
and since we are at liberty to add or subtract any multiple of 
27r to or from an angle without altering the values of its Trigo- 
nometrical Ratios, we have 

sin ^= sin {2nir + 6) = sin {(2n+ 1) tt- ^} =-sin {^nir-ff) 

= -sin{(2n + l)7r + ^}; 

or, expressed by a single formula, sin 6 = sin [nir + (— 1)*^}. 

Similarly, 

cos ^ = cos {2nir + ^) = — cos {{2n + 1) tt — ^} = cos {2ivtt — ff) ' 

= -cos{(2n+l)7r + ^}; 

or, expressed by a single formula, cos ^ = (— 1)* cos {nir ± 6). 

And since tan = — tan (tt — d) = — tan (— 0) = tan (tt + ^, 

tan^ = tan {^nw + O) = - tan {{2n + 1) tt- d} =- tan [^mr-O) 

= tan{(2w + l)7r + ^}; 

or, expressed by a single formula, tan 6 = tan [nir + 6). 

In all these expressions n is zero or any positive or negative 
integer ; and is any angle positive or negative. Similar for- 
mulae may of course be obtained for the other Trigonometrical 
Ratios. 



ON THE ANGLES WHICH CORRESPOND TO GIVEN VALUES 

OF THE SINE, COSINE, &c. 

31. The preceding results give occasion for the important 
remark that there exists an infinite number of angles which 
have the same Trigonometrical Ratios. We will now therefore 
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suppose the values of some of those ratios to be given, and 
determine all the angles which correspond to them. 

To find all the values of the angle d which satisfy the 
equation sind = a. 

Construct, as in Art. 14, the angle BAC'^a, (fig. 9), having 
its sine = a ; and let BA (7= tt — a be the supplement of BA C\ 
Then the equation sin ^ = a can be satisfied only by angles which 
are bounded by AB and AG\ or by AlB and AG; hence the 
positive angles will be BAG', and BAG' increased by any mul- 
tiple of 27r ; and BA C, and BA G increased by any multiple of 
27r; i.e. they will be 

2n7r + a, and 2mr + (tt — a) ; 

and the negative angles will be BA G\ BA G, reckoned in the 
negative order, and the sums of each of these angles and any 
multiple of 27r taken negatively, i. e. they will be 

— 2w7r — (27r--a), and — 2n7r— (7r + a), 

or — 2 (n + 1) TT + a, and — (2n + 1) tt — a ; 

both of which series of angles are comprised in the expression 

n7r+(-- l)*a, 

n being any positive or negative integer not excluding zero, 
which, consequently, is the general value of ^, or the general 
form of equisinal angles. 

Since the substitution of wtt + (— l)**a for a (which produces 
no change in the value of sin a) causes cos a to equal ± cos a 
according as n is even or odd (Art. 29), if we express cos a in 
terms of sin a we must, as noticed in Art. 16, obtain two values 
.equal in magnitude but opposite in sign. 

32. To find all the values of the angle which satisfy the 
equation cos 6 = a. 

Construct the angle -BJ (7 = a (fig. 10) having its cosine equal 
to a, and make the negative angle BAG' = BAG. Then the 
equation cos =-a can be satisfied only by angles which are 
bounded by AB and A G, or by AB and A G'. Hence the posi- 
tive angles will be BAG, and BAG increased by any multiple 
of 27r; and BAG' (reckoned in the positive order), and BAG' 
increased by any multiple of 27r ; i. e. they will be 

2w7r + a, and 2n7r + (27r — a) ; 
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and the negative angles will be BAG^ BAC\ reckoned in the 
negative order, and the sums of each of these angles and any 
multiple of 2ir taken negatively, i. e. they will be 

— 2n7r— (27r — a), and — 2n7r — a; 

both of which series of angles are comprised in the expression 

2w7r ± a, 

n being any positive or negative integer not excluding zero, 
which, consequently, is the general value of 6. 

Since the substitution of 2n7r ± a for a (which produces no 
change in the value of cos a) causes sin a to equal ± sin a 
(Art. 29), if we express sin a in terms of cos a we must, as 
noticed in Art. 16, obtain two values equal in magnitude but 
opposite in sign. 

33. To find all the values of the angle 6 which satisfy the 
equation tan 6^ a. 

As in Art. 14, construct the angle BAC= a (fig. 14) having 
its tangent equal to a, and produce CA to C\ Then the equa- 
tion tan ^ = a can be satisfied only by angles which are bounded 
by AB and A G, or by AB and A G\ Hence the positive angles 
will be BA G, and BA G increased by any multiple of 27r ; and 
BAG' (reckoned in the positive order), and BAG' increased by 
any multiple of 27r ; i.e. they will be 

2n7r + a, and 2?i7r + (tt + a) ; 

and the negative angles will be BA (7, BA G\ reckoned in the 
negative order, and the sums of each of these angles and any 
multiple of 2ir taken negatively, i. e. they will be 

— 2mr — (27r — a), and — 2n7r — (tt — a), 

or — 2 (n + 1) TT + a, and — (2n + 1) tt + a ; 

both of which series of angles are comprised in the expression 

nTT + a, , 

n being any positive or negative integer not excluding zero, 
which, consequently, is the general value of 6, 

Since (Art. 30) cos {nir + a) =: ± cos a, sin [nnr 4- a) = ± sin a, 
according as n is even or odd, it appears that if we express the 
cosine and sine of an angle by its tangent as in Art. 19, we 
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most obtain for each two valnes ; for the substitution inr + a 
for a, which makes no change in the value of tan oe, causes cos « 
and sin a each to receive two values equal in magnitude but 
opposite in sign. 

34. It is unnecessary to go through the cases in which the 
angle is given by any other of its Trigonometrical Katios ; for 
since 

cosec = -: — 75 , sec ^ = ^ , and cot = ^ — -x , 

sm d coaO tan 

the formulae for the solution of cosec ^ = a, sec ^ = a, cot 5 = a, 
will be exactly the same as those for sin^=a, cos ^=a, tan5=a. 
It must not be forgotten that in the equations sin ^ = a, co8d=a, 
a must lie between +1 and —1, and that in the equation tan^=a, 
a lies between + oo and — oo ; also, that in the above formulas, 
a is the least positive angle which corresponds to the given Tri- 
gonometrical Ratio, and therefore is always intermediate to zero 
and TT ; unless a negative value of the sine or cosecant be given, 
in which case the least corresponding angle will lie between ir 
and 37r-f-2. 

Obs. It was observed (Art. 20) that, besides the ordinary 
signs + and — which are used to indicate contrariety of position, 

there is a general sign of affection, viz, cos + V— 1 sin 0, which 
expresses the position of a line inclined to the initial line ; so 

that a (cos + v — 1 sin 0) represents in magnitude and position, 
a line whose length is a, and which makes an angle with the 
initial line. For it is proved (Theory of Equations, Art. 22) 
that if 

a = cos h V— 1 sm — , 

n n 

then 1, a, 6^i.,,ar^ are the roots of aj** — 1 = ; and if the period 
be continued, the roots will recur perpetually in the same order. 
Now let there be drawn in a circle n radii a, a^, aj,...a^i making 
equal angles ^nr-i-n with one another ; then the relative positions 
of these lines will present an exact correspondence with the con- 
ditions fulfilled by the symbolical quantities, a, aa, aa',...aa**"^; 
and the radii may, consequently, be represented in magnitude 
and position by those quantities, which, though symbolically 
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different, are all of the same magnitude, a being one of the roots 
of unity. For if we take aa to represent a^, since a^ is in the 
same position relative to a^ that a^ is in relative to a, we must 
have (a a) aor ao? to represent a^; similarly, a a' will represent 
in magnitude and position a„ and so on. So that the lines a,, 
a^, &c. which are assumed to be represented with respect to each 
other by a a, a^a, &c., will be represented relative to the primi- 
tive line a, by the several terms ao, aa*...aa*"\ aa**; the last 
term coinciding with the primitive line a conformably to the 
condition a* = 1. Hence, generally, 

/ 2r7r , j—r ' 2r7r\ 

a cos h V — 1 sm 

\ n n I 

will represent a^ the radius inclined at an angle 2r7r-rw, to 

the primitive ; and consequently a (cos 6 + v—l sin 6) will re- 
present in magnitude and position a line whose length is a and 
inclined to the primitive at an angle d. For we can always find 
whole numbers r and n such that w -r r is either exactly equal 
or indefinitely near to 27r -r ^ ; consequently a^ will either be 
coincident or indefinitely near to coincidence with the line 
making an angle Q with the primitive. 
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SECTION n. 

FORMULA INVOLVHSTG THE TRIGONOMETRICAL 
RATIOS OF TWO OR MORE ANGLEa 



FOBBiUL^ FOB FINDING THE SINE AND COSINB OF THE SUM 

AND DIFFERENCE OF TWO ANGLES. 

35. To express the sine and cosine of the sum of two angles 
in terms of the sines and cosines of the angles. 

Let the angles BACy CAD (fig. 15), be denoted by A and 
By so that BAD =^A + B. In AD take any point P, draw PN,, 
PQ respectively perpendicular to AB, AC; and QBy QM 
parallel and perpendicular to AB\ then RM\% a rectangle, and 
the angle QPR is the complement of PQB, and is therefore 
equal to angle RQA or A. 

^ ' fA^m P^ NR + RP QM PR 

or, replacing the ratio ~p by the ratios -—j. , -j^ , of which 

PR 
it is compounded, and similarly for -jp, 

= sin ^ cos B + cos A sin 3. 

., ,. jj. AN AM-MN AM QR 
Also, cos (^+5)=^=^ -jp-lp-, 

or, replacing each of these ratios by two others of which it is 
compounded, 

cosu+5)-^ AQ^93 ?Q 

"^^^^^^^^AQ- AP PQ 'AP 

= cos -4 COS J9 — sin A sin B. 

36. To express the sine and cosine of the difierence of two 
angles in terms of the sines and cosines of the angles. 
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Let the angles BA C, CAD (fig. 16) be denoted by A and 
By so that BAD = A — B. In A JD take any point P, draw 
PN, PQ respectively perpendicular to -4 J?, A C ; and QM, PR 
perpendicular and parallel to AB\ then RN is a rectangle, and 
the angle PQR is the complement of A QM, and is therefore 
equal to the angle QAM or A. 

Now Dinf-l jv -P^- <?^-e^ Q^ QR. 
JNowsm^^ Ji)-^p- ^p -j^p ^p, 

or, replacing each of these ratios by two others of which it is 
compounded, 

= sin A cos B — cos A sin B. 

., ,Al>^ ^N AM+MN AM PB 
Also, cos (^-5) = ^^ ^ ZP + 3P' 

or, replacing each of these ratios by two others of which it is 
compounded, 

.. r.s_AM AQPR PQ 
cos (^ -2^j -^ • 2p + p^ • ZP 

= COS A cos J5 + sin -4 sin B. 

37. The figures appear to restrict the above results to the case 
where A and B are positive angles, and A + B less than 90® ; and to 
require that A exceed B in the formulsB relative to -4 ~ ^. It is true 
we may modify the constructions so as to be applicable to all other 
cases ; but as these cases are numerous, the following mode of estab- 
lishing the formulaB 

sin (il + J5) = sin il cos J5 + cos il sin J5 (l), 

cos (il + i5) = cos -4 cos J5 — sin -4 sin -B (2), 

sin (-4 - 5) « sin -4 cos -B — cos -4 sin -B (3), 

cos (i^ — ^) = cos i^ cos ^ + sin i^ sin ^ (4), 

for angles of all magnitudes and signs, is preferable. 

1. The restriction of A>B may be removed from (S) and (4) ; 
for suppose A <:B^ then 

sin (-4 - 5) = - sin (-B - -4) = - sin BcosA-^ cos B sin A, 
cos (-4 — -B) = + cos (-B — ^) « cos Bcos A + sin B sin A, 

since (S) and (4) are applicable to B— A, Hence we have for 
sin {A — B) and cos {A — J5), the same formula? whether A> or < B; 
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therefore the above four fcrmulaa are true in all cases wfaeie the 
angles A and B are positive, and A-^B <9(fiy or each of them 
between zero and 45®. 

2. ^nce (3) and (4) result from (1) and (2) by changing B into 
--B, it follows that (1) and (2) hold for negative values of B between 
0® and ~ 45® ; and we shall now shew that they hold also for negative 
values of A between 0® and — 45®. For suppose C< 45®; and make 

A^'-O; 

.-. sin(^ + -B) = sin(-C + ^ = -sin(C-B), 

C0S(J + 5)-iC0S(-C + 5) = CO8(C-5); 

now C and B are within the limits for which (3) and (4) have been 

proved, and sin C ■ — sin A^ cos C — cos A ; 

,\ sin (-4 + -B) = — {sin C cos -B -cos Csin B} = sin -4 cos -B+ cos A sin -B, 

cos {A+ B)^coaC cos 5 + sin C sin 5 * cos Aco^B — sin A sin B^ 
which are the same as (1) and (2). 

3. "We shall now shew that in (1) and (2) we may extend inde- 
finitely the positive and negative limits of A and B. 

Make il = 90® + C, C being an angle between - 45® and + 45®. 
Th^ taking the complements (Art. 12), 

sin ( J + 5) = sin (90® + C + B) = cos (- C- 5) - cos (C+ B), 

cos(^ + -B) = co9(90®+C + B) = sin(-C-jB) = -sin(-B + C); 

but sin -4 = cos (— (7) = cos C, cos A = sin (- C7) = - sin C, and the 
angles B and C are within the limits; 

. '. sin ( i4 + B) = cos C cos ^ - sin C sin 5 = sin -4 cos -B + cos -4 sin J5, 
cos (-4 + 5) = — sin C cos iB — cos C sin B a cos ^ cos B - sin ^ sin J9, 

so that (1) and (2) still hold for values of A, the positive limit of 
which is 135®; and by repeating the process, it is evident that the 
limit may be increased .by any number of right angles. Also the 
proof given above, that if (1) and (2) are true for positive values of 
A < 45®, they are true for the same values taken negatively, may 
evidently be applied to the case where the positive limit of A is dif- 
ferent from 45®. Hence (1) and (2), since they hold for all positive 
values of -4, hold for all negative values of A. With respect to B, the 
same reasoning is manifestly applicable to it, and we may in the same 
manner indefinitely extend each of its limits. Hence the formulse 
(1) and (2), and consequently (3) and (4), are demonstrated for all 
values of the angles A and B. 
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FORMULAE FOR THE MULTIPLICATION OF ANGLES. 

38. In the expressions for sin (A+B) and cos (A+B), 
suppose B==A, then 

sin 2 JL = 2 sin u4 cos J. (1), 

cos 2-4 = cos' -4 — sin^ -4 (2), 

formulsB which enable us, from knowing the sine and cosine of 
an angle, to calculate the sine and cosine of double that angle. 

If in the former we substitute successively Vl —sin* -4 for 
cos A, and Vl— cosM for sin u4, we get 



sin 2-4 = 2 sin -4 Vl--sin*-4, 
sin 2-4 = 2 cos -4 Vl — cos* -4, 

where sin 2 A is expressed by sin A only, and by cos A only ; 
and in each case has two values, on account of the radical 
involved. 

Also if in the latter we substitute successively 1 — sin* A for 
cos* A, and 1 — cos* A for sin* A, we find 

cos 2-4 = 1 — 2 sin* Ay 
cos 2-4 = 2 cos* .4 — 1, . 

where cos 2-4 is expressed by sin A only, and by cos A only. 

39. Next in the expressions for sin (A+B) and cos (-4+5), 
Suppose B=^2A, then 

sin 3-4 = sin A cos 2A + cos A sin 2-4, 

cos 3-4 = cos -4 cos 2-4 — sin -4 sin 2-4, 

Now replace sin 2A and cos 2-4 by the valuea just found, 
and reduce by means of the relation sin* A + cos* j1 = 1, and there 
results 

sin 3-4 = sin -4 (1 — 2 sin* A) + cos -4 . 2 sin -4 cos A 

= sin^ (l-2sin*^)-f 2sin-4(l-sin*.4)=3sin^-4sin'^, 

cos 3-4 = cos -4 (2 cos* -4 — 1) — sin -4 . 2 sin -4 cos A 

cos 4 (2cos*^— 1)— 2C0S-4 (I— cos*-4)=4cofi?.4— 3COS-4. 

Proceeding in this manner, we may find expressions for the 
sines and cosines of 4-4, 5^, &c. and of all succeeding multiples 
of A. There exist, however, general formulae for the multiplica- 
tion of angles, which will be given in a future Section. 
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The reason why sin mA when expressed by sin A has one or two 
values, according as m is odd or even, and cosm^ when expressed by 
cos^, has always but one yalue^ may be thus explained. Since 
nir + (— l)"a is the general value of all angles that have a given sine, 
if we express sin mA in terras of sin A^ the result must be the value of 
sin m jnir + (— l)"a} « cos mnir . sin (- l)"wa = «b sin ma^ if m be even ; 

= (— 1 )". (— 1)" sin ma = sin ma, if m be odd ; 

since the sine of any multiple of w is 0, and its cosine ^ 1 . 

Similarly if cos mA be expressed in terms of cos A, the result will be 
the value of cos m (2nw «b a) = cos 2wnw . cos («*» ma) = cos ma. 



FORMULAE FOR THE DIVISION OF ANGLES. 

40. Change A into — in formulae (1) and (2), Art. 38, then 

2 sin — cos — = sin A^ 

COS — — sm'* — = cos J., 

A . A 

and we have, besides, the relation cos*— + sin* ^ = 1. 

41. First suppose cos -4 given, i.e. that we are required to 
find the sine and cosine of half an angle from knowing the 
cosine of the angle. Subtracting and adding the two latter of 
the above equations, and extracting the root, we find 



. A /l-cosA A /l 

^^^2" = V 2 ' ^^«2' = V"" 



+ cos^ 
sm 



In these expressions the radical has a double sign ^; the reason 
why we obtain two values, equal in magnitude but of contrary signs, 
for each of the unknown quantities sin ^ A^ cos ^ A^ is that since we 
are at liberty to write Swtt sfc a for A under the radical, (that being 
the general value of angles which have a given cosine. Art. 32,) the 
same substitution must also be admissible in the former members of 
the equations; and therefore the above formulae must give all values 

comprised in 

sin(w7r=t-j, co9fw7r=b-j, n being any integer whatever. 
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Now, by Art. 29, if n is even, these are the same as 

if n is odd, they are the same as 

-sin^±|j = =psin^, -co8^=fc0--cos|; 

which shew that we must have two values, equal in magnitude but 

A A 

of contrary signs, and no more, for sin — and cos — when they are 

determined from cos^. 

42. Next suppose sin -4 given, i.e. that we have to find 
the sine and cosine of half an angle from knowing the sine of 
the angle. Resuming the equations 

2 sin — cos ~= sin -4, 

cos'* - + sm' - = 1, 

and taking the square root of their sum and difference, we have 

A ^ , A I- ; — i- 

cos — + sm — = V 1 + sm -41 

cos — — sin — = Vl — sin^J 
from which we easily deduce the required values 

sin — = J Vl +sinJ. — i Vl — sin^, 

cos — = J Vl + sin A + J Vl -sin J.; 

where we have supposed, for the present, -4 to be less than 90^, 
and therefore cos^^ to be greater than sin J JL and both to be 
positive ; and consequently we have taken each radical with a 
positive sign. 

Each of the expressions for sin \ A^ cos \ J, on account of the 
two radicals which it involves, has four values; that such ought to 
be the case, appears from this, that they ought to give the sine and 
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cosine of the half of all angles whose sine ^sin J, i.e. of all angles 
comprised in 

^nir + {- 1)* ^a^ n being any integer whatever, (Art. 31 ) 

or in Jww + ^a, or i(n-l)w + ^(-r-a), according as n is even or 
odd. 

Hence, taking tlie sines of these angles, we must have, according as 

A 
n is even or odd, the values for sin — 

»ir , a (n— l)ir . ir-a 

. o . «• — a 

or*sin-, Asm— g-; 

observing that the sine of any even multiple of |ir is 0, and its 
cosine <t 1. Likewise, taking the cosines of the same angles^ we most 

have, according as n is even or odd, the values for cos ^ 



2 



nw a (n— 1) 



TT w — a 



cos -^r- cos - , cos COS 



2 2' 2 2 * 

a IT •- a 

or tfccos-, sfccos --— . 

2 2 

These results shew that we must have four values equal two and 

A A 

two and of contrary signs, and no more, for sin— and for cos—, when 

they are determined from em A. If a be a right angle, -— — and - 
will each be half a right angle, and the four values are reduced to two. 

43. When a certain value, a, is given for sin -4, there are, 

as we have seen, four values for sin -- ; but when of all the 

angles which satisfy the equation sin -4 = a, a particular angle is 
assigned, there will be only single values for the sine and cosine 
of its half; and the appropriate ones may be ascertained by- 
considering whether, for the particular value of -4, the sine and 
cosine of its half are positive or negative, and which is numeri- 
cally the greater; and by that means determining the signs 
which the radicals are to carry in the equations 

A . A . 

cos — + sin -- = + Vl4- sin A, 
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COS — — sin — = i Vl — sin^, 

before the addition and subtraction of those equations is per- 
formed. Thus when A < 90°, we have seen that both the radi- 
cals must carry a positive sign. If A be between 90° and 180°, 
cos J -4 and sin J -4 are both positive, but the latter is the 
greater, and therefore the radical in the upper equation takes a 
positive sign, and that in the lower equation a negative sign ; 
which is also true when A is between 180° and 270°, for although 
cosi-4 is then negative it is numerically less than the positive 
value of Qin^A. But when A lies between 270° and 360°, sin i A 
is positive and cos ^-4 negative, and the latter is numerically 
the greater ; therefore both radicals must carry a negative sign. 

A 

44. Next, to trisect an angle. Changing A into — , the 

formulce of Art. 39 give 

A A 

sm ^ = 3 sm — — 4 sm" — , 

cos^ = 4cos'— — 3 cos — . 

o 6 

Suppose, for instance, we have cos A given, and cos J -4 is 
required ; putting cos A=:ay cos J -4 = «, we have 

«'-f;5-ia = 0, 
for the cubic equation to be solved in order to find cos J J.. 

We may shew i priori that cos ^ -4, when determined from 
cos 4= a, must have three real values, and no more. For since all 
values of A which satisfy the equation cos 4 = a, are comprised in 
A « 2n7r db a, the above equation must have for roots all values of z 
comprised in 

2nir * a 

now n is of one of the forms 3m or Sm ^1 ; 



,\ ^ = cosf2m7r±-j = 



z 



2wir±-— ± ~)=C0S 



cos-, 

27r±a 



3 ' 
so that ;:; has three real values, ^nd no more, unless a » tt. 

TRIG. 
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FORMULAE RELATIVE TO TANGENTS. 

45. To express the tangent of the sum or difference of 
two angles in terms of the tangents of the angles. 

By the relation which exists between the sine, cosine, and 
tangent of an angle, we hare 

, . „» sin {A + B) 

tan (-4 + 5) = ; . ; p( , 

^ ' cos(-4 + -d)' 

or, replacing sin (-4 + -B), cos (-4 + -B), by their values. Art. 35, 

,. T., sin-4 cos-B+cos-4sinjB 

tan M + 5) = :; ^ ; — i— ^— »• 

^ '^ cos -4 cos -a — sm -4 sm -a 

In order to have only tangents of A and B involved, divide 
numerator and denominator by cos A cos B\ then 

sin -4 , sin jB 
(A p\ cos A cos B tan A + tan B 

^ ^ ^ sin ^ sin"!5 "" 1 ~ tan A tan JS* 

cos -4 * cosJS 

In the same manner, for the difference of two angles, we 
find 

X / A r»\ tan A — tan B 

tan (-4 — -B) = - — 7- v^ . 

^ ^ H-tan-4tanJS 

46. Let B^Aj then for doubling the angle we have 

. _ , 2 tan ^ 
tan 2 A = :; — - — t-i . 
1 — tan'' A 

Let -8= 2^, then 

tan A H- tan 2-4 



tan 3.4 = 



1 — tan ^ tan 2-4 ' 



and, substituting for tan 2-4, and reducing, we find tan 3-4 in 
terms of tan ^ ; and so on for tan 4-4, &c. 

47. Let A - 45^ then tan ^ = 1, and 
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A . A , 

48. To find tan — in terms of tan -4, change A into — in 

the preceding formula for tan 2-4, and there results 

2 tan — 

= tan^, 



l-tan*4 



which is the same as the equation of the 2nd degree, 

tan'^— - + T 7 -ta^ 17 -1 = J 

2 tan -4 2 

from which we find 

The reason why tan -- , when determined from tan -4, has 
.,0 viae. «,d no mce,'.., le signed j„« ,, in fo^er 
instances : viz. it must express the values of tan r {nir + a) n 

being any integer; and these are tan -a, —cot- a, according as 

n is even or odd; which agrees with the formulae at the end of 

the next Art. 

A 

49. The following expressions for tan — are often met with; 



^=Vr 



.A /l — cos A 

tan — = A / 3-- T , 

H-cos-4 



A smA ^ A 1 — cos -4 

**^ "TT = -^ i 5 tan -7 = — ; — ' — ; 

2 H-cos-4' 2 sm-4 ' 

they are easily deduced firom formulaj already known ; it is clear, 
in fact, by Arts. 40 and 41, that we have 

. A 

sm — 



=vr+ 



J, A 2 /l — cos A 

tan — = 



2 A V 1 + cos -4' 

COS-r- 

2 

. 2 sm — COS — . . 
.A 2 2 sm-4 

tan — = 1 = 7 , 

2 ~ 7-2 1 + cos ^ ' 

2 cos' — 
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. 2 Sin"— , J 

A 2 1 ~ cos ^ 

2 " ^ . A A~ sin A 
2 sin —- cos — 

The two latter formulsB evidently give rise to 

cot -— = cosec A 4- cot A, tan— = cosec A — cot A. 



CEKTAIN OTHEK FORMULAE FREQUENTLY EMPLOYED. 

50. The formulae of Arts. 35, 36, expressing the sine and 
cosine of the sum and difference of two angles, lead to a variety 
of formulae much used in Astronomy ; the following are the 
principal ones. 

Combining those formulae by addition and subtraction, we 
find 

2 sin ^ cos 5= sin {A + B) + sin {A-B), 

2 cos -4 sin 5= sin (-4 + J?) — sin {A — B), 

2 cos A cos J9= cos {A — B)+ cos {A + B), 

2 sin^ sin5=cos (A—B) —cos (A + B), 

which serve to resolve the product of a sine and cosine, or the 
product of two sines, or of two cosines, into the sum or differ- 
ence of two Trigonometrical Eatios. 

51. If in the preceding results we replace Ahj {n^ 1) B, 
we obtain formulae worthy of notice as expressing the sines and 
cosines of multiples of an angle in terms of the sines and cosines 
of inferior multiples of the same angle. From the first and third 
we thus deduce 

sin nB = 2 sin {n-l)B cos B - sin {n - 2) -B, 
cosnB = 2 cos {n — I) B cos B — cos (n — 2) B. 

52. Again, since 

expanding the sines and cosines of these equivalent values of -4 
and B, by the formulae of Arts. 35 and 36, and combining them 
by addition and subtraction, we find 
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sin ^ -f sin ^ = 2 sin i (^ -f 5) cos i (^ - 5) , 
sin A -sin B :=2 COB ^ {A + B) sin ^ (A-B), 
cos ^ + cos -B = 2 cos i (-4 + B) cos ^ (-4 - jB) , 
cos 5 - cos -4 = 2 sin i (^ + 5) sin i (^ - 5) . 
These formulae are of great use (especially in calculations effected 
by logarithms) in transforming a sum or difference into a pro- 
duct. 

53. Lastly, by division, observing in general tliat 

sin ^ ^ . 1 
= tan A = 



cos A cot -4 * 

we obtain from the preceding formulee the following ones of 
scarcely less utility : 

sin ^ H- sin ^ _ sin ^{A + B) cos ^{A-S) _ tan ^(A-^B) 
sin ^ - sin jB "" cos I {A + B) sin ^ (^ - 5) " tan ^ (^ - B) ' 

sin ^ + sin jB _ - _^ 

cos -4 H- cos jB " *^ - ^* 

sin ^ + sin jB . i / >i ^ t>n 

= cot i {A T -B), 

cosjB — cos A ^ ^ ' 

Among these formulae the first is to be particularly re- 
marked. It may be thus enunciated: the sum of the sines 
of two angles is to the difference of the sines, as the tangent 
of the semi-sum of the angles is to the tangent of the semi- 
difference. 

54. We sometimes meet with transformations of Trigono- 
metrical formulae, of which it is not easy to perceive the origin ; 
in such cases it is sufficient to verify them, which can never be 
attended with difficulty, and for that purpose we may begin 
with either member of the equation. For instance, to verify 
the relation 

sin {A + B) sin (^-5) =sin*^ -sin'^JS; 
replacing sin [A + B) and sin {A — B) by their values, we have 
sin {A + B) sin {A-B) — sin' A cos' B - cos* A sin^B ; 
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then, substituting 1 — sin'-^ and 1— sin'J? in the place of 
cos'^, cos'£, and reducmg, we find the proposed relation. 
Or, if we commence with the second member of the equation, 
the process will be this : 

Bin' ^ - sin' -B = i ( 1 - cos 2-^i) - J ( 1 - cos 25) 

= J (cos 2J? - cos 2 A) 

= i . 2 sin (^ + 5) sin {A-B). 

55. Again, if these other relations were proposed, 

1 — tan' — 2 tan — 

2 • 2 

co8^= J , sin ^ ss J ; 

1 + tan'l l+tan'-| 

. A 

putting for tan — its value . , the second members become 

cos — 
2 

a ^A. • a «A . • ^A ^a. 

cos' — — sm' — 2 sm— cos -- 

2 2 2 2 



cos' — + sm' — cos' — + sm' ~ 

which, by (Art. 40), reduce themselves to cos -4 and sin^, as 
was to be shewn. 

56. The following transformations may be proposed for 

practice. 

cot A — tan ^ = 2 cot 2-4, 

tan -4 + cot -4 = 2 cosec 2-4, 



tan ^ H- sec^ = tan ^45° + ^] , 



tan (45° + ^) - tan (45'-^) = 2 tan 2J, 

1 



cos -4 = 



A ' 
H-tan-4 tan-— 



cos [A + B) cos (^ -. 5) = cos' A - sin' 5, 

cotS±tan^ = ^(^-^) 

cos -4 sm -B 
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tan A + tan5= — \ i> , 

/ .1 T^\ . ^ siiiJ5 

tan(ul + 5)-tan^= . . . pv :; . 

^ ' cos (-4 + B) cos A 

Also, supposing ^ + J? + = 180^ 

sin -4 4- sin -B + sin (7 = 4 cos ^A cos |^-Bcos |^(7, 

cos -4 H-cos-B+cos (7 = 4 8iniw4sini-Bsin ^(7+1, 

tan-4 + tan-B + tan (7= tan ^ tan -B tan (7, 

cot -4 + cot j5 + cot (7= cot A cot B cot (7 

+ cosec A cosec J? cosec (7. 

The last but one of tliese formulsB proves that we may- 
choose, in an infinite number of ways, three numbers such that 
their sum shall equal their product. 

57. All the preceding results have the same generality as 
the formulae for the sines and cosines of -4 + -B and -4 — -B, from 
which they have been deduced ; and are therefore true for angles 
of any magnitude and sign. 

Before entering on the succeeding Sections, the Appendix 
on Logarithms may be conveniently read. 



SECTION III. 



CONSTRUCTION OF TRIGONOMETRICAL TABLES. 



NATURAL SINES AND COSINES FOR EVERY TEN SECONDS OF 

THE QUADRANT. 

58. In order that the replacing of the angles "by their Tri- 
gonometrical Eatios may be attended with real utility, it is 
requisite that when the angle is assigned we should know the 
numerical values of its Trigonometrical Eatios, and conversely. 
The best way of attaining this object is to form Tables, in which 
the values of the Trigonometrical Eatios are registered side by 
side with the angles to which they correspond. We must there- 
fore now shew how to calculate the sines, cosines, &c., of all 
angles between zero and 90*^, for every 10", that being the in- 
terval at which the angles succeed one another in the best tables ; 
and it must not be thought that unnecessary accuracy is here 
studied, for in the present state of Astronomical Science an 
error amounting to a small fraction of a second is often of serious 
importance. But we must first establish the truth of the follow- 
ing Propositions, as to the comparative magnitudes of the cir- 
cular measure of an angle and its sine and tangent. 

59. The circular measure of an angle between zero and 
a right angle, is greater than its sine and less than its tangent. 

Let BAG, BAG (fig. 17) be two equal angles, each less 
than 90**, with circular measure 0. From any point G \n AG 
draw GB, *GB perpendiculars to AB, AB ; join BB cutting A G 
in N^ and with centre A and radius AB describe a circular arc 
cutting -4(7 in 1>, and which will manifestly pass through B\ 
Then the arc BDB is greater than BB \ 

.-. BB > BNy and -j-o > irh , or ^ > sin 0. 

AB AB 

Also, admitting the principle that the boundary of a convex 
curvilinear figure entirely contained within another is less than 
the boundary of the containing figure, 
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arc BDB is less than BC+BC., 

.'. BD < BG, and -t-t> < -j-n , or ^ < tan 0. 

AB AB 

60. As the angle whose circnlar measure is 0, is continually 
diminished, to zero, each of the quantities ^-^, — g— continually 
approaches to unity, and has unity for its ultimate value. 

For since lies between sin^ and tan 0, 

. ^ .^ , tan^ 1 

~ — ^ IS nearer to umty than -: — ^ or ^ > 

sin '^ sinO cos u 

but the ultimate value of t^, when is continually dimi- 

* cos ^ '^ 

nished, is 1; therefore h fortiori, the ultimate value of -r— ^, ^m 

1/1 • 1. • -x- Ai • tan ^ sin ^ 1 . .^> 

when vamshes, is unity. Also, since ^ = —5—. 3> the 

u u cos a 

fan /) 

ultimate value of — ^ , when vanishes, is unity. 



61. If d be the circular measure of an angle between zera 
and a right angle, then sin ^ > ^ — -— . ■ 


For sin fl = 2 sin - cos - , 

= 2taii-.co8 -, 
>2.|^l-sm«D,for|<tan|, 

a fortiori >0{\ — j j , for ^ > sin - . 

. This result will be useful to us in estimating the degree of 
approximation in the next Article. 

TRIG. 6 
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62. To find the sme of 10". 



Let 6 denote the circular measure of an angle containing 10"; 
then since the circular measure of 180^ is tt = 3*1415926535, and 
the ratio of two magnitudes is the same whatever be the unit in 
which they are expressed, 

0^ 10 ^ 1 _ , ^_ TT 

7r~180x60x60"'64800' '• 64800' 



Now sin 10^' > ^ " T ' "^ ^ ^ ^^^ ^^ substituting for 6 the 

above value, it is found* that these limits coincide in the 
first twelve places of decimals; therefore, to twelve places of 
decimals, 



sinlO'' = d= '^ 



64800' 
and cos 10''' is found by substituting this value in the formula 

cos lO'' = Vl - sin» 10^'. 

Hence if ^ be the circular measure of an angle containing 
n seconds, then the relation between and n is veiy approxi- 
mately expressed by 

^ = wsinr'; 

for if A be the circular measure of V\ then — nh\ but A = sin V^ 
exact to at least 12 places of decimals; therefore, with equal 
exactness, 

^ = w sin V\ 

* The calculation is as follows : 

We haye = -00004 84813 68110. 

Now sin lO^>0-j, 

A dforUori, ain 10" > - i (-OOOOd)', 

or sin 10^ > -00004 84813 68110, 

- 00000 00000 00032, 

or Binl0''>*00004 84813 68078, 

also 8inia'<6<;00004 84813 68110, 

therefore the yalae of sin 10^, correct to 12 places of decimals, is 

sin 10" =='00004 84813 68. 
Substituting this yalue of sin 10" in the formula cos 10* a Vl- sin* 10^, we haye 

cosia'e-Qedaa 99988 248. 
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63. The sine and cosine of 10" being known, the sines and 
cosines of all angles between (f and 90^ from 10'' to lO'', may 
be computed. 

Making A^n. W\ B = 10'' in the formula 

sin {A+B) = 2 sin -4 cos -B — sin (-4 — -B), 
we find 

sin (n + 1) 10" = 2 sin w 10". cos 10" - sin (n - 1) 10" ; 

now 2 cos 10" differs from 2 by a very small* quantity yfc, put- 
ting, therefore, 2 — A for 2 cos 10", and transposing, we get 

sin in + 1) 10"- sin n 10" = sin n 10"- sin [n - 1) 10"- A sin n 10" ; 

hence making w = 1, 2, &c. sin 20", sin 30", &c. become suc- 
cessively known ; and in general the difference of the sines of 
consecutive angles (w + 1) 10" and n 10" will be obtained by 
diminishing the difference of the sines of the preceding angles 
n 10" and {n — 1) 10", which is already calculated, by A; sin w 10" ; 
so that for each new sine, the only laborious operation "^11 be 
to multiply the last obtained sine by Tc It is necessary to take 
sin 10" and cos 10" with a great many more decimal places than 
we mean eventually to preserve, in order that the accumulated 
error, in the long series of operations for forming a table of sines, 
may have no influence on that order of decimals which we wish 
to have accurate in the last results. 

64. Having computed the sines of angles ascending by 
intervals of 10", from 0° to 60°, the sines of angles ascending 
by the same interval from 60® to 90** may be found from the 
formula 

sm (60** + ^) - sin (60°-^ = 2 cos 60' sin-4 = sin^, 

since cos60° = J> 

or sin (60° + ^ = sin ^ + sin (60° - A), 

by putting A = 10", 20", &c. successively. 

65. The sines of all angles from (f to 90° being computed, 
no calculation is requisite for the cosines ; for sin 10" is the same 

* The nnmerical yalne of Ar is *00000 00023 501. 
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thing as cos 89^ 59'. SCK', &ixx2(f' the same as cos 89^ 59'. 40'^ 
and BO on ; so that a complete table of sines is also a complete 
table of cosines. 

66. The tangents and secants are of course known from the 
sines and cosines ; the former being found by dividing the sines 
by the cosines, and the latter by dividing xmity by the cosines ; 
and complete tables of tangents and secants are also complete 
tables, respectively, of cotangents and cosecants, just as in the 
case of the sine and cosine. When the tangents of all angles as 
far as 45** are computed, the tangents of angles between 45^ and 
90** may be found from the formula (Art. 56) 

tan (45' + A)= tan (45' -A) +2 tan 2 A, 
by putting A = 10^', 20^', &c. successively. Also, since (Art. 56) 

cosec A = ^ f tan •« + ^<^* o" ) > 
and replacing A by 90' + A, 

sec ^ = i jtan ^45' + ^) + cot ^45' + ^) I , 

the tables of tangents and cotangents will give, by simple 
addition, the cosecants and secants of angles which are even 
multiples of IC'. 

67. When an angle, besides degrees and minutes, contains 
a number of seconds not a multiple of 10, its sine, cosine, &c. 
are not found exactly in the Tables; they may however be 
deduced from those of the angle nearest to it, as will be shewn 
in a ftiture Article, on the principle that the increments of the 
sines, cosines, &c. of angles, are proportional to the increments 
of the angles ; the calculations being precisely similar to those 
employed in treating of the logarithms of numbers. As this is 
a point which will be fully illustrated when we come to speak 
of the Logarithmic sines, cosines, &c. of angles, (which are of far 
greater practical importance than the Natural sines, cosines, &c.) 
it is unnecessary to say more upon it here. 

68. The Tables never go beyond 45'; for angles greater 
than 45', the sines, tangents, and secants are determined by the 
cosines, cotangents, and cosecants of the complements which. 
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are less than 45^ Thus for sin 60^ 9'. 40" we take out the 
value of cos 29®. 50'. 20". The arrangement of the Tables saves 
even the trouble of calculating these complements. Thus the 
pages containing the values of the Trigonometrical Batios of 
angles from 29*^ to 30®, are marked 29® at the top, and have 
on the left a descending column of minutes; at the bottom 
they are marked 60®, and have on the right an ascending 
column of minutes ; and those columns which are marked sin, 
tan, sec, at the top, are marked, respectively, cos, cot, cosec, at 
the bottom; so that here, and in general, by consulting the 
descriptions of the columns at the top of the page, and the 
descending column on the left for tlie minutes and seconds, we 
take out the sine, cosine, &c., when the angle is less than 45® ; 
when it is greater than 45®, we consult the descriptions at the 
bottom of the page, and the ascending column on the right for 
the minutes and seconds. 

69. Since the sines and cosines of all angles are less than 1, 
the sines of small angles, and the cosines of angles a little less 
than 90®, are very small quantities ; and when expressed deci- 
mally they will have one, two, or several cyphers between the 
decimal point and the first significant digit. To obviate the 
inconvenience of printing these cyphers, the real values of all 
the Trigonometrical Katios are multiplied by 10000, so that the 
decimal point is moved four places to the right. Thus in the 
column marked N. Sine in the Table for 29®, we find the sines, 
or Natural Sines as they are called, printed with four places of 
figures before the decimal point. To deduce the real value of 
any Trigonometrical Katio of an angle from its tabular value, 
we must remove the decimal point four places to the left. Thus 
the tabulated value of sin 1' is 2*908882, therefore its real value 
is -0002908882. 



DIEECT CALCULATION OF THE SINES AND COSINES OF CERTAIN 
ANGLES FOR THE VERIFICATION OF THE TABLES. 

70. As an error which at first affects only the decimal 
places of a high order, may, in the long series of operations 
necessary for computing a Table of sines, at length affect the 
decimal places of a much lower order, and therefore produce 
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a considerable error in the last results; and as anj error of 
calculation will be transmitted through all the succeeding re- 
sults, we perceive that it is impossible to preserve the same 
number of decimal places exact to the end, which we prove to 
be exact in the value of sin 10", at the outset. In order there- 
fore to check any error of calculation, and to ascertain the 
degree of precision upon which we may reckon in the Tables, 
we shall now shew how to find expressions for several sines and 
cosines from which we can obtain absolute approximations to 
their values; then the decimals which are common to these 
values, and to the tabular values of the same sines and cosines 
ftimished by the successive calculations above-indicated, will 
shew with certainty the decimals which we may look upon as 
exact in the latter, and in the intermediate tabulated results. 
These verifications may be best obtained by calculating the sines 
and cosines of all angles from 0^ to 90**, at intervals of 9^ 

71. To find the value of sin 18^ 
Let A denote 18*^, then since 

sin 36* = cos (90* - 36") = cos 54^ 
sin 2 A = cos 3-4, 

or 2 sin ^ cos A = cos 2-4 cos ^ — sin 2-4 sin A 

= (1 — 2 sin* -4) cos -4 — 2 sin" -4 cos -4, 

and dividing by cos -4, we get 

4 sin*-4 + 2 sin -4 = 1 ; 
therefore, solving the equation, 

8in^=: — , 

and since sin 18* is a positive quantity, 

sin 18* = cos 72* = J (Vs - 1). 

72. With this value of sin 18* we find successively 

cos»18* = l-sinM8*-l-^-^^|^, 

or cosl8* = sin72* = iN/lO + 2V5; 
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cos 36- = 1 - 2 sin* 18" = 1 - 2 ^-^^^ , 

16 

or cos 36' = sin 54' =» i (v^ + 1), 

sin 36' = cos 54' = J I - cos* 36' = J J 10 - 2 Vs. 

From the value of sin 54' we perceive that if we take the 
negative sign in the value of sin -4 in Art. 71, we get the value 
of sin (— 54') ; and it is easily seen that the relation 

sin 2 A = cos ^A 
is satisfied by -4 = — 54' as well as by -4 = 18'. 

73. Also, substituting successively the values of sin 18', 

A A 

fiin 54', in the formulae which gives sin — and cos — in terms of 

sin A^ Art. 42, we get 

sin9' = iN/3 + V5-iV5-\/5, 

cos 9' = i n/3 + Vs + i >/5 - VB, 
sin 27' = J >/5 + V5 - J >/3 - VB, 
cos 2 7' = i V5 + V5 + i n/s - V5. 

Hence, recalling the value of sin 45' = J V2, we have the 
smes and cosines of 0', 9', 18', 27', 36', 45'; that is, the sines 
and cosines of all angles jfrom 0' to 90' at intervals of 9'. And 
as their expressions are suflGiciently simple, and contain only 
square roots, we may obtain their values with as many exact 
decimals as we please; and employ them to check the intro- 
duction and transmission of errors at several stages in the for- 
mation of Tables of sines and cosines, 

74. On account of the simplicity of the expressions for 
sin 18' and sin 54', the following formulae may be constructed 
with them, which are peculiarly fitted to verify the correctness 
of Tables already calculated ; as they require only the operations 
of addition and subtraction. 

sin (36' + .4) -^ sin (36' -- ^) = 2 cos 36' sm ^ = ^-y^ 
sin (72'+ ^) - sin (72'-^) = 2 cos 72' sin ^ =^:^^^4^ 
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therefore, subtracting and transposing, we get 

sin ^ + sin (72' + ^) - sin (72' - ^) = sin (36' + A) 

-sin (36'-^). 
Again, 

cos (36' ^A)+ cos (36' - ^) = 2 cos 36' cos A = "^ cos A, 

COB (72» + ^) + cos (72» - ^) = 2 cos 72" cos A = ~^ j"^ coa^, 

therefore, subtracting and transposing, 

cos A + cos (72' + ^) + cos (72' -A)= cos (36' + A) 

+ cos (36'-^). 

Giving any value to ^ in tliese formulae, we get a relation 
between the sines or cosines of a certain number of angles ; 
which will be satisfied by the tabular values of these sines and 
cosines, if the tabular values be correct. 



LOGARITHMIC TABLES OF SINES, COSINES, Ac. 

75. In practice it is far more useful to have the logarithms 
of the numbers which express the Trigonometrical Eatios, than 
the numbers themselves. As the sines and cosines of all angles, 
and the tangents of angles less than 45', are less than unity, 
their logarithms are negative ; and in order to avoid the intro- 
duction and use of negative quantities, the logarithms of the 
Trigonometrical Batios are all increased by the addition of the 
number 10, and are so registered in the tables of log-sines, log- 
cosines, &c» In the adaptation of formulae involving sines, 
cosines, &c. to logarithmic calculation, the tabular or augmented 
logarithms, which we shall denote by the symbol Z, are always 
understood ; so that when we have obtained a logarithmic equa- 
tion expressed by real logarithms, we cannot proceed to calculate 
from it by the aid of the tables, until we have first replaced 
log-sin -4, log-cos -4, &c. by {L sin -4 — 10), (icos-4 — 10), &c. 

76. In making use of the Tables of log-sines, log-cosines, 
&c. for purposes of actual calculation, the two main problems 
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which arise are (1) Any angle being assigned, to find by means 
of the tables, its log-sine, log-cosine, &c. ; and (2) A log-sine, 
log-cosine, &c. being given, to find the corresponding angles. 

If the proposed angle consist of degrees, minutes, and sL 
multiple of 10", then its log-sin, log-cos, &c. may be taken 
directly out of the tables ; but if the number of seconds be not 
a multiple of 10, we must have recourse to the principle of 
proportional parts, and must make calculations precisely similar 
to those indicated in treating of the logarithms of numbers. 
This amounts to considering the differences of the log-sines, 
log-cosines, &c. of any angles, as proportional to the differences 
of the angles; and this proportion, though inexact, gives in 
general a sufficient approximation. 

77. The following Examples will sufficiently illustrate the 
mode of proceeding in the first Problem, which is : 

To find the log-sine, log-cosine, &c. of an angle not exactly 
given in the tables. 

. Ex. 1. To find log-sin 6' . 32' . 37",8. 

The tables give for the angles between which the proposed 
angle lies, 

log sin 6" . 32' . 30" = 9*0566218, 

log sin 6' . 32' . 40" = 9-0568054, 

the difference of which is 1836 (the last figure being a decimal 
of the seventh order) ; if therefore x be the quantity to be added 
to the former logarithm to give log-sin 6** . 32' . 37",8, we have 
the proportion 

10 : 7-8 :: 1836 : x, 
.•• x = 183-6 X 7-8 = 183-6 x 7 + 183-6 x '8 

= 1285-2 + 146-88 = 1432-08, 
.-. log sin 6' . 32' . 37",8 == 9'0566218 + -000143208 

= 9-0567650. 

The calculation may be conveniently arranged thus : 

log sin 6' . 32' . 30" (diff. for 10" 1836) = 9-0566218 
for 7'' (183-6 x 7) = 12852 

for 0^8 (18-36x8) = 14688 

.-. log sin 6\ 32^ 37'^8 = 9-0567650. 

TRIG. 7 
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And we see that here, and in all other cases, as fiair aer tens 
of seconds we take the log. directly out of the Tables ; for the 
units of seconds we add the product of the given difference for 
10" by those units, setting it one place to the right ; for the 
tenths of a second we add the product of the diff, for 10" by 
those tenths, setting it two places to the right ; and so on. 

Ex. 2. To find log-cos 83^ 27'. 22" ,2. 

log-cos 83'. 27'. 30" (diff. for 10" 1836) = 9-0566218 
for -7" = 12852 

for -0",8 =f 14688 

—..--■ , , 

.-. log-cos 83^27'. 22" ,2 =9-0567650. 

In this case, since the cosine and therefore log-cos is in- 
creased as the angle is diminished, we take from the tables 
the angle which is next greater than the proposed angle, and 
subtract the seconds from the angle, whilst we add the difference 
to its log-cosine. The same course must be pursued for log-cot 
and log-cosec. 

Ex. 3. To find log-tan 8^ 13'. 52" ,76. 

log-tan 8M3'.50" (diff. for 10" 1486) = 9-1603083 
for 2" = 2972 

for 0",7 = 10402 

for 0",06 = 8916 

.-. log-tan 8'. 13'. 52",76 = 9-1603493. 

Ex. 4. To find log-cot 81'.46'. 7",24. 

log-cot 81'. 46'. 10" (diff. for 10" 1486) = 9-1603083 

2972 
10402 
8916 



for 


-2" 


for 


- 0",7 


for 


-0",06 



.-. log-cot 81°. 46'. 7", 24 = 9-1603493. 
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78. We now come to the second Problem, which is: 
Having given a log-sin, log-cos, &c. to determine the angle. 

Ex. 1. To find the angle whose log-sin is 9*0567650. 
In the tables the log-sin immediately inferior is 

log-sin 6*. 32^30^'= 9-0566218, 

the difierence between which and the given logarithm is 1432, 
and the tabular difference for 10'^, that is, the difference 
between log-sin 6^32^30'' and log-sin 6^32^40'^ is 1836 ; hence, 
if n be the number of seconds to be added to 6°. 32^30^^ we have 
the proportion 

n : 10 :: 1432 : 1836, 

14320 1468 

•*• ^ "• 1836 " "^ 1836 - ^^' 

.-. the required angle is 6^32'.37'%8. 

The calculation may be conveniently arranged thus : 
log-sin A = 9-0567650 

for 9.0566218 (diff. for 10^' 1836) 6^32^ SO'' 
1st rem. 1432 

for 12852 T' 

2nd rem. 1468 

for 14688 0'',8 



.-. the angle A = 6^ 32'. 37",8 

And we see that here, and in all other cases, taking the 
nearest value in the Tables, we get the angle as far as tens 
of seconds, and, subtracting, a first remainder ; next taking that 
multiple of the difference for 10" which when set one place to 
the right is next less than the first remainder, we get the units 
of seconds, and, subtracting, a second remainder; similarly, 
taking that multiple of the difference for 10" which when set 
one place to the right is next less than the second remainder, we 
get the tenths of seconds, and so on. 
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Ex. 2. To find the angle whose log-cos is 9*0567650. 

log-cos A = 9'0567650 

for 9-0568054 (diff. for 10^' 1836) 83'.27'.20'' 

1st rem. 404 

for 3672 2^' 

2nd rem. 368 

for 3672 0",2 

.-. the angle A = 83*. 27'. 22" ,2 

Ex. 3. To find the angle whose log-tan is 9-1603493. 
log-tan A = 9-1603493 

for 9-1603083 (diff. for 10" 1486) 8M3'.50" 

1st rem. 410 

for 2972 2" 

2nd rem. 1128 

for 10402 ^',1 

3rd rem. 878 

for 8916 0^06 



.•• the angle A = 8M3'.62^%76 

Ex. 4. To find the angle whose log-cot is 9-1603493. 
log-cot A = 9-1603493 

for 9-1604569 (diff. for 10" 1486) 81^46'.0" 

1st rem. 1076 

for 10402 7" 

2nd rem. 358 

for 2972 0",2 

3rd rem. 608 

for 5944 0",04 

.-. the angle ^ = 81^46'. 7", 24 
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As examples of finding the logarithms when the angle is 
given, and vice versd, the following results may be verified. 

A = 59°. St. 42", 18, B^ 59^. Sf. 40". 



L Sin 

A 9-9358921 

B 9-9358894 

Diff. for 10", 124 



L Cos 

9-7038130 

97038204 

Diff. for 10", 359 



L Tan 

10-2320795 

10-2320690 

Diff. for 10", 483 



L Cot 

9-7679205 

9-7679310 

Diff. for 10", 483 



79. It may be worth while to give here an exact investigation of 
the above rules for finding the values of the sine, cosine, log-sine, 
log-cos, &c. of an angle not exactly given in the tables ; especially as 
it will shew clearly (which is a point of considerable practical import- 
ance) the cases to which those rules are inapplicable. 

We have, by the formulas of Arts. 49 and 56<, 
sin (0 + A) — sin ^ = sin ^ cos A + cos ^ sin A — sin ^ 

5= cos sin A - sin ^ (1 — cos A) 



= cos sin A 



(- 



tan^ tan 



|)...o), 



cos {0 — A) — cos ^ = sin ^ sin A — cos ^ (1 — cos A) 

A 



(- 



sin sin A ( 1 — cot tan 



I)..- (2), 



sin A 



sin A 



^ ' cos (^ + A) cos ^ cos' cos A (1 -tan ^ tan A) 

sec' tan A 



1 - tan d tan A 



(s). 



Now suppose A to be the circular measure of a small angle of 
about 10"» then, as has been proved, to about twelve places of deci- 
mals, sin A and tan A are both equal to A, which is a small quantity 
less than -00005; therefore, provided tan ^ be not very large in (1) 

and (3), nor cot very large in (2), tan tan - may be neglected in 

(1) in comparison with unity, and similarly for the others; and the 
above results become, in a state sufficiently accurate for the Tables 
which it is necessary to use, 

sin (^ + A) — sin ^ = A cos ^, 
cos (^ - A) - cos i9 = A sin ^, . 
tan (^ + A) - tan^ = Asec'a. 
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Similarly, it may be ahewn that 

cot (fi-h) - cot ^ = A coaeo'^, 
cosec (0 - A) — cosec ^ = A cot ^ cosec 0, 

80. Hence if we denote by /(0) any one of the qnantitiea sin 
cos 0j &c. we have 

/(0*k)-/(0) = Pk (4) 

(taking the upper or lower sign^ according as the Trigonometrical 
Ratio denoted hy/(0) increases in the first quadrant with the angle, 
or the contrary) where P depends only on and does not inyolve A ; 
a result which shews that all the Trigonometrical Ratios alter at a 
uniform rate with the angle, provided the whole alteration of the 
angle be small, and the angle itself not in the excepted cases, i. e. not 
near 90^ for the sine and tangent, and not near zero or 180^ for the 
cosine and cotangent. 

81. Now suppose ^ to be the circular measure of 10'^, then 

/(e^k)-/(e)^Pk} 

but/(^*Ar)-/(^) is immediately known from the tables, if they be 
for every 10', and is the quantity regbtered in the colunm marked 
Diff., let it be denoted by D. Also let the value of the angle in 

degrees, &c. be A^ and the value of h in seconds be n, then P = -r- , 

A n 
and T =■ Tj; > therefore, substituting in (4), we get 

which expresses that if if be an angle given in the tables, then to find 
the sine, cosine, &o. of A^n, we must increase sin A, cos A, &c. by 
a quantity which is to the difference for !(/' as n to 10. 

82. From this, the solution of the converse Problem immediately 
follows ; for we have 

which expresses that to get the angle corresponding to a given value 
/(if «*= n), lying between the two tabular values /(if) and /{A + 10^'), 
we must increase or diminish ii by a number of seconds which is to 
10 as the excess of the given value above f{A) is to the tabular differ- 
ence for 10". 
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83. £xactly in the same manner we must propeed with the log- 
sin, log- cos, &c. 

For, /(^*A)=/(0) + P^ gives, /m being the modulus of the com- 
mon system, 

log/(fl -= A) = log/(0) + log|l +^} ' 

- log/(«) +^T^ , very nearly (Art S8, App.) (5) 

.-. log/id *k) = log/(ff)+^y 

But log/(^*Ar)-log/(^) is the difference given in the tables, =S 

suppose, so that ^^ ^ -r • Hence, substituting in (5), and replacing 

/\P) ^ 

$ and h by their measures in degrees, and in seconds, respectively; 

and remembering that t'^jx* ^o get 

iog/(.i*«)-iog/(^)+^a, 

and n = -^ {log/(^ ± «) - log/ (J)}, 

which are nothing more than the algebraical expressions for the Rules 
followed in the examples of Arts. 77, 78. 

For the particular case of log-sin, the steps would be 

sin (^ + A) = sin + co3 »h, 

.'. log-sin (^ + A) = log-sin ^ + log ( 1 + cot . A), 

or log-sin (0 + A) - log-sin ^ = /* cot ^ . A. 

Now suppose A = ^, then S = ju cot 6 . ^, or /* cot (I = 8 -f- ^ ; 

S n 

/. log-sin (^ + n) - log-sin -^ '="jL ^ = Tn ^• 

84. It may be observed that the same differences are common to 
log-tan and log-cot. For 

tan A = —7-7 » 
cot-4 

. *. log-tan i4 « - log-cot A, 
log-tan (il + IC/O « - log-cot (^ + 10") ; 
.'. log-tan (i< + 10") - log-tan A^- {log-cot (A + lO'O - log-cot A). 
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Hence the oolumn of difierenoes is printed between the columns of 
log-tans and log-cots, and serves as a column of increments to the 
former, and of decrements to the latter, corresponding to an increment 
of 10'' in the angle. The same property may be proved exactly in the 
same way for the logarithms of any other pair of the Trigonometrical 
Ratios which are reciprocals of one another. 

85. The expression for sin (0 + A) — sin d shews that when 6 is 
nearly a right angle, its value, and consequently the value of log-sin 
(6 + A) - log-sin d> is exceedingly small; and similarly the expression 
for cos (^ — A) — cos shews that its value, as well as that of log-cos 
(^ — A) — log-cos 0y is exceedingly small when 6 is nearly zero or two 
right angles. Now the degree of accuracy with which we can find 
the angle corresponding to a given value of log-sin i^, or log-cos^, 
lying between two tabulated values^ depends upon the magnitude of 
the difference B of those tabulated values. Hence, when an angle to be 
found is small or nearly equal to two right angles, we must avoid 
determining it by its cosine ; when it is nearly a right angle, we must 
avoid determining it by its sine ; the reason in both cases being that, 
for angles of those magnitudes, the successive logarithmic numbers are 
too nearly alike to enable us, with the help of tables to only seven 
places, to obtain a precise value of the angle. In fact the cosine of a 
small angle changes so slowly, that it is only when the angle exceeds 
2^^, that the addition of V to the angle, alters log-cos by a decimal 
unit of the seventh order ; and the same is of course true for the log-sin 
of all angles above 87^^ 

Hence, when an angle i^ is to be found from equations of the 
form sin A^a, cos <^ » a, 

where a is nearly equal to 1, we may replace them by the equations 
. A.0 A / l-co8(90"-T) /l-sin^ /T^a 



sm 



.A /l—cosA /l-a 
^ng^V— 2 ^V-2-' 



inrhich are free from the inconvenience attending the original for- 
mulae. 

86. Since when an angle A is less than 45®, the variation of its 
sine produced by a given variation in the angle, which is proportional 
to cos A^ is greater than the variation of the cosine produced by the 
same variation of the angle, which is proportional to sin ii ; and vice 
versd when the angle is greater than 45° ; we may expect to obtain an 
angle less than 45° with greater numerical precision when determined 
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by its sine than when determined by its cosine ; and an angle greater 
than 45^ with greater precision when determined by its cosine, than 
when determined by its sine. 

87* Again, the expression for tan (0 -hk)- tan shews that when 
6 is nearly a right angle, its yalne is Yery large, and far from in- 
creasing in the same proportion as h, because the term tan B tan h in 
its denominator cannot be neglected. Hence, when an angle to be 
found is nearly equal to a right angle, we must avoid determining it 
by its tangent ; because for angles of that magnitude the yariations in 
the successive logarithmic numbers are far too irregular to allow us 
to employ the common principle of the increment of log-tan being 
proportional to the increment of the angle. In fact we find in the 
tablfis 

X tan 89-. 58' =13-2352438 

Xtan89'.58M0"=13-2730324^^^^ 

L tan 89^ 58'. 20"= 133144251 
where the differences are not nearly equal. 

Hence, when an angle ii is to be determined from an equation of 
the form tauii s^a, where a is considerable, so that A is nearly 90^, 
we must replace it by the formula 

tan (^ - 45') = *-?^4^ = ^^S 
^ ^ tan^ + 1 a + i' 

for the angle determined is -4 — 45^ which does not differ much from 
45®; and for that value of the angle, the increment of the log-tan is 
nearly proportional to the increment of the angle. 

88. Supposing h so small that we may put sin A = A, tan^ ^=^i^9 
we have from Art. 79 

sm^ ^ 8 /* 

... log ^^^ ^^ "^ ^) = M (A cot ^ - i A^- 1 h' cot' a), 

or log-sin (^ + A) - log-sin ^ = juA cot ^ - ^/uA^ cosec^ 0. 

If therefore be very small, and consequently cosec very large, 
in order that the second term may be neglected A must be exceedingly 
small. On this account it is necessary, for the first five degrees of 
the quadrant, to have the Tables of log-sin^ &c. computed to every 
second. With the ordinary Tables we cannot determine a very small 
angle from its log-sine, and vice versd; because in those Tables the 
principle that the increment of log-sin is proportional to the increment 
of the angle, does not hold. 

TRIG. 8 
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Precisely the same observations hold with respect to the log-cos 
of an angle nearly equal to a right angle. Also, since log tan « log 
sin B — log cos 6, we see that log tan 6 will be afiected by the same 
circumstances as those which affect log-sin 6 and log-cos 6^ and simi- 
larly of log-cot B. On the whole then we have the following list of 
values near to which if an angle be situated, the principle of pro- 
portional parts becomes inapplicable to determme it by means of the 
Trigonometrical Ratio set opposite; in the first column, on account of 
the irregularity of the increments, and in the second, on account of 
their being insensible. 

log sin 
log cos 
log tan 
log cot 
log sec 
log cosec 



sin 




iT 


cos 







tan 


i' 




cot 







sec 
iosec 











i' 


i' 





o,i» 




0,iir 




i' 








i- 



SECTION IV. 
SOLUTION OF TBIANGLES. 



RELATIONS AMONG THE SIDES AND ANGLES OF A TRIANGLE. 

N what follows, we shall denote the angles of triangles by 
the letters A, B, (7, placed at the angular points, and the sides 
respectively opposite to them by a, 5, c. If the triangle be 
right-angled, then G shall be the right angle, and c the hypo- 
thenuse. We shall first demonstrate the fundamental Propo- 
sitions on which the solution of rectilinear triangles depends. 

89. In a right-angled triangle, the side opposite to an acute 
angle is equal to the hypothenuse multiplied by the sine of the 
angle ; and the side adjacent to an acute angle is equal to the 
hypothenuse multiplied by the cosine of the angle* 

For if ABC (fig. 5) be a right-angled triangle, and A one 
of its acute angles to which the side a is opposite and the side 
b adjacent, 

sin -4 = - , .•. a = c sin -4, 
c 

cos -4 = - , ,', J = c cos A. 
c 

In a right-angled triangle, the side opposite to an acute angle 
is equal to the other side multiplied by the tangent of the angle ; 
and the side adjacent to an acute angle is equal to the other 
side multiplied by the cotangent of the angle. 

For tan^ = T> .'. a = Jtan-4, 

o 

cotA=-, .\ b = a cot A. 
a 

90. In any triangle, the sines of the angles are to one 
another as the sides opposite. 

Let A and B be any two angles of the triangle ABC (fig. 
18), and as one of them is necessarily acute, let it be B; and 
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according as the other angle A is acute or obtuse, draw CD 
perpendicular to BA^ or BA produced. 

If the perpendicular fall within the triangle, the two right- 
angled triangles A CD, BCD, give 

CD = b&mA, GD^asmB, 

, . . . x» si^ A a 

' sm ^ 6 

IS the perpendicular fall upon the side BA produced, the 
triangle ^CjD gives GD^h sin GAD==^b sin GAB — h sin -4, 
because GAD is the supplement of GAB ; and the triangle BCD 
gives, as before, GD *= a sin J5; therefore, in this case also, 

, . - ' -n sin -4 a 

6 sm ul = a sm i>* or —^ — b = t • 

sin5 

HA — 90°, we still have, in conformity with the theorem, 

... ._::L..-^.. 

cosines of those angles of the triangle which they respectively 
form with the third side, the sum of those products will be equal 
to the third side, 

Let^ (7, BG (fig. 18) be any two sides of the triangle ABG^ and 
as one of them must be opposite to an acute angle, let the angle 
B to which AGiA opposite be acute ; and according as the angle 
A to which BG is opposite is acute, or obtuse, draw GD perpen- 
dicular to BA^ or BA produced. If the perpendicular fall 
within the triangle, the two right-angled triangles A GD^ BGD 

give AD = h cos A^ BD = a cos B] 

but AB = BD + AD ; .'. c = a cos J5 + J cos A. 

If the perpendicular fall upon the side BA produced, the 
triangle A GD gives 

AD = h cos GAD = — J cos GAB= — h cos -4, 

because GAD is the supplement of GAB; and the triangle BGD 
gives as before BD = a cos jB; but BA =BD — AD; 

.•. c = a coqB+ h cos A. 



61 

If -4 = 90® we fttill have in conformity with the theorem, 

c = a cos B. 

92. In any triangle, the square of any side is equal to the 

sum of the squares of the two other sides, diminished by twice 

the product of these sides and the cosine of the included angle ; 

that is, 

a' = J2 + c'-2Jccos^. 

Let ABC (fig, 18) be any triangle, and as one of the aisles 
A^ By must be acute, let it be B^ and according as the angle A 
is acute or obtuse draw CD perpendicular to BA, or BA pro- 
duced. 

When the angle A is acute, we have (Euclid> II» 13.) 
BCl^^AC^ + AB'^2ABxAD, 
or a^^V' + c^-'2cxAI), 
but from the right-angled triangle ADC, AD = b cos A, 
,\ a* = J2 4- c' — 2bc cos A. 
When the angle A is obtuse, we have (Euclid, II. 12.) 

a* = 5* + c* + 2uiJ5x-42>, 
but the triangle OAD gives 

AD = b co^ CAD ^"b cos CAB^^booiA, 

because CAD is the supplement of CAB; therefore, in this case 
also, 

a*==J* + c"-2JccosJ[. 

If J[ = 90®, We still have, in conformity with the theotem, 

a' = 5* + c'. 

93. The result of the preceding Article niay be readily 
obtained, without reference to Euclid, from the faiidainental 
equations of Arts. 90 and 91 ; for we have 

c = a cos^+ J cos-4, 

= a sinjB— J sin^; 

therefore, adding together the squares of these equations, we get 
(Art. 16.) 

0* == rt*+ J* + 2ab (cos -4 cos J5 - sin A sin B). 
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But cos A cos B— sin A sin 5 = cos (^ + 5) = — cos (7, since 
^ + £+(7=180^ 

/. c^^^a^-^b^-^ 2ab cos (7. 

Hence, whether (7 be an acnte, or the obtuse angle of a 
triangle, we have 

a^ + V^c^ 



cos (7 = 



2a& 



or, the cosine of any angle of a triangle is equal to the fraction 
whose numerator is the sum of the squares of the containing 
sides diminished by the square of the opposite side, and deno- 
minator twice the product of the containing sides. 

This value for cos G always lies between 1 and — 1 ; for its 
greatest value is when c = and consequently a = J, and therefore 
cos (7=1; and its least value when c = a + h, and therefore 

cos (7= — 1. 

94. As was before stated^ in a triangle there are six parts ; and if 
values for any three be given (one of them being a side), and it be 
possible for a triangle to be constructed with such values, the other 
parts may be determined. The cases of impossibility are (1) when 
two angles are given having their sum greater than 180^; (2) when 
three sides are given of which one is not less than the sum of the 
other two ; and (3) when two sides and an angle opposite to one of 
them are given, and the sine of the angle is greater than the ratip 
which the side to which it is opposite bears to the other given side. 
The first two cases are evident from Euclid. For the third, make at 
the point A in the indefinite straight line AB (fig. 19) ^ BAG equal to 
the given angle, and AG equal the given adjacent side, and draw 
GN perpendicular to AB; then GN=: AG sin A, which must be not 
greater than the other given side, otherwise a circle described from 
centre C with radius GB equal to that side, will not meet AB^ and 
the triangle will be impossible ; hence AC &n A must not be greater 
than CB, 

If the three angles only of a triangle are given, we cannot deter- 
mine it in magnitude, but we may in species ; for the theorem of 
Art. 90 will enable us to determine the several ratios of its sides to 
one another. 

95. If by the theorem of Art. 92 we form expressions for cos B 
and cos C similar to that for cos A^ we shall have three equations, by 
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means of which we may determine three of the six parts of a triangle 
when the other three are known ; excluding, of course^ the cases where 
the triangle is impossible, or the three angles only are given. Similarly^ 
from the theorem of Art. 90, which, as we shall presently see (Art. 115), 
may be deduced from the expression for the cosine of an angle in terms 
of the three sides, we get the equations 

Bin A ^a sin C _ c 

by means of which, together with the relation A +B +C=180^, we 
may determine three parts of a triangle when the other three are given. 
As however the above formula for cos A is not convenient for 
logarithmic computation, (for to be convenient for logarithmic com- 
putation, a formula must be composed of factors which require only 
addition and subtraction for their computation preparatory to the appli- 
cation of logarithms,) we shall, in the next place, proceed to transform 
these results so as to be convenient for the application of logarithms ; 
and to give particular modes of solution adapted to the several par- 
ticular cases. 



SOLUTION OF BIGHT-ANGLED TBIANGLES. 

96. In order to solye the triangle, two other parts in addition 
to the right angle must be given, one of them being a side ; hence 
there will be four cases, the data in them being, respectively, the 
hypothenuse and an angle ; a side and an angle ; the hypothe- 
nuse and a side ; and the two sides. 

97. (1) Having given the hypothenuse c, and an angled, 
to find the other angle J5, and the sides a and b (fig. 5). 

First, we have jB = 90^ - J[ ; also 

^ • ^ i J 

- = sin -4, - = cos A : 

c c 

.'. a = c sin A, b =c cos A ; 

or, in logarithms, 

log a = log c + Zr sin ^ — 10, log b = log c+L co&A — lO; 

where, by L amA,L cos A, are meant the augmented logarithms 
as famished by the tables (Art. 75), exceeding the real logarithms 
by 10 ; and which, as before stated, are invariably to be used in 
formula prepared for calculation by means of the tables. 



64 

98. (2) Having given a side a, and the angle opposite to it 
Aj to find the other angle J3, the side b, and the hjpothennse o. 

First, we have 5 = 90* — -4 ; also 



- = sin A, 
c 


T = tan A, 


a 


h^a cot^, 



which may be put into logarithms, as above. 

If the tables contain L cosec, we must determine c from the 
equation c=ia cosec -4, as it requires only the addition of loga- 
rithms. 

99. (3) Having given the hypothenuse c, and a side a, 
to find the remaining side J, and the two angles. 

First, we hsitve 



.'. J = V(c-f a) (c-a), 
a form adapted to logarithmic computation ; also 



a 



sin -4 = -, and jB= 90^ - A. 

c 

If we begin by finding the angles, we may obtain b by the 
formula J == c coa A. 

100. (4) Having given the two sides a and J, to find the 
hypothenuse c, and the angles^ 

First, we have 

tan-4=|, and5=90^-^; 

then c is obtained by the relation 

^ A 

c = — — 7 , or c = a cosec A, 
sm -4 

We may also find c directly by the relation c = Va' + J' ; 
but as a^ + b* cannot be resolved into factors, this formula is 
not suited to logarithmic computation, and it is better to obtain 
c from the value of A previously found. 
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101. In all the above cases, when the angle sought is either very 
small, or nearly a right angle^ and is to be determined by a formula 
which for that particular value of the angle is incompetent to furnish 
great numerical accuracy, the formula ipnst be transformed into another 
free from that defect, in the mode explained at Arts. 85 — 87. 

The above methods may be verified upon the sides and angles of the 
following triangle : 

a = 1540874 log a = 3-1876262, 

ft= 902-708 log 6 = 2-9555475, 

c ^ 17S5'S95 log c = 8-251 7S48, 

Lun LeoB Jstan 

A^5S^.37'A2'' I 9-9358919 I 9-7038132 ( 10-2320786. 



SOLUTION OF OBLIQUE-ANGLED TRIANGLES. 

102. Since we must have three parts given, one of which 
is a side, there will be only four distinct cases, the data in them 
being, respectively, two angles and a side; two sides and an 
angle opposite to one of them; two sides and the included 
angle ; and three sides. 

103. (1) Having given a side a, and two angles, to find 
the other parts (fig, 18). 

Subtracting the sum of the two known angles firom ISO*^, we 
find the third angle. We then find b and c firom the equations 

, sin B sin G 

o = a—. — J, c = a-i — 7; 

smA sm^i 

or, in logarithms, 

log J = loga + i sin jB— i sin -4, 

logc = loga + i8in (7— isin J[, 

the tens destroying one another. 

104. (2) Having given two sides a, J, and the angle A 
opposite to one of them, to find the third side c and the two 
other angles. 

We must find the angle B firom the relation sin £ = — sin A : 

° a 

then 

G=180^-(^ + J5), and c = a5i^. 

TRIG. 9 
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105. In this case, whenever the given angle is acute, and 
the side opposite to it is less than the side adjacent to it, there 
will be two triangles which have the data of the Prohlem. 

At the point A (fig. 19) in the indefinite straight line AB^ 
make the angle jBL4(7 equal to the given acute angle -4, and AG 
equal to the greater of the given sides h\ with centre G and 
radius GD equal to the other given side a, let a circle be de- 
scribed; then it must meet AB, otherwise the triangle would 
be impossible (Art. 94) ; if it touches AB as at N^ there will 
be only one triangle answering the conditions, viz. the right- 
angled triangle A GN; if it cuts AB in two points jB, B, which 
must both be on the same side of A (since GB< GA), there 
are two triangles, viz. AGB and AGB' which have -4, a, b, 
in common; and the angles ABG, AB'G are supplementary to 
one another, since GB'B^ GBB\ 

But if the given angle be obtuse, or if, the given angle being 
acute, the side opposite to it be greater than that adjacent to it, 
the points in which the circle cuts AN will be on opposite sides 
of A (fig. 20), and only the triangle GAB will have the proposed 
data; for the triangle GAB will have the angle (14^ = 180*— -4, 
instead of the given angle A, 

106. This also appears from the formulae of solution ; for if M be the 

value of B less than 90^ which satisfies the equation sin £ = - sin Ay 

the equation is equally satisfied by the obtuse angle 180^-ilf for the 
value of B, 

Now if 4 be obtuse, B must be acute, and M is the value to be 
taken, and there is only one solution ; and in order that the triangle may 
be possible, a must be greater than h. 

Again, if 4 be acute, and a > 6, 4 is greater than B; therefore B 
is acute, and M is the value to bd taken, and the triangle is always 
possible. 

But if 4 be acute, and a < £, then A< By and this condition is 
satisfied both by the value 3f, and 180^- JIf, for B; for, M being the 

value of B less than 90^ which satisfies sin J5 * - sin 4, 4 is less than 

a 

M and a fortiari less than 180^ — M, since M is an acute angle; 

Jt * jt 
consequently there will be two solutions, provided sin B = be a 

possible equation, or a > 5 sin 4. 
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The above methods may be verified upon the sides and angles of the 
foUowing triangle. 

a = 9459*31 log a = S-9758595, 

b = 8032-29 log 6 = 3-9048394, 

c = 8242-58 log c = 3-9 J 60632, 

^ = 71^ 3'. 34" Z sin ^ = 9*9758250, 

B = 5S^. 26' .0",38 L sin J5 = 9*9048049, 

(7= 550. 30^. 24",16 L sin C = 9*9160287. 

107. (3) Having given two sides a, J, and the included 
angle (7, to find the other two angles, and the third side. 

We have 

a sin -4 






6'"sin^' 

a + J _ sin u4 + sin -B 
h sinj5 

a — J _ sin ^ — sin£ 
"T"" sinjB ' 

a 4- i _ sin -4 + sin jB 
a — 5 " sin -4 — sin 5 * 



(1), 



But f Art 53^ ^^^A + smB J^U^ + B) ^ 

gJrh _ ixa\{A + B) 
•'' a-b'tmi^^A-By 

but i(^ + 5) = 90''-^, 

Q 

and .-. tan J(^ 4- 5) = cot - , 

.-. tani(^-£) = ^cot-, 

which gives \{A'-B)) and since \(A 4- B) is known, we have 

^ = i(4 + 5) + i(^-5) and 5 = i(^ + J5)-i(^-5); 
and then c is known from the equation 

c = 5^ (2). 
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108. Dividing the last equation by equation (1) we find 

c sin G 

a + 6 " sin -4 + sin 5* 

C C 
But sin Can 2 sin — cos — , 

and sin^4-8injB = 2sini(^ + jB) cosi(J[-5) 

(J 
— 2 cos — cos J (-4 — J?), 

(a + J) sin - 

•*• ^"co8i(.4-i^) ^^)' 

a formula which will give c hy the aid of only two additional 
logarithms (instead of three which equation (2) requires) since 
log (a + h) is already employed in the process. 

109. When two sides and the included angle are given, 
the third side c has been found only by means of A and B pre- 
viously determined. It may however be found directly from 
the formula 

c' = a" + 6'-2aJoos (7, 

which must be. adapted to logarithmic computation by means 
of a subsidiary angle. Among the different transformations 
which this formula may undergo, the following is the most re- 
markable. Since 

cos'— 4- sin* ^ = 1, and cos* — - sin* — = cos (7, 
c* = (o' + V) (cos» I + sin« I) - 2aJ (cos' ^ - sin' ^ 
= (a + 5)' sin' ^ + (a - 6)* cos' ^ 



=<«+')•-' I hC-^N'f)}- 
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Now since the tangent of an angle may have any value 

, a—b ,G 
let tan d> = — — r cot — , 

C , 

then c = (a 4- J) sin -- V 1 + tan' 

G 

[a + I) sin — 

cos^ 

This solution only differs fix)m the former one in appear- 
ance ; for since ^ is equal to i(-4 — 5), this value of c is iden- 
tical with that fiimished by equation (3). 

110. If it should happen (as is often the •case in practice) 
that a and b are given only by their logarithms, and that the 
angles A and B alone are required, then, instead of first finding 
a and b from the tables which the employment of the formula 

tani(4 — jB) « =-<30t-r- 

would require, we may proceed thus. 

Let be a subaidi^y angle determined by the equation 

tan^ = -, or Ztan^ — 10 = logi — loga, 

;, a — J a 1 — tanA . ,._o jl\ 

It — 
a 

.-. tan i(u4 - J5) = tan (45*- 0) cot ^ . 

By this process for finding \{A — jB), there are two logarithms 
fewer to be looked out than if we first determine a and b. 

111. (4) Having given the three sides, to find the angles. 
We have (Art. 92) 

cos A = r^y , 
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which gives -4, and by similar formulsB may B and C be deter- 
mined. But we must endeavour to find other formulae more 
convenient for logarithms. 

First, we have 

A 
2 sin*— = 1 — cos -4, 

and substituting for cos A its value, we get successively 

2 Sm' TT = 1 rr 

2 2bc 

'^ 2bc 2bc 

^ (a + b — c) (a — b + c) 
• "" 2bc ' 

.A /(a + b-c)(a-b + c) 

To simplify this, let half the perimeter of the triangle be 
denoted by «, so that a + J + c = 2^, 

.'. a + J — c = 2(«--c), a — i + c = 2(« — J), 

••. -^-v/53gH3 (,, 

A . 
Although the angle ~ is determined by its sine, there can 

be no ambiguity ; for Ay being the angle of a triangle, is less 

A 
than 180®, and therefore — less than 90®. 

Ji 

112. With eq^ual facility may similar expressions for cos — 
and tan — be found. For 

2cos^-. = l + cos-4 = l + — 4-7 

2 2Jc 

ibc 2bc 

(a + b + c) {b -{• c — a) _ 28 .2 {s — a) 
"^ 2Jc 26c ' 



71 



A /s{s-a) . 



Also, dividing (1) by (2), we get 

tan-=A/^^ / ^ V ^ (3). 

2 \ s {s — a) ^ ^ 

113. As each of these formulaB requires four logarithms 
for its computation, when we want to find only one angle of a 
triangle, there is no reason for preferring one to another, except 
that when ^A is nearly 90®, we must avoid determining it by 
its sine or tangent, and when it is very small, we must avoid 
determining it by its cosine ; and that when ^A is less than 45®, 
the tables will determine it from its sine with greater precision 
than from its cosine ; and vice versd when j^A is greater than 
45® (Art. 85 — 87). When however we want to find two angles, 
the formula for the tangent of half an angle is to be preferred, 
as we shall need only the four logarithms of «, « — a, « — J, « — c j 
whereas, using either of the others, we shall need six logarithms. 

114. A triangle, as we know, cannot be formed with three given 
rides, unless the sum of any two be greater than the third. This also 

appears from the preceding formula;. Thus, taking sin' ~ = ^ — 4^ — ^ , 

suppose 6>fl+c; .•. 26>2* or *-6 is negative, and 2*>2(<i + c), 

or « — c> a, and is therefore positive ; the value of sin — is therefore 

imaginary ; and similarly it may be shewn to be imaginary supposing 
c> a + 6. If fl > 6 + c, then * > 6 + c; 

.•. * — Z> > c, J - c> 6, •'.(* — b) (* - c) > bc^ 

A 
or the value of sin -^ greater than 1, which is absurd. If 6 or c be 

supposed equal to the sum of the two others or to «, the value of 

A , . . A . 

sin — • is evidently zero ; ifa = 6 + c = *, the value of an — is 1 ; this is 

what ought to happen, as the triangle is reduced to a straight line. 

115. Taking twice the product of the values of sin | ^1 and cos \ A, 
we find 

&.VLA^j-Js{s-^a){s-^b){s^cy, 
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As this formula requires seven logarithms, it is not convenient for 

the calculation of A. It shews that is a 83nnmetrical expression 

in terms of a, 6, c, that is, remains the same when a, 6, c are inter- 
changed in any manner ; therefore, we must have 

sin A sin B __ sin C 
a b c 

conformable to the theorem of Art. 90, which is in this way perceived 
to be a consequence of the theorem of Art. 9^* The latter theorem 
gives the above value of sin A immediately, but unresolved into 
factors^ viz. 

26c sin i^ - 746 V - (6* + c' - a')' = V2a«6* + 2fl V + 26 V- a*- 6* - c\ 

METHOD OF DETERMINING HEIGHTS AND DISTANCES. 

We shall now give some examples of the employment of Trigono- 
metry in determining heights and distances. The problems which 
ooeur in practice may generally be reduced to one of the following. 

116. (1) To find the height of an object the foot of which is 
accessible. 

Measure along the ground, supposed horizontal, a base DE (fig. 21) 
from the foot of the object ; and in order to avoid small angles, take 
it of a size neither very large nor very small compared with the height 
PD, Place at E the foot of the instrument for measuring angles^ 
and measure the angle PAO formed hy AP with the horizontal line 
AC parallel to DB, Then in the right-angled triangle PAC we 
'^now AC and the angle A ; therefore we can calculate PC by Art. 98 ; 
and adding this to ji^, we shall have the required height PD. 

117* (2) To find the distance of the point in which an observer 
is placed from any visible but inaccessible point. 

Measure a base AB (fig. 22) from A the place of the observer, and 
at each end observe the angle which the distance between the other 
end and the object P subtends, i.e. observe the angles BAP^ ABP. 
Then in the triangle APB, one side and two angles being known, 
AP may be calculated by Art. 103. 

118. (3) To find the height of an object whose foot is inaccessible. 

By measuring a base AB (fig. 22) in any convenient direction firom 
A the place of the observer, and proceeding as in the last problem, 
the distance AP may be determined; then in the triangle PAC^ where 
AC is horizontal, AP being known, and the angle PAC observed, 
PC may be determined by Art. 97. 
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119. (4) To find the distance PQ between two visible but inac- 
cessible points. 

Measure a base AB (fig. 23), and at the station A observe the 
angles BAPy BAQ, and at the station B observe the angles ABQ, 
ABP, Then in each of the triangles APB^ AQB, we know two an- 
gles and a side, and therefore can compute AP^ AQ, a side of each ; 
and if we observe the angle PAQ, or take the difference of PAB, 
QABy if the four points P, Q, B, A, are in one plane, we shall know 
in the triangle APQ two sides and the included angle, and can therefore 
compute the third side PQ, by Art. 109. 

120. (5) Three objects A^ B, C being situated in a horizontal plane 
at known distances from one another, to determine a point M at which 
these distances are seen under given angles (fig. 24). 

Since the angles AM By AMC are known, if we describe on AB 
a segment containing an angle equal to the former, and on AC a. seg- 
ment containing an angle equal to the latter, the circles will intersect 
in A and in M, and M will be the point required. But this con- 
struction being impracticable in a survey, we shall shew how to cal- 
culate the angle BAM and the side AM ; and first to find the angles 
ABMy ACM; assume the given quantities AB — h^ AC ^ c, angle 
BAC^Ay AMB = ByA MC = (7, and the unknown quantities -4 5M = x, 
ACM=y. Then in the quadrilateral ABMC 

a?+y = S6oO-(^+J3+(7), 

therefore the sum of the angles x and y is known. Next, to find their 
difference. The triangles ABM, ACM give 

AmJ-^, AM^'J^ (1), 

sm B sm C ^ '^ 

5sinj?_csiny , sinj:_csinJB 

sm B sm C sm y 6 sm C 

Let tan <b = — ; — -n > then 4> can be calculated by logarithms ; 
^ csm/J ^ o 



sin X 1 sin a? + sin ^ 1 + tan <p 
sin y tan ^ ' sin a? — sin ^ 1 — tan <f> ' 



^^tan^(jr-l-j^) 



, fr X - tan (450 + if) (Arts. 47 and 53) ; 

therefore the difference x-^y h known, and consequently x and y. 

Then angle BAM = 180®- jB - jr, and AM is known from either of 
the equations (1). 

TRIG. 10 
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INSTRUMENTS USED IN SURVEYING. 

121. Hadley's Sextant. 

For measuring angular distances generally^ this is much the most 
useful instrument that has ever been invented. The principle of its 
construction^ and the manner of using it> will be understood from 
what follows. Let FDE (fig. 29) be a graduated circular arc con- 
nected with its center C by two bars CE, CF; and let By C, be two 
plane reflectors, the former attached to the bar C£, and the latter to 
another bar (72), which is moveable about C and carries an index D 
that sweeps the graduations of the limb jPJB;. on this account C is 
called the Index-glass. The reflectors are both perpendicular to the 
plane FGF^ and are so placed that their surfaces are parallel when 
the index D is at 0, and alh* is the position of ah\ therefore the 
angle aCa' or OCD will measure their inclination when the move- 
able radius CD is in any other position. The upper part of the glass 
JB is left transparent^ in order that objects may be seen directly through 
it, and by rays which pass close to the reflecting part. T is a tele- 
scope fixed to CFy having its optical axis parallel to the plane TCE^ 
and directed to the line which separates the silvered from the unsil- 
vered part of the reflector B. 

When the angular distance of two objects S^ P, is to be measured^ 
the Sextant is held in such a position that its plane passes through 
them both; then the Telescope being directed to one of them P, so 
that it is seen by the direct ray PT^ the radius (7/), and consequently 
the minor C which it carries^ is moved till the other object S is seen 
by a ray SC^ which^ falling on the mirror C at a certain angle of inci- 
dence, is reflected at an equal angle into the direction CB^ and again 
falling on the silvered part of jB at a certain angle of incidence^ is 
reflected at an equal angle into the direction BT^ in which consequently 
the object S is seen and therefore appears to coincide with P. Then if 
BC be produced to meet PT in H^ since the lines SC, BC make equal 
angles with the reflecting surface ab we have 

^ SCB ^ISO^ -^BCa; 

Similarly, z HBG^ 180<>- 2CBc = 180<>- SSCa, 

since the lines CB, TB make equal angles with the reflecting surface cd 
which is parallel to aV ; 

.-. z SHP^SCB--HBC--^{aCa') = ^OCD; 

therefore the angular distance of the objects is measured by twice the 
angle OCD. If therefore FE be graduated from as the zero point, 
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and each half degree he marked as a whole one, the reading, when 
the index is at D, will he the angular distance of S and P. 

When the altitude of an object is to be taken^ the plane of the 
instrument is held yertically, the telescope is directed to the point of 
the horizon immediately below the object so that TB is horizontal, 
and then the index is slided forward till the image of the object 
reflected from the index-glass, appears in contact with the horizon 
seen through the upper part of B, which on this account is called the 
Horizon*glass. 

THE VERNIER. 

122. As the index may not coincide exactly with one of the 
divisions of the limb of the Sextant, it is necessary to be able to esti* 
mate its distance from the preceding division^ and this may be done 
by a contrivance called^ from its inventor, a Yemier. 

Suppose AB (fig. SO) to be a portion of the limb of the Sextant 
divided into equal parts each -20', and let it be required to deter- 
mine smaller portions, as for instance PQ. Let another circular arc 
whose length corresponds to that of 19 divisions of the limb, slide 
upon AB and be divided into 20 equal parts, each consequently « 19'- 
Let its beginning, which is marked 0, coincide with Q, and observe 
which of its divisions coincides with a division of the limb. Suppose 
it that which is marked 2, then since the space between two divisions 
of the Yemier is less than the space between two divisions of the 
limb by 1', it follows that PQ = 2'; and thus portions of 1', 2', &c. 
can be determined, although the limb itself is only divided into portions 
of 20'. 

Generally, a being the length of the space between two divisions 
of the limb, if (n — 1) fl be the length of the Yemier and it be divided 
into n equal parts; and if, the zero of the Yemier being at Q, its m^^ 
division coincide vnth a division of the limb as at 3f, 

then QM^ m divisions of the Yemier = m . ■■ ^ , 

n 

and PM=^ m divisions of the limb = wa, 

.-. /»«=!?, 

and is therefore known, since the number of minutes or seconds cor- 
responding to - a is known. 
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THE THEODOLITE. 

123. For the accurate measurement of horizontal and yertical 
angles, the Theodolite, which we next proceed to describe, may be 
considered as the most important instrument employed in surveying. 

It consists of two parallel circular plates A and B (fig. 31) which 
are together called the horizontal limb of the instrument. The lower 
one has the larger diameter, and has a slanting edge to receive the 
graduations; and underneath it is provided with foot-screws for making 
its plane horizontal when set upon the staiF-head, and also with a 
socket C at its middle into which descends the axis upon which the 
upper circle is centered so as to turn with great steadiness and 
nicety upon the lower circle. The upper plate has its edge ground 
away at two opposite parts, a, a\ so as to form at those parts a con- 
tinued slanting surface with the edge of the lower plate ; and on these 
are engraved the Verniers, for which reason the upper plate is called 
the Vernier-plate; and it carries two spirit-levels at right angles to 
one another, their use being to determine when the horizontal limb 
is set level by altering the foot-screws already mentioned for that 
purpose. Upon the Vernier-plate are erected two supports K, K^ 
for the pivots of the horizontal axis of the circle MN to which the 
telescope BT is attached ; to this axis the plane of the circle^ as well 
as the optical axis of the telescope, are both at right angles ; and the 
circle and telescope can turn completely round it without touching 
the Vernier-plate. The rim of the vertical circle is graduated, and 
subdivided by the help of two Verniers F, W^ fixed to the ends of a 
bar held parallel to a diameter of the vertical circle by a stem rising 
from the Vernier-plate. 

124. The following are the principal uses of the Theodolite. 
(1) To measure the angle of elevation or depression of an object. 
Turn the horizontal limb round its axis till the plane of the 

vertical circle passes through the object, and then elevate or de- 
press the telescope till the object is seen on the cross-wires, or 
in the direction of the optical axis of the telescope, and let TS 
(fig. 32) be that direction; also let Ovw be the rim which carries 
the divisions, and V^ W^ the zero points of its Verniers ; read off the 
graduations of the rim which are opposite to F, W^ that is, the num- 
ber of degrees and minutes in the arcs 0«, Ouw, O being the begin- 
ning of the graduation of the rim. Next turn the horizontal limb 
through 180^; then the plane of the vertical circle again passes 
through the object, but the optical axis of the telescope is in the di- 
rection T'S^ inclined to the horizon at the same angle as it was before ; 
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and therefore the angle T'CT through which the vertical circle must 
now revolve to bring the object again upon the cross-wires of the 
telescope will be twice the zenith distance of the object; after this 
motion of the telescope let v\ n>\ be the points of the rim opposite to 
Vy JV; then four times the zenith distance of the object 

= twice the angle through which the circle has revolved 

ssum of the angles subtended at the center of graduation by 
vv', tvw\ the arcs which have passed under the Verniers, 

= difference of readings ai V+ diff, of readings at W. 

(2) To measure the horizontal angle between two objects. 

The instrument being placed exactly over the station from which 
the angle is to be taken, and the horizontality of the Yernier-plate 
being tested by noting that the bubbles in the spirit-levels remain 
stationary in the middle of their tubes, when the instrument is turned 
quite round; bring the object P (fig. 33) upon the cross- wires of 
the telescope, and read off the graduations of the horizontal limb 
which are opposite the zero points Faxid Woi its Verniers, that is, the 
degrees and miputes in the arcs Oi;, Ovw ; next, by turning the in- 
strument round its vertical axis, bring the other object Q upon the 
cross-wires, and read off the graduations of the arcs Ov\ Ov'rv'; then 
twice required angle = 2PCQ 

= sum of angles subtended at the center of graduation by the arcs 
vv\ wTv\ over which the Verniers have passed, 

= difference of readings at F+ diff. of readings at W, 

SPIRIT-LEVEL. 

125. The Spirit-level, in its simplest form, is a glass tube ABCD 
{^g. 34) of uniform bore and of the form of a circular arc of very 
large radius. It is nearly filled with a fluid, such as ether, and the 
ends are closed, and if it be placed with its plane vertical and its 
extremities A and D in contact with a horizontal plane, the bubble 
BC of air left in the tube will be at the highest part of it ; and if one 
end be gradually raised, the bubble will move towards that end. 

In surveying, by a Level is understood a telescope with a spirit- 
level attached to the upper or under side of its tube, and so adjusted 
that when the bubble is at the middle of the spirit-level, the optical 
axis of the telescope is horizontal; and it is mounted in a frame 
moveable round a vertical axis, so that the bubble preserves its posi- 
tion whilst the telescope is turned round horizontally on the staff-head. 

To determine the difference of level of two places A and B 
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(fig. 35\ place a vertical staff at A^ and let Uie instnunent be set up 
at any convenient distance from ^ in a line towards B ; and in the 
same line and at the same distance from the instrument as A is, set 
up another staff; then if the staves be divided into hundredths of a 
foot^ with graduations and figures sufficiently large to be read by the 
observer, and if he first direct the telescope to A and read off the divi- 
sion of the staff bisected by the wires of the telescope, and then 
turn the telescope about, and read off the division similarly bisected 
on the second staff; the difference of these readings is the difference 
of elevation of the stations ; and by continuing this process^ the opera- 
tion of levelling may be carried on for many miles. 

GUNTER'S CHAIN. 

126. In surveying, distances are usually measured by Gunter^s 
Chain, which is S2 yards or four poles in Iength> and is divided 
into 100 links; consequently the length of each link is 7*9^ inches. 
Hence since an acre contains 4840 square yards, it contains 10 square 
chains, or 100,000 square links; and therefore square links are con- 
verted into acres by cutting off five figures to the right. 

ABEA OF A TRIANGLE, QUADRILATERAL, AND REGULAR 
POLYGON. RADII OF THEIR INSCRIBED AND CIRCUM- 
SCRIBED CIRCLES. 

127. We shall now give the solutions of certain problems 
in Geometry, relating to the triangle, quadrilateral, and regular 
polygon, which, on account of the ease with whicb they are 
effected by Trigonometrical formulae, usually form a part of 
Treatises on this subject. 

(1) Having given two sides and the included angle, or the 
three sides of a triangle, to fibid an expression for its area. 

Let ABC be the triangle (fig. 18), and as one of the angles 
A, B is necessarily acute, let it be jB ; and let a perpendicular 
from C on the opposite side meet AB, or AB produced, in D ; 
therefore in both cases CZ> = J sin u4. Then since the triangle 
is half the rectangle having the same base and altitude, 

area of the triangle =s \ AB x CD =* Jc . J sin ^4 ; or 
= iJo.^V«(«-a) («- J) (5-c) ... (Art. 115) 
r=^8 {s — a) {s — J) (« — c). 
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(2) Having given the three sides of a triangle, to find the 
radii of the circles circumscribed about it and inscribed in it. 

Let CE (fig. 25) be the diameter of the circle circumscribed 
about the triangle ABC^ CD a perpendicular on AB\ join BE, 
then CBE is a right angle ; and the angles GEB, CAB, being 
in the same segment, are equal to one another ; or, if the per- 
pendicular fall without the triangle, they are supplementary to 
one another ; 

.-. sin^ = sin CEB = -SS, or CE= ^ 



OE' " ^ sin^' 

that is, the diameter of the circumscribed circle is equal to the 
quotient of any side divided by the sine of the opposite angle. 
Hence, substituting for sin^ its value and dividing by 2, we 
find the radius of the circumscribed circle, or 

^ ahc 

JtC = ■ • 

4 V^ (« — a) {a — i) (s — c) 

Next, if be the center, and r the radius of the circle in- 
scribed in the triangle ABG (fig. 26), and we join -40, BO, 
CO; then the triangle is divided into three others whose areas 
are equal to ^ar, ^br, ^cr ; 

.'. r.^{a + b + c)= area of triangle ABC, 
or rs =a Vs (5 — a) {s — b){s — c); 



,.^ j.^ / (^-^)(^-^)(^-<^) ^ 



Also, it is easily seen that if 0' be the center of the circle 
touching the side J, and the two other sides produced, and we 
join O'A, O'B, O'C, then firom the two ways in which the 
quadrilateral O'ABC may be made up, we have 

^/a + ijfl^c =s \fb + area of triangle ABC, 
/. ?^(s-J)=V5(«-a) (5-6) («-c). 

128. (3) Having given the four sides of a quadrilateral 
whose opposite angles are supplementary to one another, to find 
its area and angles. 
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Let the sides AB=^a, BG^l, CD^c, AD= rf, (fig. 27), and 
the diagonals AC=:x, BD=y\ then from the triangles ABCy 
ADC, we have 

2aicos5=a' + J'-a^, 

2dc cos Z) = c' + c? - a?*, 

but cos D = cos (180° - 5) = - cos 5 ; 

.*. —2dccosB = c^+(P — af; 

therefore, subtracting, 

2 {ab-^cd)coBB=a^ + b^ -c^ -cPi 



.\ cos 5= 



2ab + 2cd 



y + h^+2ab--c^'-cP + 2cd _ {a + hy-'{c-dY 
/. 1+cos/^- 2ai + 2ce; " 2{ah + cd) 

^B (a + b + c-d) (a + b'-c + d) 

or 2cos'-- = -^ or L\ ^\ '^ 

2 2 (a6 + ca) 

c' + ^+2crf-a*-J»+2aS {c + dy-{ a-by 
and l-cos^^ 2(aJ+a?) = 2{ah + cd) 

«' 28m«-=^ 2p:j^^5) • 

But area of quadrilateral = ^ oi sin 5 + ^ ceZ sin Z) 

= i (a& + ccO sin ^= («J + c^ sin — COS — 

= iV{(« + * + c-^) (a4-i + ef-c)(a + c + rf-i) (i + c + ef-a)} 

= VK«-a)(5-J)(5-c)(5-(f)}, 

if half the perimeter =i(a4-ft+c + rf) = «. 

Also, any angle is known from the formula 

. B 

tan^ '""' /(.-g) (.-&) . 

COS -- ^ ^ ^ 

It 

and since 
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the radius of the circumscribed circle, which is also circum- 
scribed about the triangle ABC^ 

X X ^sl {ac-\-bd) {ad-\-bc) {ab-\-cd) 

■" 2 sini^" 4 sin ^^cos^^" 4 V(«-a) (s-b) («-c) {s -T) * 

129. (4) Having given the side of any regular polygon, 
to find its area, and the radii of the inscribed and circumscribed 
circles. 

Let AB (fig. 28) be a side of a regular polygon, G the 
common center of the inscribed and circumscribed circles. Join 
AG, EG] draw GD perpendicular to AB, and consequently 
bisecting both AB and the angle A GB, Then if nr be the 
number of sides, since each side subtends the same angle at G, 

.ACB= — , and ,AGI> = — . 
n n 

Let AB — a, AG—R, GD = r\ then in the right-angled 

triangle A GD 

AD ^ 180^ , ^180^ 

^ = tan — , orr = iacot — , 

AD . 180' ^ - 180' 

1-77 =s sm , or ^ = ia cosec : 

AG w ' ^ n ' 

and the area of polygon = n (area of triangle A GB) 

= n,AD xx?c7=n-7- cot • 

4 n 

Also, using the circular measure of two right angles, we 
have 

perimeter of polygon = n . AB = 2n . r tan — = 2irr tan — -r- - ; 

fv It ill 

area of polygon = n . GD x AD 

^nr,r tan — = irr tan — -^ — : 
n n 71 

therefore, taking the limit of both sides when ?i is infinite, in 
which case the polygon becomes a circle whose radius is r, and 

the limit of tan ^-f-- is 1 (Art. 60), we find, agreeably to the 

definition of tt, 

the circumference of a circle whose radius is r = 27rr ; 
and the area of a circle whose radius is r = tit'. 

TRIG. 11 



SECTION V. 

ON DEMOIVRirS THEOREM, AND ON THE EXPONEN- 
TIAL EXPRESSIONS FOR THE SINE AND COSINE 
OF AN ANGLE. 



BEMOIVRE'S THEOREM. 



130. This theorem, which goes by the name of its disco- 
verer, is, that whatever be the index w, cos nO 4- V— 1 sin nO is 

a value of (cos + V— 1 sin ^)*. 

It expresses that, in order to obtain a value of any power of 

the binomial cos 4- V— 1 sin ^, it is sufficient to multiply the 
angle 6 by the index of the power. We may put, indifferently, 

the sign + or — before V— 1, for that amounts to changing 

into — ^; but we shall consider V— 1 in these investigations 
restricted to have only the sign which is written before it. 

We shall first consider the case where the index is a whole 
number. We get by multiplication 

(cos + V^ sin ff) (cos ^ + V— 1 sin 0) = cos ^ cos ^ — sin Q sin ^ 

4- V^ (sin ^ cos ^ 4- cos sin ^), 
of which product, by the common formulae, the part which is 
real = cos (^ + ^), and the imaginary part = V— 1 sin {0 + ^), 

.-. (cos ^ 4- V^ sin ^) (cos 4- V^ sin <^) = cos (^ 4- <^) 

4- V^ sin {0 4- i>) ; 
that is, the product of two factors of the form 

cos 4- V^ sin 0y 

is an expression of the same form, involving an angle equal to 
the sum of the angles of the factors. Hence, introducing another 

factor cos y^ + */—l sin y^, we get 

(cos 4- V— 1 sin 0) (cos ^ 4- V^T sin 0) (cos -^ 4- V— 1 sin i^) 
= {cos (^ + <^) 4- V^ sin {0 + ^)} (cos yjr + V^ sin yjr) 
= cos (^ 4- <^ 4- '^) 4- V^ sin (^ 4- <^ 4- '^) , 
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and so on, to any number of factors ; if, therefore, there be n 

factors all equal to cos ^ + V^ sin 6, we shall have, since the 
first member admits but of one value, 

(cos ^ + V^ sin ^)" = cos 71^ + a/TI sinw^ (1). 

Next, suppose the index to be a negative integer; then, since 

(cos n^ + V- 1 sin nO) (cos nO — V^ sin nO) 
= cos' 71^ + sin' n0 = l, 

1 . 

/. 7= = cos n0 — V — 1 sin n0, 

cosn^ + v— Ismn^ 

1 



or 



J . — -— = cos n6 — V— Isin nff. 

(cos^ + V-Tsin^)** ' 

or (cos + V^ sin 0)'^ = cos (- n0) -h V^ sin (- n0)y 
which proves the theorem for negative indices. 

Lastly, suppose the index to be fractional. Eeplacing by 

— in equation (1), we get 

m0 I — r . w^ 



( 



cos hV— Isin — I = cos w^ 4- V— 1 sin m0. 

n n I 



= (cos ^+ V— 1 sin 0Yy by the first case ; 



therefore, extracting the w*^ root of both sides, and employing 
a firactional index instead of a radical sign, we get 

m0 . / — - , m0 

cos h V — 1 sm — 

n n 

for a value of 

(cos^ + V'^sin^)'^. 

131. Hence it appears that cos h V^ sin — is one of 

the n different values which the expression 

(cos^ + V^sin^)", 
according to the principles of Algebra, admits of; and there is 



no difficulty in assigning the remaining values. 
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For, by what has been proved, since is any angle whatever, 
and may therefore be replaced by the general value of all angles 
which have the same sine and cosine as ^, viz. 2rir + ^, r being 
any integer positive or negative, it follows that 

cos — (2r7r + ^) + V^sin-(2r7r-h^) (2) 

is a value of 

{cos (2r7r + ff) + V^ sin (2r7r + ^)}*, 

m " 

or of (cos ^-h V^sin Oy ; 

and we shall now shew that the expression (2) admits of n 
different values and no more. 

Firsts if we make r s 0, 1^ 2^ &c. n - 1, we get n different values ; 
for if two of them were alike, for instance when r^p and r = g, it 

would be necessary that the angles — (2/?ir + &), — (2gw + Q) should 

m (p — Q^ IT 
difier by a multiple of 2ir, or that — ^ — ^ — should be a multiple of ir, 

which is impossible, since p and q are both less than », and m not 
divisible by n. Also, if we take for r some number beyond the limits 
and » — ly we shall get no new value ; for suppose r = \n-\-r', 
where A is any positive or negative number^ and r' positive and < n^ 
so that r may represent any positive or negative number whatever; 
then the above expression becomes 



cos 



(2\mir + - (2r'9r + 6)1 + J-l8m jgXmir + ^ (2r^w + 6)| , 



or, suppressing the multiple of ^ir, 

cos J (2r'^ + 6) + 7=1 sin ^ (2r'ir + ^), 

which, since r' is positive and less than », is comprised among the 
values obtained in making r - 0, 1, 2, ...» - 1. 

Consequently, the complete value of (cos 6 + J^ sin By is given 
by the formula 

(cos + J^ sin ey = cos - {2rw + 6) + 7=1 sin - (2nr + 6), 
r being any integer whatever, positive or negative, not excluding 
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zero ; and the n values of the first member result from the second^ by 
taking r from to n — 1. 

Hence also we see that by assuming nO » ^rw + a, where r is any 
integer and a an angle between and w, we obtain n different values 
of 6, every one of which furnishes a different value of cos 6 + J-^ sin By 
but the same value of cos nd + J— 1 sin nS. 

131*. If we make m = l,the formula for extracting the »*** root 

of cos 6 + a/--1 sin 6 is 

-// a r-7 • n\ Qrw + e ,-- . 9,rir-\-e 

J (cos V + J- 1 sm Q) = cos + w— 1 sm . 

Hence putting successively ^ = 0, ^ = w, we find general expressions 
for the n**" roots of + 1 and — 1, viz. 

r/1 = cos — + J- 1 sm , 

r/- 1 = cos ^ ^— + J- 1 sm ^ ^— ; 

and the n difierent values of each, result from taking r from to 
ii-l. 

Also putting ^ = 0, ^ = ir, the general values of (1)"* and (- 1)* be- 
come, respectively, 

cos Zrmir + J- 1 sin Smiir, cos (2r + 1) mir + *y- 1 sin (2r + 1) mir, 
where m is supposed to be fractional ; and if m have a denominator p, 
then all the values of (1)"* and (- l)" will result from taking r from 
io p-l. 

M 

Obs. Since (cos Q + a/-T sin By may be supposed to mean either 
{;/(cosa + ^/-l8ma)}«-=|cos — ^— +^-1 sm — ^— ^ , 

or ^ (cosd + J^ sinBy=:^ (cosmd -^ J^ sinma), 
the values corresponding to these two suppositions must be identical : 

viz. cos - (2r7r +a) +^- 1 sin - (2r9r + 6), 

1 I 1 

and cos ~ (2r7r + mO) + ,J- 1 sin - (2r9r + m6). 

Now, taking r from 1 to n - 1, the multipliers of 2ir involved in 

the former will be 

m 2wi 3m ^ (»-l)«i_ 
"^ K . , OfC. ————— - 
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and if the division be performed in each fraction, no two remainders 
can be alike ; for suppose — and ^ to give the same remainder^ 

then (p - 9) — is a whole number, which is absurd since p and q are 

both less than n; therefore the remainders vnll produce the terms of 
the series 1, 2, 3, &c. (n- 1); and therefore, suppressing the multi- 
ples of Stt, the n values of the former expression will be identical 
with those of the latter. 



FORMULA FOR EXPRESSING THE SINE AND COSINE OF THE 
SUM OF ANY ANGLES, OR OF A MULTIPLE ANGLE, IN 
TERMS OF THE SINES AND COSINES OF THE SIMPLE ANGLES. 

132. To express the sine and cosine of the sum of any 
number of angles, in terms of the sines and cosines of the 
angles; or the tangent of the sum, in terms of the tangents 
of the angles. 

From Art. 130 it appears that 

cos (^ + + &c. + X) + V^ sin (^ + <^ + &c. +\) 

= COS^CO8 0...COSX 

X (I -h V^ tan 0) (1 4- V^ tan 0)... (I -h V^ tanX). 

If, therefore, we effect the multiplication of the factors of 
the second member, and by s^, s^, s^y &c. denote the sum of the 
tangents of 0, 0, &c. X, the sum of the products of every two 
of these tangents, the sum of the products of every three, &c. ; 
and by <r denote the sum of the angles 0, (f), &c. X, of which we 
suppose the number to be n ; we shall have (Theory of Equar 
tions, Art. 19) 



cos <r + V— 1 sin cr = cos ^cos^ cosX {1 +V— l^^— ^j, 

Therefore, equating possible and impossible parts, 

sin 0- = cos ^ cos </> cos X [s^ — s^ + s^^ &c.} 

008 0-= cos^ COS0 cosX {1 — 53 + 5^ — &c.} ; 
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and, dividing the upper equation by the lower, 

8,-8^ + $. — &C. 

tan a = :^ 5 » — . 

1 — 5j + 5^ — &C. 

If w be odd, the numerator will be continued to s^, and 
the denominator to s^^ ; and vice versa, if n be even. 

Hence tancx is expressed in terms of the tangents of ^, 0, 
&c. X; and it is evident that the values of sine and cos or, if 
each term of the series within brackets be multiplied by the 
factor without the brackets, will contain only the sines and 
cosines of 0, 0, &c. X. If we suppose 0, y^, &c. X, to be all 
equal to one another and to 0, we get the values of the sine, 
cosine, and tangent of the multiple angle n ; but it is better to 
obtain those values directly, as follows. 

133. Resuming Demoivre^s formula, and supposing n a 
positive integer, we have 

cos n0 + V^ sin vJ0 = (cos 4- V^HT sin 0Y ; 

but the second member expanded by the binomial theorem gives 

cos* ^ + Y cos""^ 6 \^=1 sin - ""^f ""^^ cos*»^^ sin' 

w (w — 1) (n — 2) ^_3 ^ / — 7 . g ^ p 
^ i, \ cos*^ 0\f-l sm' ^ + &c. ; 

therefore, equating possible and impossible parts, 

cos n^ = cos* ^ - ^^-^!^ cos*-* ^ sin* ^ 

n(w-l)(/i-2)(/i-3) n-4/l . 4/1 J! 

+ — ^^ / o o / cos*^ sm* - &c. 

1.2.3.4 

sin n^ = ^ cos"-' ^ sin ^ - ""^"T^l^""^^ cos"-" 6 sin' 
1 1.2.3 

+ "(n-l)(«-2)(n-3)(n-4) ^^^^ ^.^.^_^^^ 

1 •>£ •o . 4 . O 

These formulae express the sine and cosine of the multiple 
angle nB in terms of the sine and cosine of the simple angle ; 
their law is evident, and, like the binomial theorem from which 
they are deduced, each is to be continued till we arrive at a 
term zero. 
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134. The above formulas may be transformed so as to inyolTe 
cosines only, or sines only, in the following manner. 

Suppose n even, then observing that cos"^ = (l - sin' ^/, we may 
in the series for cos nO replace cos"^ and the other powers of cos 6 (which 
are all even) by their developments in terms of sin' 6 by the Binomial 
Theorem, and we find 

/» , ^ ' »a »*(«-2) . .- w(n-2)(n-4) . -- ^ 
cos na = 1 --8in'a + -^--^smM- ^ ^^^^ -^8in«a + &c. 

n(n- 1) . ,^ r, w-2 , ,- (w-2)(n-4) . .^ ^ ) 
)-^' sm« ^ (1 - -y- sm'a + ^ i sm^ 6 - &c.| 

w(n-l)(n-2)(n--3) 
"*■ 1.2.3.4 

• 4/1 ft **~* • t/jj (n-4)(n-6) . 4^ |. 1 
X 8m*^n —siu'O-^ ^-^ ^8m*^-&c.l; 



or cos 



-, . 1 «-l ' n 

But - + — r- = -; , 
2 2 2 

3.1 3 fi-l (n-l)(n-3) _ fi(«4-2) 
2.4'*'2' 2 "^ 2.4 * 2.4 ' 

and in general {as appears by equating the coefficient of j^ in the 

product of the expansions of (1 +ar)' and (1 +«)*, and in the equi- 

valent expansion of (1 + a:) * } 



m (wi - 2) . . . (w — 2r + 2) m (m - 2) ... (w - 2r + 4) n 
2.4...2r 2.4...(2r-2) 2 

yn (m — 2) ... (m - 2r + 6) w (« - 2) ^ 
**■ 2.4...(2r-4) • 2.4 **" ' 

( iii + »)(m + M-2) ... (m + n - 2r + 2) ^ 
* 2.4. 6T772r ~" • 

.-. cos «^ = 1 « —-^ sm* ^ + , \ ^ : sin^O 

1.2 1.2.3.4 

_«! (>.' -2-) (,.'-4') 

1.2.3.4,5.6 ^ * *'• '•'•'• 
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Exactly in the same manner^ n being even, we get 

sm «a = iico8 ^ ^8m a - — — - 8in*6 + ^ ^ o o ^ ir sin'^-- &c.L 

t 1. 2.S 1.2.3.4.5 J 

And when n is odd, the formulae are 

cosn6«cos 6 11 - -j-^ sm*a + ^— y- ^ ^ ^ sin* a- &c. I , 

8mwa = iisman " , o p Sin'a + \ ^ ^; ^ ^ ^ sin* ^ ~ &c. >. (2) 

If in these four formulae we replace 6 by p-^, we get others 

for cos nQ and sin riB proceeding according to powers of cos ^ ; viz. 
when n is even, 

(-i)^o8«a = i--^cos»a+^^^^^:i^ (3) 

1.* 1.2.3.4 

(-1 )* 8mna=»sm6Kcos6- 003'^+ ^ ^; ^ co8*6~&c.>; 

and when n is an odd integer, 

/ ^\■T■ a a «(«'-!•) 8fl w(«"-l«)(n'-3») 5. - ,^. 

(-1) • cos«^ = ncos^ — z^^-^— ^ cos^ g + ; ^^ / cos'^~&c.,(4) 

(-1)"^ sin «0 = sin e\\ - ^?^ cos' 6 + ^"''^^^'f'f^ cos* «- &c.| • 

If in equations 1, 2, 3, 4 we denote by S^i, S^y S^y S^ the series 
forming the second members which are expressed entirely in sines 
and cosines, then when n is fractional the values of cos n6 and sin n6 
in ascending powers of sin 6 (r being any integer) are 

cos nO — cos nrv . Si — sin (» — 1) rv , S2, 
sin nd = sin nrir . Si + cos (n — l)r7r . S^; 

and in ascending powers of cos 6, 

cos nd = cos n (2r + 1) ^w . S, + cos (n - 1) (2r + l) ^w . /S^, 
sin «^ = sin n (2r + 1) ^tt . /Sj + sin (« - 1) (Qr + 1) ^tt . 454. 

The investigation of these series by the method of Indeterminate 
coefficients, may be best deferred till the Student arrives at the Dif- 
ferential Calculus. 

For the resolution of cos nd and sin nO into their factors, recourse 
may be had to Theory of Equations, Art. 22. 

TRIG. 12 
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135. A descending series for cos ii0 in terms of cos 6 may be 
investigated more simply in the following manner. 

Since 1 -p2+»'=(l - «?«) (l-|) if P = « + ^> 

or l-ir(p-2) = (l«Jr^)(l-^, 

taking the Napierian logarithm of both sides^ and writing down only 
the terms which when developed will involve «•, we have 



-C('4) 



+ &c. ; 



therefore^ equating the coefficients of ^ in the two members of this 
equation^ 

-.4-4(-)- '-^"-.%-.'.'.:r'"'V }^^ 

But if we assume cos 6 + J^l sin ^ - Jf , and consequently 

cos ^ — ^/--l sin ^ = - , 

we get 

2cos^-j: + -«p, (2cosd)"=sp", and 2cos »6»j:* + ~ ; 

.-. 2 cos nB = (2 cos ^)"- n (2 cos fff* + '^y o (^ ^® ^)*^'" ^®- 

+ (-iy-^ 1.2.8... r -^(2cos6)-»' + &c. 

In calculating hy this formula we must follow the law indicated hy 
the terms at the beginning of the series^ and stop at and exclude the 
first negative power of 2 cos 0, 

Obs. As this eqiftition serves to determine cos nQ from cos B, so 
conversely, if we know the cosine of an angle we may find the cosine 
of its n^ part by solving this equation which always admits of n real 
roots that can be assigned. For if for cos B we write x, and for 
cos nB a given value a, we shall have an equation of the n^ degree 
for finding x; and as the general value of nB in the equation 
cos 110 s a is 2r9r ^ a where a denotes the angle between and ir 
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whose cosine » a^ and r is any integer^ the general value of x will 
be cos - (2nr ^ a) ; and to get all the values of x, r must be taken 
from to ^», or i(n-l)> according -as n is even or odd. Thus 

Sir 

let II = 4, and a » - ^ so that « ■■ -5- , then the values of x in the 
equation l&r*-l6«* + 2=:- 1 are 

co8(*j). cosg-j), C08(^*J); 

IT IT 

or * cos ^ , * cos - . 

Again^ let «= 5, and a = - so that a = - ir, then the values of x 

in the equation 32x^^40jf + I0dr= I may be shewn to be^ in a form 
ready for calculation, 

cos60«, cos(30'-18'»), -cos (30*+ 18*), cos(54*+30«), -cos (54* -30*). 

136. If we write the formulae of Art. 133, so as to have 
(cos 0y a factor of the second members, we get 

cos n^ = (cos ^)* X 

r n(n-l). «/) , n(n-l)(n-2)(n-3)^ 4^ - 1 
f^-TTT-*^^^-*-"^ ^^^^ ^tan-^.&c.}; 

therefore, dividing the former equation by the latter, we get 
tan n6 expressed in terms of tan 0, viz. 

"^ "l^^^^^^)tan'g + ^(^"^)(^-^^(^^^)tan^g-&Z 
1.2 ^^"^^ 1.2.3.4 

where each series has its terms alternately positive and negative, 
and is to be continued till we arrive at a term zero. 

Obs. As in the preceding Art., if we here write x for tan ^, 
and for tan nO a given value a, the general value of a? in the re- 
sulting equation of the nf^ degree will be 

tan - (nr + a), 
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where r is any integer, and a is the angle between and ir 
whose tangent equals a ; and to get all the values of ar, r must 
be taken from to w — 1. Thus let w = 3 and a = 1 so that 
a = Jtt ; then the values of x in the equation 

ap' -3a:'- 3a; + 1 = 

are tan — , tan — , tan — , or 2 + V3 and — 1. 

37r 
Again, let w = 4, and a = — 1, so that a = -j- > then the values 

of X in the equation 

a;* - 4a;^ - 6a^ + 4a; + 1 = 

37r . Stt . tt , "Jt 

are 16' "* 16' "" 16' l6* 

137. We shall now shew how -Ewfer, from the above series 
for sin 71^ and cosn^ (Art, 133), deduces the expansions of the 
sine and cosine of an angle in terms of the circular measure 
of the angle ; for it is no longer indifferent whether the angle 
is expressed by degrees, &c., or by its circular measure, as is 
the case when only the trigonometrical ratios of the angle are 
involved. 

We may, without departing from the hypothesis of n an 
integer, dispose of 6 so that nO shall be equal to any given 
angle a. Let therefore n^ =« a, or w = a -- ^ ; then with this 
value the formulae become 

/ ly^n oila^O) , >,. „^ /sin 6^ 
cos a = (cos 8y ^ ' (cos Qy^ \r^ ] 

sin a = \ (cos ^)- (?1^ - '^^^-^^^^^ (cos 6^ (^' 

•f &c. 

Now suppose 6 to diminish to zero, and n to increase to 
infinity ; then these formulae will exhibit no further traces of Q 
and of w, and will contain a only. For when ^ = 0, cos ^ = 1, 
and sin ^ 4- ^ = 1, (Art. 60) ; and for that value of Q^ we may 
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also admit that the powers of cos 6 and of sin ^ -r- ^ are equal 
to unity, however great be the indices of the powers ; conse- 
quently the above formulae become 

cosa = l-j^+3-^^-j-y^3^^-5-g + &c. 

a , a « 

sm a = a occ. 

1.2.3 1.2.3.4.5 

As the number n has become infinite, these series do not 
terminate ; but they are not the less proper to give very ap- 
proximate values of the sine and cosine when a is a small frac- 
tion ; and they are always convergent for any value of a. 

138. By dividing three terms of the lower series by three 
terms of the upper, we obtain the first three terms of the ex- 
pansion of tan a, viz. 

tan« = a+3+3-^+3-3-^ + &c.; 

but the law of the series is not easily discoverable in this way. 
Similarly, by dividing unity by each of these series, the first 
3 or 4 terms of the expansions of sec a, cosec a, cot a, may be 
obtained. 



FORMULA FOR EXPRESSING THE POWERS OF THE SINE OR 
COSINE OF AN ANGLE IN TERMS OF THE SINES OR CO- 
SINES OF ITS MULTIPLES. 

139. lu the higher branches of Mathematics it is frequently 
necessary to express the powers of the sine or cosine of an angle 
in terms of the sines or cosines of multiples of the angle. When 
the index is a positive integer, which is the ordinary case, it 
may be effected in the following maimer. 

If we assume 

cos + ^^^l sin ^ = a?, 
then since 

(cos e + V^ sin 0) (cos - V^ sin 0) = cos' ^ 4- sin' ^ = 1 , 

cos — V— 1 sin ^ = - : 
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therefore, by adding and subtracting, we get 

1 . 1 

2 cos ^ = a? + - , 2 V - 1 sin ^ = x . 

X X 

Also, by Demoivres theorem, 

cos nd 4- V^ sin nd = a?*, 

cos nd — V— 1 sin n^ = -r , 

X 

.'. 2 cos n^ = a?* + -ji , 2 V^l sin n^ = a?* r . 

X a;* 

Hence 

(2 cos ^) " = ^a; +- i y = a?" + w aj"-* + ^L^^lH aT* + iSbc . 



n(/i-l) 1 _L .1 

1.2 ^■*"^a;*-*"*"ar 



or, grouping together the terms equidistant from the beginning 
and end which have the same coefficients, 

(2 cos ^« = 0!- + 1 + n {f^+^ 

If n be even, the number of terms in the expansion of 

[a?4--) isw + 1, which is odd; there will therefore be one 

term, viz. the (i^ + l)*^, or middle term, which has no fellow; 
it will be 

71 (n - 1) (yi - 2) ... (yi - -^yi 4- 1) J J_ n(n-l) ... (jn + l) 

1.2.3...iw • V ^^ 1.2. 3. ..in 



a?^ 



If w be odd, the number of terms will be n 4- 1 which is 
even, there will therefore be an exact number, i(w+l), of 
pairs of terms ; and the last pair consisting of the two middle 
terms of the expanded binomial, i.e. of the {i (w — 1) + 1}*** 
and {i (w4- 1) + 1}*** terms, will be 

n(n-l)...[n-i(n-l) + l]/ ^n 



or 



1.2.3...^ (n-1) 
n(w-l)..."i(w+3) 



i(n-l)...i(/i-f3) / n 
1.2.3...i(n-l) \ xj' 
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Hence, replacing af + —^ by 2 cos nS, &c. and dividing by 
2, we get 

2""'co8*^ = cosw^ + ncos(n-2) g + ^ f "1 ^ cos (yi - 4) g + &c. 

the last term being, according as w is even or odd, 

, 7i(n-l)...(in4-l) ^(^-l)'"i(^4-3) ^. 

*• 1.2. 3.. -in '^ 1.2.3...i(/i-l) ^^ ' 

that is, we must stop at and exclude the term which involves 
the first negative angle; and we must take only half of the 
last term when it involves the angle zero. 

140. Again, to express (sin ^)* in terms of sines or cosines 
of multiples of 0. We have 

.-. (2V=Trsin"« = L + — T=aj»-na;"-» + ^-^^^ 

First, let n be even; then the first member will equal 
2" (— 1)* sin*^, and the second member will equal 

and, as in the case of the cosine, there will be a middle term 

1.2.3.. in "^ [-VJ ' '^•'* *°^«^^g ^' 
therefore, replacing aj" + ~ by 2 cos n0, &c, and dividing by 2, 

n 

2""' (- 1)^ sin"^ = cos w^ - n cos (n - 2) ^ 

+ \ ^ cos (n - 4) ^ - &c. 
X • ^ 

+ 1 (_ ^J »(w-l) -(i » + l) ^ 

X • ^ • o» •t'^fi 
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If n be odd, the first member will be 2" V— "l (— l)"*" sin" 6, 
and the second member will be a;" — -—n [a;""' ^^ j + &jc. ; 

and, as in the case of the cosine, the two middle terms will be 

!y «(«-l)..4(« + 3) / 1\ . 
^ ^ 1.2.3...i(n-l) V xj' 

« 

therefore, replacing a?" ;i by 2V— 1 sinn^, &c. and dividing 

hj 2 V— 1, we find 



«— 1 



2"-^ (- 1) ^ sin*^ = sinn5- 71 sin (n - 2) ^ 
' ''^''~^^sin(n-4)5-iS:c. 



1.2 

+ ^ ^^ 1. 2. 3.. .i (7.-1) ^'''^• 

In employing these formulae for the purpose of calculating 
sin* 0, we have only to follow the law indicated by the terms at 
the beginning of each series, and to stop at and exclude the 
term which involves the first negative angle ; and we must take 
only half of the coefficient of the last term when it involves the 
angle zero. 

The results in this and the preceding Art. are evidently 

imperfect when n is fractional, as the second members have 

only one value, whilst the first members admit of several. The 

. correct forms of the series for the case of n firactional, will be 

given hereafter. 



INVERSE TRIGONOMETRICAL FUNCTIONS OF AN ANGLE. 

141. Since the sine, cosine, &c. of an angle do not increase 
indefinitely with the angle, but vary within certain limits only, 
so that whatever values they have when the angle equals a, 
they receive the same when the angle equals a 4- 27r, a + 47r, &c. 
they are called periodic quantities to distinguish them from con- 
tinually increasing quantities such as the measures of angles. 

We have hitherto chiefly confined our reasonings to the case 
where only the sines, cosines, &c. of known' angles enter into 
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the calculation; but It is frequently necessary to consider the 
case where the measures of the angles themselves as determined 
by their sines, cosines, &c. are introduced ; and there is, as has 
been stated, an essential difference between these two cases; for 
in the former the quantities have each only a single value, 
whereas in the latter they have an infinite number of values. 
Thus sin Jtt has only one value, viz. ^ ; but the measure of the 
angle whose sine =^, has an infinite number of values comprised 
in the general expression (Art. 31), where n is any integer, 

M,r+(-l)"|. 

The notation usually employed to express the measure of an 
angle whose sine is x, the measure of an angle whose cosine 
is X, &c. is sin"* a?, cos""*ic, &c. ; they are called inverse Trigono- 
metrical Expressions or Functions of the angle, in the same way 
as the Trigonometrical Eatios themselves are sometimes called 
direct Trigonometrical Functions of the angle. 

142. The reason for the above notation is the following. If an 
operation denoted by / be performed upon a quantity x, so that the 
result of it is /{x\ and if the same operation be now performed upon 
/(x) as was performed upon a?, the result will be /{/(ps)} or ff{x), 
which may be written /" (x). Similarly /C/{/(j?)}] or fff{x) may 
be written /• (x), and so on, which gives in general/*/" (a?) =/**"(j:). 
To preserve the same equation^ /° (x) must mean x simply ; for 
making n = 0, m = !,/{/" (^)} ^/{^X and consequently/® (je) = x; and 
if we now make 9ii»l, n^—\^ we shall discover the meaning of 
r*W; for 

and therefore/"' {x) means that function of x upon which if the ope- 
ration denoted by / be performed, the result is x, or that function 
whose effect is exactly reversed by /; that is, /""* (x) denotes the 
inverse function of f{x). 

We have seen in the foregoing pages that although for any 
assigned value of the angle there is but one value of the sine, cosine, 
&c.> yet. for any assigned value of the sine, cosine^ &c. there is an 
infinite number of corresponding angles; the reason, we may repeat, 
being that in the first four quadrants there are two distinct angles 
which have the same sine, cosine, or tangent ; and that any multiple 
of 2ir added to or subtracted from an angle, does not alter the sine, 
TRIG. 13 
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cosine^ or tangent. Hence, Art 31-33, if a be the measure of the least 
positive angle which satisfies the equations 

sin 6 B J*, cos = X, tan 6 » a?, 

we have, respectively, for the values of the inverse functions, 
B or sin"^ a? = nir + (— 1)" a, 
or cos"^ X — 2iiir * a, 6 or tan"' * = nir + a, 

n being any positive or negative integer whatever, not excluding xero. 
It is usual to take for the values of the inverse Trigonometrical Functions, 
the measures of the least corresponding positive angles ; but the multi- 
plicity of their values must never be lost sight of. 

143. From the above mode of expressing the inverse Tri- 
gonometrical Functions, arise the following formulas which are 
sometimes useful. 

Let tan^ = a?, tan0=y, 

then = tan"* x, ^ = tan"*y ; 

4. /zi . JL\ tan ^4- tan <^ x+y 

now tan {0 + (p) =- — r — stjL = l » 

^ ^' 1 — tan tan 1 — a?y 



.-. 0+ ^- tan"* ( J 



xyj ' 



1 1 1 ^ + V 

or tan"* a? 4- tan~*v = tan :; ^ . 

^ 1-ay 

X ~~ 1/ 

Similarly, tan"* x — tan"*y = tan"* '^ . 

1 + xy 

And in the same way may these formulae be deduced, 
8in"*aj + sin'*y = sin"* {x Vl— ^ + y Vl — a:^, 
cos"* a? ± co8"*y = cos"* {ay T Vl— a?" Vl— y"). 



EXPONENTIAL EXPRESSIONS FOR THE SINE, COSINE, AND 
TANGENT OF AN ANGLE, AND THEIR OONSEQUENCEa 

144. To investigate the exponential expressions for sintf, 
cos 0, tan 0. 

Since (Art. 26, Appendix), e being the base of Napier's 
system of logarithms. 
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if we change x successively into 6 V^, and — V— 1, we get 

1 1.2^1.2.3^1.2.3.4 ^^* 

therefore, adding and subtracting, 

e +e ^2[l 1.2 + 1,2.3.4 ^"^7 



6*^ 



^ ^^ ^\ 1.2.3^1.2.3.4.5 / 



and comparing these series with the values of cos and sin 0^ 
(Arti 137), we have 

2cos5 = e*^ + 6-^>^ 
2V=asin^ = e*^-6-^^, 
and consequently by division 

1 e*^-e'^V=i 1 e^^-1 



tan^ = 



V^i e^v=i ^ g-^v=i v=rie^v=i + i- 



Also, adding and subtracting and dividing by 2, we get the 
the important formulae 



cos + V^l sin ^ = e*^-\ 
cos - V^i; sin ^ = 6"^^, 



the latter evidently resulting from the former by changing the 
sign of 0. 

Moreover from Art. 131, w being fractional, we get for (1)** 
and (— 1)"*, the recipients of the multiple values of any positive 
or negative quantity that is raised to the m^ power, the expo- 
nential expressions 

145. To develope the circular measure of an angle in terms 
of the tangent of the angle. 
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We get from the preceding Art. 

8tfV=i _ cos g+ Vising _ l + V^tang 
cos^-V^sin^ 1-V^tan^' 

, , 1 + 'J~l tan e 

.•.2^V-l=logj_^-^^^ 

= 2 {V^tan 5 + i (V^ tan ^* + i (V^ tan ^» + &c.}, 

(Art. 32, Appendix) 

.-. ^ = tan5-^tan'^ + ^tan*^-&c. 

This is called Gregory's series after its inventor ; it expresses 
the measure of the least positive angle that has a given tangent, 
in terms of that tangent : and it may evidently be used to cal- 
culate the measure of any angle less than half a right angle, for 
in that case tan 6 will be less than unity. 

146. Hence, by dividing half a right angle, whose tangent 
is unity, into two or more angles whose tangents are rational 
proper fractions, we can compute the numerical value of the 

circular measure of half a right angle, which is -r . 

For if a and /9 be the measures of two angles whose tangents 
are respectively - and - , we have 

tan(a + /3) = ,^7 + *f^^ = ^ = l = tan^; 
^ ' 1 — tan a tan ^ ^ __ 1 ^ 

6 
•••l^^ + ^^J-l^^ + U^-^^' + I^U^ + si-"*^- 

147. But a series for the value of tt, which converges far 
more rapidly, may be obtained as follows. 

Since tan -si, we find (Art. 48) tan - = VJ— 1, and 
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tan r- = •1989 = -z nearly ; if therefore tan a = - , 4a is a little 
16 o o 

greater than — , and we shall have 4a = j + y8, where )8 is a 

small angle. 

2 5 

XT * o 5 5 ^ , 6 120 

^ow tan2a= = — , tan 4a = = — • 

toix^w j^ 22' "^ 25^ 119* 

25 144 

120 



.•. tan ^ = tan f 4a "" 7) = "J^ 



-' 1 



V 4/ i^ 4. 1 239 ' 

119"^ 

••4 ^ *^ \5 3 5^^5 5* ^7 

"■{239"3V239) +*4' 

from which 7r= 3*1415926535 may be rapidly obtained, since 
the former series may be written 

TT 1 1 

The formula -7 = 4 tan"* - — tan"* -— , may also be replaced 

4 o Jo9 

by — = 4 tan"* — tan"* — r + tan"* rx , 

which is more convenient when tt is to be calculated to a very 
large number of figures. 

148. The following series are useful in many applications of 
Analysis. 

Having given sin /?»m sin(a +/^, to express/? in a series as- 
cending by powers of m. 

Replacing the sines by their exponential expressions^ we get 

1 , /5V^l -/SV"^. m , (a+/5)Vri -(tt + /S)>/^, 



2^/-l 2V-I 

.'.a - 1 =m{a — e /* 
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ore (1— »W )a=l-flM , 

a/9N/-.i 1 —me 

1 — Wl« 

.-. 2^ y=l = log (1 - me" *^ - log (1 -iiw*^" *) 
= iii(« -e ) + -2-C« -^ ) 

therefore, dividing both sides by 2 ^/--^ and replacing the exponential 
expressions by the corresponding sines, we have 

p = w sin a + — sm 2a + -— sm Sa + &c. 

Hence if m be less than 1, /? may be readily calculated ; and if /^ be 
a very small angle so that we wish to estimate it by the number of 
seconds it contains, we may find that number of seconds by dividing fi 
by sin 1" (Art. 62). 

If we consider a and /? to be the angles of a triangle respectively 

opposite to the sides a and 6, and m — — > the above series gives an 

c 

expression for an angle in terms of another angle, and the two sides 
containing the latter ; for -: — ( o\ ~ "" expresses the relation be- 
tween two sides and the included angle and another angle; and as 

this relation may be equally expressed by sin a cot )3 + cos « ** t- , 

a 6 sin a m sin a 

or tan p = ^ = , 

c — 6 cos a 1 - m cos a 



or 



bytan(^/3-h-j=^3^tan- = j--^tan-, (Art. 107.) 

the series may be also regarded as arising from the development of either 
of these latter equations. 

149. We may make another application of the exponential values 
of the sine and cosine to express (2 cos 0)" in terms of the ^cosines or 
sines of multiples of Qy when n is fractional. 

Let p represent the arithmetical value of (2 cos 6)", and (l)% (— 1)", 
the recipients of its multiple values, according as 2 cos is positive or 
negative ; then when 2 cos ^ is positive 

(!)• . ^ - (2 cos (?)• = (1)« . (/"^ + r*^«. 
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or(l)"./)=e \e + ne +— — —^e +&c.j; 

or (Art. 144) 

(cos 2nnr + J- 1 sin 2wrir)/i « 
cos (2nr7r + n^) + n . cos {Ztirw + (n - 2) ^} 

+ \ a COS {2nrw + (n - 4) ^} + &c. 

+ J^ [sin (2wr7r + n^) + n . sin {^nrw + (n - 2) ^} 

+ ^^/^^ sin {2nrw + (n - 4) 6} + &c.] ; 

from which we may derive values of /», by equating the possible and im- 
possible parts of the equation ; r having any value from to p — 1, 
where p is the denominator of n. 

If 2 cos ^ be negative, so that (2 cos 6)* = (- i)" p^ the result will be 
the same, except that everywhere we must substitute (2r + 1) tt instead 
of 2r7r. 

The series for a fractional power of 2 sin 6 may be obtained in a 
similar manner. 



OTHER INSTANCES OF THE UTILITY OF TRIGONOMETRICAL 

FORMULA. 

150. In the employment of Trigonometrical formulae, great 
use is made of subsidiary angles, that is, of angles whose sines, 
cosines, &c. do not appear in the original formulse, but which 
are introduced to facilitate computation. We have already seen 
instances of this, especially where a side of a triangle is to be 
determined from two sides and the included angle. Other cases 
of frequent occurrence are the following. 

(1) To adapt a + i to logarithmic computation, where a 
and b are not supposed to be numbers, but expressions formed 
of the sines and cosines of angles with numerical coefficients. 
Let a be the greater of the two quantities a and 6, then 

a±b = a(l +-)=« sec^ or a cos* 0, 

assuming, for the upper and lower sign respectively, 

- = tan'^, - = 8in^^. 
a a 
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(2) To convert the expression a cos a f & sin a into another 
of the form c sin (a ± ^), by means of a subsidiary angle 0. 

Let ^ = tan^, then 
o 

acosa±Jsina = 6 (tan ^ cos a ± sin a) = 75 sin (0 ±. a), 

^ ' cos a \ -^ ji 

or = Va" + V sin {0 ± a). 

Other instances of the use of subsidiary angles are supplied 
in the next Article. 

151. To solve an equation of the second degree by the aid of 
Trigonometrical Tables. 

Let the equation be reduced to one of the forms 

or* + 2px + ^ = 0, or Of' + 2px - ^ = 0, 

p being either positive or negative, and q essentially positive ; this can 
always be effected. 

(1) The equation 

«* + 2px + q =0 gives a? =- p ± Jp* — q. 
If p* > q, find from the equation 

sin 6 = ^-7- p, 

6 6 

.". Of - -/? (1 T cos ^) =s - 2p*8in' - , or - 2/7 cos' ~ , 

which are the roots required. 

If />'< 9, so that the roots are impossible, make 

sec 0-Jq-^p^ 
/. X =: — p (I7 J- 1 tan B)y which are the two roots. 

(2) The equation 

3^ + 2pa? -q-0 gives x « — p * Jp^ + q ; 
find d firom the equation 

tan6=^-rp, 

/, ^. cos^tI /-cos^tI 

^ ^ cos 6 ^ ^ sm o 

« ^ tan - , or- Jq cot ~ , (Art. 49), 

which are the roots. 

In both cases, if p be negative, we must solve the equation with p 
positive, and change the signs of the resulting roots. (Theory of Equa- 
tions, Art. 24.) 
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152. Not only quadratic but cubic equations may be solved by 
help of Trigonometrical Tables. For since it is proved (Art. 44) that 
the values of z in the equation 

^ ^ 0> ^ a . Sirsfca 

^ - -r -8 — 7 = are cos - and cos — - — 
4 4 3 3 

where a is the least positive angle whose cosine is equal to a ; if we have 
the equation 

a^ — qx— r = 0, 

and suppose « * — , we get 

JB* - m*qz — m^r = ; 
which compared with the above gives 

• ^ • d 






9 
and the values of x ate 

^Vi^^'i' Wi"^'^¥^' wherecosa = |(|y. 

Since cos a < 1, we must have — < ^ • 

' 4 27 

153. To find the sums of the sines and cosines of a series of angles 
in arithmetical progression. 

In the last formula of Art. 50 replacing ^^ by a + 2n/3 and B by 13, 
we find 

cos {a + (2n - 1) /?} - cos {a + (2n + I) ft] = 2 sin (a + 2n/3) sin )3 ; 

from which, R^^^^R '^ successively the values 1, 2, 3, ... n, we obtain 
the n equations 

cos (a + /?) - cos (a + 3(3) = 2 sin (a + 2/?) sin /3 

cos(o + S/?)- cos (a + 5y3) = 2 sin (a +4)3) sin /3 



cos {a + (2n - l)/3( -cos {a + (2ii+ 1)13} = 2 sin (a + 2«/3) sin /? ; 

therefore, adding together these equations and dividing by 2 sin fi, we 
get 

sin (a +2/?) + sin (a + 4/3) + sin (a + 6/3) + ... + sin (a + 2«/3) 

cos (a + /3) — cos {a + (2» + l)/3} _ sin {a -f- (n + 1))^} sin w/? 
2 sin/? sin/? 

If we replace /3 hy - w -^ /3, the odd terms of the series have their 

signs changed the even terms remaining unaltered, and we get 

TRIG. 14 
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- sin (a + «)9) + sin (o + 4/3) - sin (a + 6/3) +... + (- 1 )• sin (a + «n/3) 

-sin (g + /?) -t- (~ 1)" sin {a + (2« + 1)/3} 

2 cos /i 

Similarly, beginning with the formula 

sin {a + (2« + 1))3} - sin {a + (2>i - 1)/?} = 2 cos (a + 2ii/3) sin /9, 
we may obtain the sums of the series 

cos(o + 2/3) + cos (a + 4^) + ... + cos (a + 2n/3) 
cos {a + (n-^ l)/3} sin n/3 

- cos (a + 2/3) + cos (a + 4/3) -... + (-!)" cos (a + 2ii/3) 

^ - cos (g + )g) ■>■ (-1)" cos {g 4- (2ii + 1)^} 

2 cos /3 

or we may deduce them from the preceding by replacing a by 
1 

154. There are several other formulce which by a process like the 
preceding will furnish the sums of Trigonometrical Series. 
If for instance in the formula 

tan (» + 1) g — tan Ha = 7 -^— (Art. 56) 

^ ' cos na cos (« + 1) g 

we give n successively the values 1, 2, 3, ... », and take the sum of the 
resulting equations, we get 

sec g sec 2g + sec 2g sec 5g -f ... + sec na sec (n + 1) g 

tan (n + 1 ) g — tan a 

sing 

. 

So the formula cot ng - cot (n + 1) g «= -; r— 7 — rr- leads to 

^ ' sm ngsm(n-f l;g 

eosec g cosec 2g + cosec 2g cosec 3g 4- ... + cosec ng cosec (n + 1) g 

cot g — cot (it -t- 1) g 
sing 

Again, if in the formula (Art. 49) 

2-* tan 2"'*g = 2-"* cot 2"-*g - 2" cot 2*g, 

we give n successively the values 1, 2, 3, ... n, and add together the 
resulting equations, we get the sum of the series 

tan g + 2 tan 2g + 2* tan 2'g + ... + 2*"* tan 2""*g = cot g- 2" cot 2"g. 
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Also, replacing a by — . and dividing both ndes of the equation 
by 2", this becomes 

-tan|+-,tan^, + ... +-tan||i--cot|i-coto; 

and if n be infinite, we see that the sum of the series is — cot ol be« 

' a 

cause in that case tan tz^-tz and therefore cot ^ » — • 

2 2* 2 a 

155. Many Trigonometrical series may be summed by replacing 
the sines and cosines by their exponential values^ as in the following 
instances. 

To find the sum S of the infinite series 

X sin a 4* j:* sin 2a + x* sin 3a -f &c. 
Let 

2/^-1 8ina = « — , then2,y--l 8in2as «*--^,&c., and2cosa»«+-; 



xz 



+ j^£;* + dP*j8* + &c. - f - +T + ^ + &C') 



xz xz'^ xz — xz'^ 2x J— 1 sin a 

1—xz "" 1 - xz"^ 1 - X (z + 2~*) + x^ 1 - 2* cos o + «• * 



c X sm a 



1 — 2x cos a + X* * 
Similarly, for the infinite series x cos a + x' cos 2a + &c. 

' \1 — 2x cos a + x" / 
156. To find the sum of the infinite series 

a sin 6 - - a' sin 2^ +-a* sin Sd- &c. 

Let the sum » -S, and 2 ^^sin 6 - a — ; then 

z 

27^^.«(.-i)-l«.(,.-^)+l«.(^-^)-&c. 
- log (1 + «£) - log (1 + a*-) = log (f:^) 
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Mv-i l + a« , e —1 

g (g - jg"') _ 2<i ^-- 1 sin d ^ 
" 2 + a (j5 + £r*) "" 2 + 2aco8^ ' 

.-. tan o » , ^ or /y- tan * l-rTT7;T5 ) • 

1 + a cos p \l + a cos t^y 

J 67. To shew that if a? = cot 6, or tan"* jp = - ir - 6; then 
tan-»(x + A)-tan->x=Asina.sin6-iA*8in'a.8in2a 



+ |A»sin»^.8inS6-&c. 
3 

In the result of the preceding Art. let a s A sin 6, then 

,,/ ^sin'g \ ^ 

^"^"^ Vl + A sin cos ^; " ^*'' 1+cof^ + Acota 

«tan"*{y^^^^:;:^}=tan-»(x + ^)-tan-** (Art, 143); 

therefore, substituting for S its value, we get 

tan"* (x + A) - tan"* j: = A sin ^ . sin ^ - - A' sin* Q . sin 2^ 

+ - A* sin" . sin SO - &c. 

158. To resolve sin 6 and cos B into their factors. 

Since sin d becomes zero when ^ = 0, ± w, ± 2W, &c., ^ itw, where 
» is any integer whatever, and for no other values, sin B must admit the 
factors 

Bee 

B, 1«-, 1+-, 1~— , &c., 

IT IT Tilt 

and must therefore be equal to the product of all these factors multiplied 
by some quantity a independent of B ; hence we may assume 

But limit of sin B-r-By when 6 = 0, is 1> therefore a^\, and con- 
sequently 

8infl==fl(l-5)(l-ilj)(l-3,^.)... 

1 s 
Again, cos B is reduced to zero by the values of 6 «t - ir, * ^ «", &c., 

i-WTT, where n is any odd integer, and by no other values; there- 
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fore cos ^ must admit the factors 1 , 1+ — , I-tt-, &c., 

w IT Sir 

and must consequently be equal to the product of all these factors 
multiplied by some quantity independent of 6 ; but since cos ^ = 1 
when = 0, that multiplier cannot be other than unity, and therefore 

«"«-(-i?)(-i5)(-?j)- 

159. If we put 6 = I w in the resolution of sin 0, we get 

, _ 2" 4' 6» (2ny 

•'• *''"lT3'375-577***(2«-l)(2«+l)' ^""^"^^^ 

which is "Wallis's formula. 

Also^ if by multiplying together the factors, we develope these 
values of sin and cos according to ascending powers of 0, and 
compare the results with the values given in Art. 137) for sin and 
cos 0, we find 

L 1 1 1 Ar -.^ 
1'"*" 2'"^ 3'"^ 4""*" 6 • 

i. 1 1 i iJr -'^^ 

1' "^ 3* ■*■ 5^ ■*■ 7* ■*■ '8 ' 
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ON LOGAEITHMS. 

THEORY OF LOGARITHMS. 

1. The values of a? in the equation n — cS'y a being any 
positive number whatever, are called the logarithms of the 
corresponding values of n ; and a is called the base of these 
logarithms. Hence we have this definition : 

The logarithm of a number to a given base is the quantity 
expressing the power to which the base must be raised to become 
equal to the number. 

The logarithm of n to the base a is written log^n ; so that 

n = a*, and x = log^n, 
express the same relation between the three quantities n, a, x. 

2. All positive numbers may be produced by the powers 
of any proposed positive number different from unity. 

For in the equation n^d'y supposing a to be a positive 
number greater than 1, if x assume successively and continuously 
all possible values from zero to infinity, it is manifest that n will 
receive all values from 1 to infinity. Also, if x become negative 

and = — «, then n^(i*^—^\ and if z assume all possible values 

from zero to infinity, n will receive all values from 1 to zero. 

Hence as x changes continuously from — oo to + oo , a* changes 

continuously from zero to infinity, or produces all positive 

numbers. 

If a be less than 1, writing the equation under the form 

1 /1\* . . 1 

-=(-], it appears from what has been proved, since - > 1, 

that by varying aj, - , and therefore n will assume all positive 
values. 

3. We cannot take for the base, unity, nor a negative 
quantity ; for all powers of unity are unity ; and the powers of 
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a negative quantity may be positive, or negative, or imaginary, 
and consequently are not subject to the law of continuity, and 
do not reproduce all numbers. 

Since the powers of a positive quantity are always positive, 
negative numbers have no arithmetical logarithms. 

4. Since 

a^cH^^ 1 = a®, and = a"* or = a"^* 

according as a > or < 1, we deduce, from the definition of 
logarithms, that the logarithm of the base itself is unity, the 
logarithm of unity is zero, and the logarithm of zero is negative 
or positive infinity according as the base > or < 1 ; 

i. e. logaa = l, logal=0, log„0 = +QO. 

When the base is greater than unity, the equation n^a* 
shews that as the number increases, its logarithm increases; 
and that the logarithms of all numbers greater than 1 are positive, 
and the logarithms of all numbers less than 1, negative. When 
the base is less than 1, the contrary takes place ; i. e. the 
logarithms of numbers greater than 1 are negative, and those of 
numbers less than 1 are positive. 

We shall at present assume that, a being any positive 
quantity, if in the equation n^(f^ n be given, the corres- 
ponding arithmetical value of x can be found as approximately 
as we please. If n be equal to an exact power of the base, 

n = a^, n = a', &c., 

its logarithm will be a whole number, 2, 3, &c.; but if n be not 
equal to an exact power of the base, its logarithm must involve 
a decimal part. 

5. If, a remaining the same, n assume successive integral 
values beginning from 1, and the corresponding values of x in 
the equation n^(f be computed and registered in order, we 
obtain a system of logarithms to the base a. Since a may be 
any positive quantity, there can be an infinite number of systems 
of logarithms ; if however the logarithms of all numbers in any 
one system be known, those corresponding to any other given 
base may be deduced by multiplying the former by a constant 
multiplier, as we shall now prove. 
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6. A system of logarithms to base a may be transformed 
into a system to base J, by multiplying them by the factor 

1 

logai* 

Let X and y denote the logarithms of any number n in two 
systems whose bases are a and h ; 

X 

.'. a'=b^, and c^ = J, 
.-. ^ = log„i, 

1 

or y= T r . X ; 

that is, if we multiply x, the logarithm of any number n to the 

base a, by ^ y , we obtain the value of y, the logarithm of the 

same number in the system whose base is b. This common 
multiplier, 1 -^ log„ b, is called the Modulus of the system 
base J, relative to the system base a. Also if a; = 1, then n = a, 
and y = log^ a, therefore log^ a x log^ 5 = 1. 

7. We shall now demonstrate the properties of logarithms ; 
the fundamental one is the following: 

The logarithm of a product is equal to the sum of the loga- 
rithms of its factors. 

Let X, y, be the logarithms of two numbers w, w, to any 
base a ; then 

therefore, multiplying, 

mn = a*^; 
therefore, by definition, 

ic+y = log„(mn), 
or, since x = log^m, y = log„n, 

loga {mn) = loga m -f log^ n ; 

this being true whatever be the values of m and n, change n 
into np, 

.'. loga {mhp) = log«m + log„ (np) = log„m + log^ n + logaP ; 
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and as this process may be continued to any number of factors, 
we conclude, generally, that the logarithm of any product is equal 
to the sum of the logarithms of its factors. 

8. The logarithm of a quotient is equal to the logarithm of 
the dividend diminished by that of the divisor. 

Since 7w = a*, n = a'', 

• __ =r = n ^ 

n or 

.-. log„ f ~ J = aj - y = log« m - log„ n. 

9. The logarithm of any power of a number is equal to 
the product of the logarithm of the number by the index of the 
power. 

Since m = a*, 

. . m = ^a j = a , 

•'• loga (^0 = ra; = r log„ w, 
where r is any number whole or fractional, positive or negative. 

10. The logarithm of the root of any number is equal to 
the logarithm of the number divided by the index of the root. 

Since m = a''j 

.'. 'tjm = '»/c^ = a'' , 
.-. log, (7^) = ; = - (log, m) . 

11. Hence, if we have to multiply two numbers together, 
or to divide one by the other, we may by taking their logarithms 
out of the tables and adding or subtracting them, and then 
finding in the tables the number whose logarithm is equal to 
this sum or difference, determine the product or quotient of the 
numbers. 

Or, if we have to find any power or root of a number, we 
may by taking its logarithm out of the tables and multiplying 
or dividing it by the index of the power or root, and then find- 
ing in the tables the number whose logarithm is equal to this 
product or quotient, determine the power or root of the proposed 
number. 

TRIG. 15 
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So that, by the aid of a Table of Logarithms, the arithmetical 
operations of multiplication and division of all numbers within 
the limits of the tables, may be replaced by the addition and 
subtraction of their logarithms; and those of involution and 
evolution of numbers by the single operation of multiplying or 
dividing their logarithms by the index. 

These advantages of logarithms in effecting numerical cal- 
culations, are especially seen in the case of large numbers ; and 
they bring within the range of computation many arithmetical 
operations which, on account of their intricacy and the labour 
they involve, would be otherwise quite impracticable. There 
are no operations with the logarithms of numbers that correspond 
to the addition and subtraction of the numbers. 

12. Although there is no limit to the number of different 
systems of logarithms which may be formed, there are only two, 
of which use is ever made, the Napierian, and the Common 
System. 

Napierian logarithms, which are always employed in Analy- 
tical investigations, have for base an incommensurable number e, 
whose first eight digits are 2*7182818. 

Common logarithms, which are no less constantly employed 
in numerical calculations, have for base the number 10 ; and on 
account of the base being the same as the radix of the common 
scale of notation, this system has the advantage that its tables 
are far more comprehensive than are tables of the same size in 
any other system. 

The multiplier by which common logarithms are formed 
from Napierian logarithms, or the Modulus of the Common 
System, is (Art. 6) 

SO that logjo n = (0-43429448) log, n. 

In the course of this Treatise we use, in algebraical analysis, 
log n to express log, n ; and in formulas designed for numerical 
calculation, we use log n to express logj^ n, any exception being 
specially mentioned. The suppression of the base in these two 
distinct cases can never lead to confusion, Napierian logarithms, 
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as has been stated, being invariably employed in the former 
case, and common logarithms in the latter. Common logarithms 
are the only ones which are extensively registered in tables, and 
we shall now proceed to explain the arrangement and mode of 
using these tables. 



PROPERTIES OF LOGARITHMS TO BASE 10. 

13. In the common system, as the logarithms of all num- 
bers which are not exact powers of ten are incommensurable, 
their values can only be obtained approximately, and are ex- 
pressed by decimals. A logarithm, therefore, will usually con- 
sist of a whole number, followed by a decimal part less than 1 ; 
and if the number to which it corresponds be less than 1, its 
entire value, both decimal part and integral part, will be nega- 
tive. In the tables, however, it is usual to print positive deci- 
mals only ; we proceed to shew how, nevertheless, the logarithms 
of all numbers whatever, both the logarithms of numbers less 
than 1, and whose values consequently are negative, . and the 
logarithms of numbers greater than 10 and whose values conse- 
quently have an integral as well as decimal part, can be included 
in a table where only positive decimals are printed. 

The integral part of a logarithm is called its Characteristic. 

14. A negative logarithm may be expressed so that its 
characteristic only shall be negative. 

Let —{n + d) be such a logarithm, n being its characteristic 
and d its decimal part ; then 

- (n + cZ) = - (n -f 1) + 1 - e? = - (/I + 1) +^', 

where the new decimal part d' is positive. Hence we see that 
the transformation of a logarithm entirely negative, into one 
whose characteristic only is negative, is eflfected by increasing 
the characteristic by unity, and substituting for the decimal 
part its defect from 1 , which is readily formed by subtracting 
the last digit on the right from 10, and the rest from 9. And 
conversely, a logarithm whose characteristic only is negative 
may. be made entirely negative, by performing on the decimal 
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part the operation just described, and diminisLing the charac- 
teristic by 1. Thus. 

- (2-2346899) = - 3 + (1 - 0-2346899) = - 3 + '7653101 

= 3-7653101, 

where we place the sign — above, and not before, the charac- 
teristic to shew that it affects only the characteristic ; and the 
whole is used as an abbreviated mode of writing — 3 + 0*7653101. 
If, again, we wish to convert this into an expression entirely 
negative, we have 

3-7653101 = - 3 -f -7653101 = - 2 - (1 - -7653101) 

= - (2-2346899). 

Having thus shewn that the logarithm of every number 
whatever may be expressed so as to have a positive decimal 
part ; we proceed in the next place to explain how the charac- 
teristic, positive or negative, may be determined. 

15. In the common system, the characteristic of the loga- 
rithm of every number having n digits in its integral part, is 
n — 1 ; and that of every decimal having n cyphers between the 
decimal point and first significant digit, is negative, and equal 
to w + 1. 

!For if a number consist of n digits, it lies between 10*"* 
and 10** (10**"* being the least number which has n digits), and 
therefore its logarithm lies between the logarithms of 10*"* and 
10**, or between w — 1 and n, and therefore is composed of n — 1 
units increased by a decimal part less than 1 ; that is, the cha- 
racteristic is equal to w ~ 1. 

Also, if a decimal have n cyphers between the decimal 

point and first significant digit, it lies between — and —z^^ 

(since -rr^j+j is the least decimal that has n cyphers between the 

decimal point and first significant digit), and therefore its loga- 
rithm lies between the logarithms of these quantities, or between 
— n and — (n-f 1), and therefore, when expressed with a posi- 
tive decimal part, is equal to — (n + 1) increased by a decimal 
part less than 1 ; that is, the characteristic is negative and equal 
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to w 4- 1 ; or it is equal to the number marking the order of the 
first significant digit after the decimal point. 

16. In practice, a negative logarithm is always expressed 
so that its characteristic only is negative ; and in future we shall 
always suppose this to be the case. When negative logarithms 
are expressed in this manner, there are certain peculiarities in 
multiplying or dividing them by any quantity, which must be 
attended to, and will be understood from the following in- 
stances. 

If a logarithm, wliose characteristic only is negative, is to be 
multiplied by any quantity, we must pay attention to the op- 
posite signs of the characteristic and decimal part ; thus 
3-7653101 x4 = -3x4-f 0-7653101 x 4 = 9*0612404. 

If a logarithm, whose characteristic only is negative, is to 
be divided by any number, we must make the characteristic 
divisible by the number, and correct the expression by a cor- 
responding addition. Thus, if 7*3295642 is to be divided by 3, 
we have 

7-3295642 = - 9 -f 2-2395642, 

.-. the quotient is 3*7765214. 
Ex. To find the 540*^ root of -00007 ; having given 
log 7 = -8450980, log 9-824394 = -9923057, 

log (-00007)^ = _L {_ 5 4. -845098} =^[- 540 -f 535-845098} 

= - 1 + -9923057 = log (-9824394) ; 
therefore the required root is -9824394. 

17. In the common system, the same decimal part serves 
for the logarithms of all numbers which differ from one another 
only in the position of the place of units relative to the signifi- 
cant digits. 

Let N be any whole number, having n for the characteristic 
and d for the decimal part of its logarithm, so that 

log N^^n + d, 
First, let -AT x 10"* be a whole number having the same sig- 
nificant digits as N, but having its place of units removed m 
places to the right ; then 

log {N X 10"*) = log 10"* + logN=:{m + n) + d, 
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"v^hich has m + n for its characteristic, and the same decimal 
part as logN. 

Next, let iV-T- lO"* be a decimal having the same significant 
digits as N, but having its place of units removed m places to 
the left ; then 

log (iV-r lO"*) = log 10~* + log iSr= - w + n + rf; 

now if the proposed decimal be greater than 1, or ^> 10"*, and 
therefore log N>m, or n not less than tw, 

log(i^H-10»'») = (n-w)+cZ; . 

which has the positive characteristic w — m, and the same decimal 
part as logN; but if the proposed decimal be less than 1, or 
N< lO"*, and therefore log N< m, or n less than m, then 

log {N-r- 10*^) = - (m - w) + rf; 

80 that in this case also, provided the logarithm be expressed so 
that the characteristic only is negative, the decimal part is the 
same as that of log N. 

18. From the preceding observations we collect the prin- 
cipal advantages of tables of logarithms calculated to a base 
the same as the base of the system of notation, to be these; 
that since the characteristics of all numbers whole or fractional 
are known by inspection, they need not be recorded ; and, the 
characteristic being omitted, the same record in the tables will 
serve for all numbers which have the same succession of sig- 
nificant digits, and differ only in the position of the place of 
units relative to those digits. Thus the record '5386617, which 
in reality expresses the logarithm of 3*4567, can be made to 
express the logarithms of 

345670, 34567, 3456*7, 345*67, 34*567, 3*4567, "34567, -034567, 

or of any number formed by adding cyphers to the end of the 
former, or to the beginning of the latter immediately after the 
decimal point ; so that every logarithm taken out of the Tables 
for a particular number, becomes by simply altering its charac- 
teristic the logarithm of an infinite variety of other numbers, 
that is, of all that are expressed by the same succession of sig- 
nificant digits. 
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The same abbreviations would not be practicable in a system 
whose base is different from the base of the system of notation. 

Thus, in the Napierian system, 

log, 2 = -6931471, 

log. 20 = log. 2 + log. 10 = -6931471 + 2*3025850 

= 2-9957322, 

log. -2 = -(1-6094379), 

so that log. 2, log. 20, log. "2, would all require separate records ; 
and there would be no simpler mode of expressing the logarithm 
of a decimal, than by converting it into a fraction and taking 
the difference of the logarithms of its numerator and denomi- 
nator. 

MODE OF USING TABLES OF LOGARITHMS. 

19. Tables of Logarithms contain all whole numbers, from 
1 up to a certain limit, with their logarithms, in which the cha- 
racteristic is usually suppressed. The tables in common use 
contain the logarithms of all numbers from 1 up to 100000, that 
is, of all numbers consisting of not more than five digits, calcu- 
lated to seven places of decimals. 

In making use of Tables of Logarithms to effect numerical 
calculations, the two main problems which arise are (1) Any 
number being assigned, to find by means of the Tables, its 
logarithm; and (2) A logarithm being given, to find the cor- 
responding number. 

20. Any number whatever N being given, to find, with the 
aid of the tables, its logarithm. 

The characteristic, whether -AT be a whole number or a deci- 
mal, is known by inspection. 

When N^ leaving the decimal point out of consideration, has 
not more than five digits, the decimal part of its logarithm may 
be taken at once out of the tables. 

When Nj leaving the decimal point out of consideration, 
exceeds the limits of the tables, i. e. has more than five digits, 
we must transpose the decimal point, so that the integral part 
may be contained in the tables, and may be the greatest possible. 
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Let n be this integral part, and d the remainmg decimal part of 
the proposed number ; I the decimal part of the logarithm of n, 
and S the difference between the logarithms of the numbers n 
and 71 + 1 (this difference is always set down in the tables) ; 
making the proportion 

1 : d :i B : X, 

the value of x, viz. d x S, is what must be added to I to get 
the decimal part of the logarithm of n + d, which is also the 
decimal part of the logarithm of the proposed number. 

The reason of this operation may be collected from simple 
considerations. If to equal diflferences between the numbers, 
corresponded equal differences between the logarithms, the dif- 
ferences of the logarithms would be always proportional to the 
differences of the numbers, and the above process would be 
rigorously exact. Now the inspection of the tables (see p. 126) 
shews us that the difference of the logarithms of consecutive 
whole numbers is very nearly constant, when the numbers are 
sufficiently large, and becomes more and more so, the larger the 
numbers are. Hence we are led to use the proportion indicated 
above, and at the same time we see that the number n should 
be the greatest possible. This property, that the increment of 
the logarithm may be assumed to be proportional to the incr^ 
ment of the number, is extremely important ; and the applica- 
tion of it deserves the closest attention, as it furnishes a ready 
means of greatly extending the range of the Tables. 

Ex. 1. Let the number be 34567. 

Look for the number 3456 in the column marked N (see 
p. 126), then in the adjoining column marked 0, we find the 
first three digits 538, and carrying the eye horizontally to the 
column marked 7, we find the remaining four digits 6617; 
therefore, introducing the characteristic, 

log 34567 = 4-5386617. 

Ex. 2. Let the number be 3456789. 
Taking only five digits in the integral part, 

let w + (i= 34567-89, 
then considering only the integral part n, we find, as above, 
leaving out the characteristic, 

log 34567 = -5386617; 
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but n + d exceeds 34567 hj '89, therefore its logarithm wfll 
exceed the above by a certain quantity to be calculated. Now 
log 34568 exceeds log 34567 by -0000126, or by 126 decimal 
units of the seventh order ; therefore, admitting the principle 
that the increment of the logarithm is proportional to the incre- 
ment of the number, we determine the quantity x to be added to 
the latter logarithm by the proportion 

1 : 0-89 :: 126 : re; 
.-. a; = 126 X -89 = 12-6 x 8 + 1*26 x 9 = 100*8 + 11-34 = 112-14, 

or, omitting -14 which is less than the decimal unit of the 
seventh order, we have a? = 112 ; 

.-. log 34567-89 = -5386617 + '0000112 = 5386729, 

and consequently 

log 3456789 = 6-5386729. 

The trouble of multiplying 126 by 0*89 may be avoided ; 
for in the table, below 126, we see a column of proportional 
parts, which contains the products of this difference by A, tt, 
&c., or of 12-6 by 1, 2, 3, ... 9 (the last digit in the integral part 
of each being always increased by 1 when the decimal part, 
which is neglected, is not less than -5) ; whence we obtain im- 
mediately, taking the numbers opposite the digits 8 and 9, 

126 X 0-8 = 101, 126 X 0*9 = 113, and .'. 126 x -09 = 11 ; 

.-. 126 X 0-89 = 101 -f 11 = 112. 

These calculations may be arranged as follows : 
N = 3456789 

log 34567 (diff. for 1 126) = -5386617 
for -8 (12-6 X 8) 101 

for -09 (1-26 X 9) 11 

.-. log 3456789 = 6-5386729. 

The proportion between the increments of numbers, and 
those of their logarithms, as has been stated, is not rigorously 
exact; but it furnishes a sufficient approximation when the 
numbers are large, and their increments small. It is on that 
account essential to separate on the right of the given number, 
the smallest number possible of digits consistent with the size 
TRia. 16 
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of the tables. Whenever n > 10000 and c? < 1, it will be shewn 
below that the error does not affect the first seven decinials of 
the required logarithm. 

Ex. 3. Let the number be 345678987. 

Here it is necessary to separate four digits on the right, and 
on calculating the difference corresponding to 0'8987, (which may 
be done by taking the proportional part for each digit out of the 
table) we find 

126 X 0-8 = 101, 126 X -09 = 11-3, 126 x -008 = I'Ol, 

126 X -0007 = -088. 

Hence, on adding these partial products together, we find 
the required log = 8*5386730 ; and we see that the last product, 
viz. that which results from the digit 7, has no influence on the 
seventh decimal of the logarithm. This example shews that, in 
general, when it is necessary to separate on the right more than 
three digits, we may count the fourth digit and all the others 
as zero. 

When N contains decimals, we must leave the decimal point 
out of consideration, and proceed exactly as if -AT were an integer ; 
the decimal part of the logarithm, as has been proved (Art. 17), 
will not be altered, and the characteristic, which is known be- 
forehand, may then be prefixed. 

Thus, 

log 34-56789 = 1-5386729, log '003456789 = 3.5386729. 

21. Hence to find the logarithm of a number which consists 
of more than five digits, and which is therefore beyond the limits 
of the ordinary tables, we have the following rule : 

Leaving the decimal point out of consideration (if the nimiber 
be a decimal), find the decimal part of the logarithm of the num- 
ber formed by the first five digits ; next in the column of differ- 
ences have recourse to the difference immediately above the 
logarithm just mentioned, and firom the column of proportional 
parts take the munber corresponding to the sixth, 1-10*** of the 
number corresponding to the seventh, and 1-100*** of the number 
corresponding to the eighth digit, if there be any such digits ; 
add these numbers in their proper places -{recollecting that the 
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unit's place of the first is a decimal of the seventh order) to the 
logarithm of the number formed by the first five digits, and the 
result is the required decimal part of the logarithm of the number 
of 6, 7, or 8 places ; to which the characteristic, known by in- 
spection, may then be prefixed. 

22. The second problem which occurs in using the tables 
is, a logarithm L being given, to find, with the aid of the tables^ 
the corresponding number. 

When the decimal part, ?, of L is positive, and found 
exactly in the tables, we have only to take out the corresponding 
number ; and the given characteristic will determine the position 
of the place of units. 

When the decimal part, ?, of the given logarithm is not 
found exactly in the tables, let n be the integer whose logarithm 
has a decimal part V immediately inferior to ?, S the difFerencSe 
between the decimal part V and that which immediately follows 
it in the tables corresponding to ti + 1, and h' the difference l — l'i 
making the proportion 

S : S' :: 1 : a;, 

we find the fourth term a; = S' -i- S, which we must reduce to 
a decimal, and add it to the number n ; we thus find a number 
whose logarithm has for decimal part Z, and firom which we can 
deduce the required number, having regard to the characteristic, 
as in the preceding case. 

When the given logarithm is entirely negative, we must 
transform it so as to have the decimal part positive, and then 
proceed as explained above. 

Ex. 1. Let the given logarithm be 5*5386617. 

In the column marked we seek the logarithm which is next 
less than the decimal part of i, which we find to be 5385737, 
opposite to the number 3456 in the column marked N (see 
p. 126) ; then advancing in the horizontal line to the column 
marked 7, we find the four last decimals 6617 of L. Hence 
aflGodng the digit 7 to 3456 we have 34567, and since the given 
characteristic is 5, the required number is 345670. 
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Ex. 2. Let the given logarithm be 2*5386729. 

In seeking for the decimal part in the tables as aboYe, we 
find that it lies between '5386617 and '5386743 ; if it were ex- 
actly equal to the former, the corresponding number would be 
34567, but as it surpasses '5386617 by 112, there will be an 
increase in 34567 ; and as the difference of the logarithms cor- 
responding to an increase of unity in 34567 is 126, the required 
increment x, admitting the common principle of proportional 
parts, will be found by the proportion 

126 : 112 :: 1 : a; = 112h- 126 = 0'89. 

Therefore the required number, neglecting the decimal point, 
is 3456789, and as the given characteristic is 2, the required 
number is 345*6789. By means of the table of proportional 
parts of the tabular difference, we may avoid the trouble of 
dividing 112 by 126. In the table of proportional parts of the 
difference 126, the part next less than 112 is 101, which cor- 
responds to '8, and there remains 11. If we put a zero to the 
right of 11, we have 110, which differs very little from the part 
113, which has 9 opposite to it: we conclude therefore that 110 
corresponds to "9, and 11 to '09; consequently the required 
number is composed of the digits 3456789 ; and taking account 
of the characteristic, the number is 345'6789, as before. 

These calculations may be arranged as follows : 

i = 2-5386729 

for 0'5386617 34567 

1st rem. 112 

for 101 0-8 

2nd rem. 11 

for 11 .' 0'09, 

.'. required number 345*6789 

Ex. 3. Let the given logarithm be - (1-4614822). 
Reducing this to another of which the characteristic only 
is negative, we have 

i = 2-5385178, 

and proceeding as in the last example, the number sought is 
•03455555. 
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23. Hence to find the number corresponding to a given 
logarithm not exactly found in the tables, we have the following 
rule. 

Leaving the characteristic out of consideration, find the 
tabular logarithm immediately inferior to the given logarithm^ 
and take out the corresponding five digits ; also find the difier- 
ence 8' of these logarithms ; next in the column of difierences 
have recourse to the diflference which stands next above the 
tabular logarithm just mentioned, and in the table of propor- 
tional parts look for p that which is next less than S', and take 
out the number opposite to it for the sixth digit ; subtract p 
from 8' and look for q the proportional part next less than ten 
times their difference 8", and take out the number opposite to q 
for the seventh digit ; subtract q from 8" and look for the pro- 
portional part next less than 10 times their difference, and take 
out the number opposite to it for the eighth digit. Having 
thus found the seven or eight digits of which the number is 
composed, the given characteristic will determine the position 
of the decimal point. 

The following is a specimen of the ordinary Tables of 
Logarithms of Numbers. Li the first column, as abeady noticed, 
are printed under the letter N the first four digits of the number, 
the fifth being placed in the same line with N at the head of the 
successive columns of logarithms. In the column headed are 
written the decimal parts of the logarithms of 34500, 34510, 
34520, &c., the first three digits being suppressed as long as they 
remain the same with those in the line above ; and in the other 
columns, that for instance headed 5, are written the four last 
digits of the decimal parts of the logarithms of 34505, 34515, 
34525, &c., the first three digits being the same with those of 
the logarithms that stand in the same horizontal line in the 
column headed ; so that the decimal parts of those logarithms 
are respectively 5378820, 5380079, 5381337 ; the meaning of the 
cypher printed in a smaller type (here and in other places) 
being that the first three digits of those logarithms are found in 
the line next below, their- fourth digits having changed from 9s 
to Os. 
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24. In actual calculations, it is often necessaiy to add 
several logarithms together, and from their sum to subtract 
other logarithms. In such cases it is conTenient to redace all 
the operations to a single addition, bj adding the arithmetical 
complement of every logarithm that ia to be subtracted (that is, 
its defect from 10), and diminishing the final result hj as manj 
tens as there are complements ; the complements being all 
formed hj the unifonn operation of subtracting the last digit 
of each &om 10, and all the other digits &om 9, In the sub- 
joined example all the logarithms required are fonnd in the 
forgoing extract from the Tables, 

E.. T,calc„Ute :.-'"-"""; '^-"""t, 

(3-4526)'. {3-4567)' 

I log (3-4517) = 2-4211485 

A' log (3-4598) = 0-0317089 

comp. ilog (3-4526) = 9-1927807 

comp. i log {3-4567) = 9-8S22G77 



.". sum — 20, or 1 
for 34506 



= 1-5379058 
0-5378946 



] 12 1st rem. 



EXFONEKTIAL AND LOOABITHMIC SERIES. 

25. To expand a* in a series ascending hj powers of at, 
i. e. to expand a number in a series ascending hj powers of lU 
logarithm. 
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Since when x = 0, e^ becomes 1, the first term of the deve- 
lopment will be 1 ; also, since a = 1 + (a — 1), and therefore 

a*= {1 + (a-l)}'=H-x(a- 1) +x{x- 1) ^^f^ 

= l + {(a-l)-i(a-l)' + i(a-l)«-i(a-l)*+&c.}a; 

+ terms involving a?, a?, &c. 
we may assmne 

where ^1, the coefficient of a:, 

= (a-l)-i(a-l)« + J(«-l)'-&c., 

and 2?,, ^g, &c. the coefficients of the other powers of x, are 
indeterminate quantities, independent of x. To find them, we 
shall make use of the characteristic property of the expression 
a*, viz. a* X 0^ = 0*^. Changing, in the above series, x into 
y, and into x+y successively, we get 

€^^1 +i?^ +i?y +A/ + &c. 

a*** = 1 +i?i (a: +y) +i?j i^+yY +Ps {^ + y)' + &c. ; 

therefore, in order to verify the property a* x c^ ^ a**^, we 
must have 

{1+p^x +p^a? +i?8^' "^Pa^* + &^-) 
X (1 +p^y +py +py +py + &c.) 

= 1 +^1 {x + y) +i?2 {x + y)' +i?8 (^ + y)' +2^4 (^ +y)* + &c. 

If we efiect the operations indicated, and consider in par- 
ticular the part which involves the first power of y in each 
member, since these parts must be equal we shall have 

Pi +-Pi'^ + PiP%^ '^P\Pi^ + &^* ~P\ + ^PjO? + ^p^ + 4p^a^ + &c. 
and as this equation holds for all values of a?, the coefficients of 
like powers must be equal. 
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and substituting these values, the series becomes 

^ 1 ^1.2^1.2.3^1.2.3.4^*^-' 
where ^, = a- 1 -i (a - 1)* + J (o- 1)»- J (o- 1)* + «S;c. 

This series by which p^ is expressed, possesses important 
properties as we shall presently find ; and we notice that in the 
series for a', p^ is similarly involved with x. 

26. The above expansion of a' being true for all values 
of a;, make 

, 1 

p,x = i, or 0? = — ; 

•••«''^=2+^+o+2Tb+*^- 

According to the usual notation, let e represent this nume- 

rical series ; /. dF\ = e, and a = e^i , and consequently p^ is the 
logarithm of a in a system whose base is e, or p^ = log^a ; 

.-. a' = 1 + (log. a) ^ + aog. a)' j^ + (log. a)» ^-^ + &c. 

If the exponential quantity be e', making a = e and log, a 
= log.e= 1, we get 



-' a? 



«'=i+f+r2+TTiT-3+*'=- 

and we also have 

log,a=^^=(a-l)-i(a-l)' + J(a-l)'-&c. 

These two results are of great importance in Analytical in- 
vestigations. The former, which expresses a number in terms 
of its ^opierta/i logarithm, is convergent from its rfi^ term, if n be 
the integer next greater than x ; as the multiplier by which each 
term is derived from the preceding, is then less than unity and 
continually diminishes. The latter, which expresses the Napierian 
logarithm of a number by the number itself, if we replace a by w, 
becomes 

log,n=(n-.l)-i(n-l)^+H^-l)'-&c.; 



129 



1 



,w, 



and consequently, since logo w = | . log 

^^S.« = i^{(«-i)-i(«-i)' + i(«-i)'-&c.}. 

This series is divergent when n is greater than 2, as the value 
of the successive terms in that case evidently increases; but 
its form may be altered so as to become as rapidly convergent 

as we please, by the following, and many similar artifices. 

1 . 1 

Replace n by ri"*, then log^n will be replaced by — log«w, and 

the series becomes 

1 1 i. 

loge w = m {(/i"* - 1) - i (n"* - 1)* + J (w*" - 1)' - &c.} ; 

in which if n exceeds 1 we may, by taking m suflSciently large, 

i_ 
cause n^ to exceed 1 by a quantity as small as we please. If we 

assume m = 2**, then the value of n"^ is found by extracting the 
square root of w, r times. But the troublesome arithmetical 
operations which this method of computing logarithms would 
involve, are avoided in other methods which will be presently 
noticed. 

27. The quantity 6 or 2 + - + ^r-^ + , ^ . + &c. is in- 
commensurable. . 

For since - 4- ^r-^ 4- ^r-"^ — -. + &c. is less than the infinite 
geometrical progression 

o "^ o5 ■*■ o8 + ^^' *^® ^^^"^ ^^ which is 1, 
2 2 2 

e lies between 2 and 3 ; and therefore if e can be expressed 
exactly by any number, it must be by a fraction — . Suppose 

then that 

w_ 1 J_ 1 1 J, 

n ""^"^2 "^2. 3 ■*"••• "^2.3... n"^ 2.3... (n+l)"^"^^- 

therefore, multiplying both sides by 2 . 3 ... (n — 1) n, we get 

2. 2 ... (n- 1) w = iV^+ -^+ ^-— ^^— -^ +&C. 

w + 1 (n + l) (n4-2) 

TRIG. 17 
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where ^denotes an integer. But since — --r + ; — r-Tw — r^ +&c. 

^ w + l \n + lj [n-{-2) 

is less than the geometrical progression — y+ . , ^\8 + &c., 

the sum of which is - , it would follow that by adding -AT to a 

fraction less than - , the result is a whole number, which is 

n 

absurd. Therefore e is incommensurable. 

K we convert a small number of terms of the series into 
decimals (observing that the third term is obtained by dividing 
the preceding term by 3, the fourth term by dividing the pre- 
ceding term by 4, and so on) we find the value of e, as stated 
above, 

= 2 + -5 + -166666 + '041666 + '008333 + -001388 + &c., 
= 2-7182818; 

and we may easily find a limit to the error committed in taking 
only n terms of this series for the value of e ; for the error, 
which is the sum of the remaining terms 

I (_J_+_l__.&cl 

1 . 2 . 3 ... w 1«+ 1 («+ 1) (n+ 2) ^"^-j ' 

by what has been shewn, is less than - — -— r .- . 

-^ ' 1.2.3...n n 

Although, in finding the series for a*, we have been at the 
same time conducted to the series which expresses the logarithm 
of a number in terms of the number itself, yet on account of the 
importance of the result we shall now give a separate investi- 
gation of it. 

28. To expand log„ (1 +x) in a series ascending by powers 

of iC. 

We cannot attempt to develope log^ a; in a series of the form 
A + Sx + Cb" + &c., since when a; = 0, logo ^ becomes infinite ; 
but we may seek to develope log^ (1 +x) in a series of that 
form, since thia becomes zero when a; = 0, and therefore cannot 
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Involve any term independent of a;, or any negative power of x ; 
consequently we may assume 

change x into x-\-y, and we have 

log„{l+x+y)=:A{x + y)+B{x-{-yy+C{xi-yy + &c. 

Now l + x + r,= {l+x)(l + ^^, 
.\ log.(l4-a; + y)=log«(l+a?)+log„('l+-j^); 
but changing x into j^-- in equation (1), we have 

/. loga(l+a: + y)=log„(l+aj) + j-j^ + ^j-^ 

We have thus a second expression for log^ (l+x + y); and 
as the coefficients of similar powers of y must be equal in the 
two, we find 

l+a? 
or, multiplying both sides by 1 + a;, and transposing, 

(^ + 25)aj+ (25+3(7) a^+ (3(7+42)) a;' + &c.=0. 
Therefore, since x is indeterminate, A + 2B=0, 2J? + 3(7=0, 
3(7+4i> = 0, &c.; or5=-i-4, (7= J-4, i) = -i^, &c., 

and consequently 

/ a^ x^ x^ \ 

log«(l + aj)=^^aj- y+---j- + &c.J. 

Now as this is true for all values of a?, put 1 + a; = a, then 
(Art. 26), 

logaa = l=-4{a-l-i(a-l)* + J(«-l)'-&c-l=-^log««; 
.-. log«(l+a;)=j— ^(a;-ia?+Ja;»-.iaj* + &c.) 
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29. The coefficient -4, however, may be determined directly, 
without assuming the expansion of log«a. For since 

it appears that A is the value of °°^ when a; =» 0. But 



making a; = - , we have 



l2S^l±?)=„,«^(.,i).,o^..l)-. 



Now 



n/ n 1 . 2 w 



( 

,--(i-4)-G-^)G-li)-*«-. 

and when we make n = go , which corresponds to the supposition 
0? = 0, the second member is reduced to 

24--4-^^ + &c. ore; 

••• ^ = ^^g«^ = I^5 (Art. 6.) 
.-. log„(l+aj) = j— (aj-ia;' + ia^-&c.); 

and supposing a = e, so that log« a = log« e = 1, 

loge (1+ a;) = a; - ia^ + Ja^ - &c. 

30. We are now able to prove the proportion assumed 
above between the increments of numbers and those of their 
logarithms, when the numbers are large and their differences 
small. For since 

log.o(«+eZ)-log,n=log„(l + ^)=^(l-^+^-&c.) = M^, 

if n be a large number, and d a fraction of a unit, so that all 
the terms except the first may be neglected ; therefore, making 
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but logio (/i-f 1) — logj^n is the difference of consecutive loga- 
rithms, and is given in the tables ; suppose its tabulated value 
to be S, 

••• logic (^ + </) - logj, n = dS, 

or logio (n + (/) = log^, n + dS, 

which gives the logarithm of a number by means of those of the 
consecutive integers between which it lies. 

And conversely, if log^^ (n + cZ) — logj^ n be given = S', 

thenrf = -^, which is the fraction to be added to n to form 

the number corresponding to a logarithm lying between the 
logarithms of n and n + 1. 

31. To investigate the errors committed in calculating 
either the logarithm of a proposed number not found exactly in 
the Tables, or the number corresponding to a proposed logarithm 
not found exactly in the Tables, by the principle of proportional 
parts. 

The real value of log (n + ^ — log n lies between 

n V 2/1/ n 

and therefore, a fortiori between 

n \ 2n/ n 

because the lower limit is now made less ; also its approximate 
value dh plainly lies between the same inferior and superior 
limits ; therefore, as the difference of these values must be less 
than the difference of the limits between which they are both con- 
tained, the error in taking dh for the value of log {n-\-d)— log n 

is less than ~^; which fraction, provided n> 10,000 and e?<l, 

is less than 0*43 -r 200,000,000, i. e. less than a quarter of a 
decimal unit of the eighth order ; the error, therefore, does not 
affect the first seven decimals of the required logarithm. 
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Again, the error in assuming c^ to be equal to ^ is — ^ — , 
which, by what precedes, is less than ,., ; but 

n \ 2nJ '^ 2rc 
/. a fortiori d-^< ^^— ^ < ^^^ provided n > 10,000 ; 

consequently, the error committed in taking -k- for the value of rf, 
has no influence on the first four decimals of the required number. 

32. The series log, (1 + a?) = aj — \a? + Ja?" — &c. is not con- 
vergent except for values of x less than 1, but it will enable us 
to deduce others which serve for greater values of x. Changing 
X into — x, we get 

log« (1 — a?) = — a? — \a? — Ja;' — &c. ; 

and subtracting log, (1 —a?) from log, (1 + a;), we find the loga- 
rithm of the quotient of 1 4- a; divided by 1 — a;, viz. 

In this, replace :; by 1 + - , so that x = , then 

since 

^^^' (^ "^ n) "" ^^^' (Cn) " ^^^' (^ + «) - ^og**^> 
we have 

log, (n + «) = log^n 

a convenient formula by which, if w be a large number and e 
a small one, we may ascend from log,/i to log, {n + z). 
If«=l,wehave 

log« (w + 1) = log, n 

+2i-j-+if-i-v+if^-y+&4 (1). 
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33. Again, replacing by — , and therefore x by 

, we have 

m + n 

log.p)=2J^^ + lf^' + lf^^:i^Y+&cl (2) 

which will give the logarithm of any number m by means of 
that of an inferior number n. From this we may also deduce 
a variety of formulae, taking for m and n expressions capable 
of being resolved into simple factors, and which differ only in 
their last terms : for in that case m — n will be numerical, and 
m + n will involve one or more powers of the variable ; so that 
we shall obtain the logarithm of the greatest of the factors of m 
and n in terms of the logarithms of the other factors and a 
rapidly-converging series. 

Thus, letw = a:^, w = a^--l, then — ; — = 7r-a — ;> and 
' ^ m + n 2ar — 1 

log« (^) = 2 loge X - log, (a; - 1) - log, (a; + 1), 
.-. loge (a? + 1) = 2 log, X - log, {x - 1) 



-2 



2-^+K2^y-'*4' (') 



a formula by which, having given the Napierian logarithms of 
consecutive numbers x — l and a;, we may find that of the 
number next following. Or, we may thus obtain another 

formula for the same purpose. Eeplacing a; by - in formula 

X 

of Art. 32, and dividing by 2a;, we get 

butlog(a!'-l) = logic'(l-^j = 2loga;-i-^,-^-&c.; 
therefore, adding, 
(l+2yiog(«=+l) + (l-4)log(a.-l) = 2log.-^, 

__2 3 

3 . Sic' 4 . 7a;« **°' 
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Similarly, making in formula (2) 

w = (x + 2) {x-iy = af- Sx +2, 
7i=(a;-2) (a;4-l)" = a;'-3a?-2, 

we obtain a formula connecting the logarithms of a? — 2, a; — 1, 

x+'lf x+2. 

34. In making use of these series to actually compute 
logarithms, for low primes we should use (1). Thus, making 
n = 1, n = 2, we have 

1 « « fl 1 1 1 1 1 1 « 

loge2 = 2|- + 3.3-3 + ^.3. + y.3-, + &c. 

= 2 {-333333333 + '012345679 + '000823045 + '000065321 

+ 000005645 + -000000513 + '000000048 + &c.} 
= 2 {-346573590} = '693147180. 

log,3 = loge2 + 2|i + i.i + i.l, + &c.^ 

= log,2+^ + i.i|3 + 3.^5 + &c. = l'09861229. 

For high primes we should use formula (3) ; and for com- 
posite numbers, having resolved them into powers of their 
prime factors, we should find their logarithms by means of the 
logarithms of their prime factors. Thus 

log.5 = 2log.4-log.3-2|^+l(l)Vi(^)'+&c.} 

= 2-772588720 - 1-09861229 
- 2 {-032258064 + -000011189} 

= 1-6094379. 

log, 10 = loge 2 + log, 5 = 2-3025851. 

The Napierian logarithms of all numbers being thus com- 
puted, the logarithms to base 10 are found from them, as has 
been stated, by multiplying them by the constant factor 

/A = 1 -^ loge 10 = -43429448. 
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SERIES FOR LOGARITHMIC SINES AND COSINES. 

35. We shall here shew how, without knowing the values 
of the sines and cosines themselves, the values of their loga- 
rithms may be computed to any degree of exactness. 

It is proved (Art. 155) that 

.i„..«(,-^(.-^)(,-^)... 



cos 



'-(■-^ ('-!&) ('-^)- 



Put 5=-^, then 

Sm-.--=— -l--o-« l--:7r-;; 1- 



n 2 71 2 V" 2Vy V 4Vy V 6V 

Hence, taking the common logarithms of both sides of these 
equations, and expanding the logarithms of all the binomial 
factors (except the first in each, to ensure sufficient accuracy) 
by Art. 28, we get 

log sin — — = log7r + logm + log (2n + m) 4-log (2ii — m) 

- 3 (log 2 4- log n) 

-A*|(| + ^, + gi + &c.)J + i(i, + i + &c.)j* 






+ ;t I T« + :r. + &c. ) — « + &c. 



log COS — -r = log (n + w) 4- log (?i — w) — 2 log n 



-Mi 



f/1 1.1 „ \m' . 1 /I 1 „ Nm* 

(3, + 5, + 7.4-&c.j^ + .(^-, + ~, + &c.J^ 



1/1, 1 « \m« 



+ o(:;6+76 + &c.)---eH-&c. 



from which series, by giving m and n proper values, the values 
of the logarithms of all sines and cosines may be computed, in- 
dependently of the values of the sines and cosines themselves. 

TRIG. 18 



PROBLEMS. 



1. Express 4 cos mO cos nB cos rd by the stun of a series of 
cosines of multiples of 0. 

First we have 2 cos m^ cos w^ = cos (m + ») ^ + cos (m — n) ^; 

.'. 4 cos wid cos nfl cos r^ 

= 2 cos (m + n) ^ cos r^ + 2 cos (m — n) ^cosr^ 

= cos (m 4- w + r) ^ + cos (m + w — r) ^ + cos {m''n'\-r)0 

+ cos (m — w — r) ^. 

2. Prove that sin 3 ^ = 4 sin A sin (60^ + A) sin (60* - A). 
The second member = 4 sin -4 (sin" 60° — sin'-4) 

=54sin-4 fj — sin'-4j =3 sin-4 — 4sinM. 

3. Express sin' x cos* 5 by a series of sines of multiples 
oi 0. 

sin" 5 . cos* ^ = 7 sin (sin ^Of = i sin fl (1 - cos 4^) 

= - sin ^ — — (sin h0 — sin 3fl). 
8 16 

A ^ .1 . . / a\ sin'a — sin')8 

4. Prove that tan (a + p) = -: ; — 5 5 . 

^ ^ smacosa — smpcosp 

TV.. o«^ r«or«T^.. 2sm'a-2sinV cos 2^ -cos 2a 

1 he 2na member = — r— . .^ = -r— r; . ^^ 

sm 2a — sm 2p sm 2a — sm 2p 

^ 28in(«+^)8in(«-j8) ^ 
2 cos (a 4- /9) sm (a - /8) ^ '^^ 

r Ti XT- X 1 + (cosec a tan a;)* 1 + (cot a sin a?)* 

5. Prove that --7-7 s- (^ = - — ; ^ .^ . — ^. 

1 + (cosec p tan a?) 1 + (cot p sm a;) 

mi ^ 1 of ,v..rv,i^v cos' a? + (1 + cot' g) sin' a; 

ine 1st member = — 3 7- ttt^ — ?-a — 

cos a; 4- (1 + cot' p) sm' x 



_ 1 + (cot g sin x) 
"" 1 + (cot j8 sin a?) 



8 

a* 



M 
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6. Wa-tan'^ = "^°^'^f "^('-^). 

COB a cos p 

The 1st member = (tan a + tan fi) (tan a — tan fi) 

_^ sin (a 4- fi) sin (a — /S) 
"" cos a COS ^ cos a cos )8 ' 

7. If sin d = sin a . sin (0 -f 0), then 

>, sin a sin (k 

tan ^ = :; -. ^— r . 

1 — sm a cos ^ 
For sin d = sin a sin cos + sin a cos sin ^ ; 
.'. tan = sin a sin + sin a cos tan d, 
or tan d (1 — sin a cos ^) = sin a sin 0. 

Q T.«tan(a — i) . sin'c ,, . i. i x « 

8. If — -^ ^= 1 — ?-2— , then tan a tan 6 s tan c. 

tan a sm a 

For tan a — tan (a — J) = . >, tan a, 

^ ' sm a 

1 / y\ 9 sin*c cos'c 

and 1 H- tan a . tan (a — 6) = 1 + tan a j— = — «- > 

^ ' cos* a cos' a 

/. tani = tan'c.cota, 

9. If cos' ^ -f a cos tf = b, sin' d + a sin ^ = c, then shall 

Adding the equations together, and then squaring the result, we 
get successively 

(cos ^ + sin ^) (1 + a — cos ^ sin ^) = J + c, 

(1 + sin 2$) (2 4 2a - sin 2^)' = 4 (J + c)», 

or 4(H-a)'H-4(a + a')sin2^-(4a-f3)sin*2tf + sin'2tf = 4(i+c)», 

but 4(a + a')sin2^-f sin'2tf = 8Jc 

obtained by multiplying the equations together ; therefore, sub- 
tracting, 

4(l + a)'-(4a-f 3)sin"2^ = 4(5'' + cO. 

10. If tan ^ = cos a tan 0, then 

X /JL a\ tan*iasin20 
^^(*"^) = l + tan»4acos20- 
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_ tan ^ (1 — cos a) _ 2 sin ^ cob ^ (1 — cos a) 
"" 1 +tan*^cosa "" 2cos*04-2 sin'^cosa 

sin 2<l> (1 — cos a) tan* ^tt sin 2^ 

"" 1 + cos a + (cos* — sin* 0) (1 — cos a) ~" 1 + tan* Ja cos 2^ ' 

11. If sec a sec ^ + tan a tan ^ = sec^S, then 

sec a tan + tan a sec d = tan fi. 

Squaring the former equation, we find 

sec* a sec' ^ + 2 sec a tan a sec tan + tan' a tan' = sec'/S, 
but sec' a — tan' a = 1 ; 

/. sec' a tan' ^ + 2 sec a tan a sec tan ^ + tan' a sec' ^ = tan'^, 

or secatand + tanasecd = tan)8. 

12. If m = cosec ^ — sin ^, w = sec ^ — cos 0j 

then 7?i^n' + m'n^ = 1. 

T^ cos'tf sin'tf a . a 

r or m = -; — g^ , n = 3 , .*. mn = cos cr sin ^ : 

sin u cos ^ 

,14 cos^^ sin^^ cos' ^ + sin' ^ 1 

and w' + w^ = -7-i — I j— = 5^ = j . 

sin^^ cos^tf (sin ^ cos ^)^ (mn)^ 

13. To find m in terms of a from the equations 

m' = 3 cos' + 1, tan'i^ = tan a. 

^ "" U + tan'i^/ "" Vi + tan*a/ 
_ 4 (1 - tan* a -f tan* a) __ 4 (1 + tan' a) 
(1 + tan a)' "" (l + tan*a)* 

4 2 



(cos* a + sin* a)' ' ' (cos* a + sin* a)* 

14. cos'a + cos'^ + cos'7 + 2 cos a cos^ 0037 = 1, 
where a + )8 + 7 = tt. The equation may be written 
cos a (cos a + cos ^ cos 7) + cos fi (cos ^8 -f cos a cos 7) = 1 — cos' 7, 
but a = 7r— (^ + 7); .'. cosa = — cos)8cos7-f sin)8sin7, 
similarly cos)8 = — cosa cos7 + sinasin7; 
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.'. cos a.sin^S sm7 + cos^S . sina 8m7 = sin' 7, 
or co8asin)8 + smacos)8 = sin(a + i8) =sin7, 

which is true. 

15. K a + )8 + 7 = 7r, then 

sin' i a + sin* ^0 + sin* ^ 7 + 2 sin J a sin |^ ^ sin J 7 = 1 . 

For, squaring sin ^ (/3 + 7) = cos J a, we get 

(sin i/3 cos ^7)' + (sin ^7 cos i^Y 

+ 2 sin ^fi sin ^7 cos ^fi cos ^7 = cos' J a, 

or sin*ia + sin*i)8 + sin'i7 

+ 2 sin ifi sin ^7 (cos ^/J cos ^7 — sin ^/S sin ^7) = 1, 

the required result, since cos^ (/S + 7) = sin^a. 

->, cosa + sin7 — sin)8 1 + tan^a .^ , ^ . - 

16. ^- — .— ^^ ; "^TTl. toy " a + p + 7 = i7r. 

cosp+sin7 — sina l + tan^^S ' ^ 

The first member 

_ sin {fi + y) + sin 7 — sin )8 _ 4 cos ^ (^ + 7) sin -^7 cos ^fi 
""sin (a +7) + sin 7 — sina ""4cos J(a + 7) sin ^7 cos ^ a 
_ cos (Jtt — -^a) , cos (Jtt — J^) _ l+tan^g 
"" cos^a cos^^ ""l + tan^^* 

17. If sin' a; = sin (a — a;) sin {fi — x) sin (7 — a?), where 

a + fi + y-TTy 

then cot 05 = cot a + cot fi + cot 7, 

cosec" X = cosec' a + cosec* )8 + cosec' 7. 

T^ ^ sin (a — x) sin ()8 — x) sin (7 — x) 

For cosec a cosec 8 cosec 7 = — r— ^ — ; — - . -; — ^r—, — - . -: — ^■^-; — - 

sm a sin a; sm p sm a; sm 7 sm a? 

= (cot X — cot a) (cot X — cot fi) (cot x — cot 7) ; 

.*. cot'a: — (cota + cot^ + cot7) cot'a: 

+ (cot OL cot fi + cot a cot 7 + cot 13 cot 7) cot x 

— (cot a cot ^ cot 7 + cosec a cosec )8 cosec 7) = 0, 

or (see Art. 56, PL Trig.) 

cot" a? — (cot a + cot )8 + cot 7) (1 + cot^a;) + cota; = 0; 

therefore rejecting the factor 1 + cot" a:, 

cot a; = cot a + cot )8 + cot 7 ; 

.'. cot'a; = cot*a + cot')8 + 00^7 + 2; 

.*. cosec' X = cosec' a + cosec' fi + cosec' 7. 
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18. To prove that a, ^8, 7 being any angles, 

Bin (a + 7) sin (/3 + 7) = sin (a-f)8 + 7) sin 7+ sin a sin jS. 
Multiplying by 2, this equation resolves itself into 

cos (a — )8) — cos (a + )8 + 27) 
= cos (a + i8) — COB (a + i8 + 27) + 2 sin a sin^, 
which is evidently true. 

19. l + sinasin)8 + sinasin7 + sin^8in7 — cosacosi3cos7 
= 2{sini(aH-/8)cosi7H-cosi(a — ^) sini7}'. 

Twice the second member when developed becomes 
{1 - cos {a + fi)} (1 + C0S7) + {1 + cos(a-/8)} (1 -C0S7) 

+ 2 (sin a + sin^) sin7 ; 
which is identical with twice the first member. 

20. sina + sin)8 + sin7 

= 4sini(a + ^) sini(a + 7)sini08H-7) H-sin(a + i8+7), 

2 sini(a H-i8) sin i(aH-7) = cos i (/S-7) - cosi(2a+^+7), 

.-. 4sini(aH-/8)sini(a + 7)sin4(/S + 7) 

=:2siniOS + 7)xcosiOS-7)-2sini08-f7)cosi(2aH-/8 + 7) 
= sin)8 + sin7 + sina — sin {a + fi+y). 

21. cos a + cosjS + COS7 

= 4 cos i(a + /8) cos i(a + 7) cos^OSh- 7) - cos (a + ^8 + 7) ; 
which may be proved in the same way as No, 20. 

22. tana + tan)8 + tan7 

sin(a + i8+7) 

= tanatan)8tan7 + ^^ ^ — ^. 

' cosacospcos7 

The ist member = 5^ + ?l5L(?L±^ 

COS 7 cos a cos p 

{cosacos)8-cos(a-f)8)}8in7+8in(a-fff)co37+cos(a+)8)sin7 
~" cos a cos fi cos 7 

8inasinff8in7 + 8in(a + )9 + 7) 
"" cos a cos /8 cos 7 

23. cot a -f cot /8 + cot 7 

^ 4.0 4. C08(a + i8 + 7) 

= cot a cot p cot 7 : ^-: — 3—; . 

'^ ' smasmpsm7 
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24. 1 — C50s'a— cos'^ — cos'7 + 2cosacos^cos7 

«= 4 sin J^ (a + i8 + 7) sin J^ (/8 + 7 - a) sin i(a+7-i8) sini(a+i8-7). 
2sinJ(a + i84-7) sini(/S + 7 — a) = cos a— cos (/8 + 7) 
2 sin J^(a + 7 — /8) sini(a + ^8 — 7) = cos ()8 - 7) - cos a ; 

/. the 2nd mem*ber 

= — cos'a — cos(/3-f7)cos()8 — 7) + cosa{cos(^ + 7) + cos(^ — 7)} 
= 1 — cos' a — cos' fi — cos' 7 + 2 cos a cos fi cos 7, (Art. 56). 

25. 4cosi(a + /8 + 7)cosi(/8-f 7-a)cosi(a + 7-i8) 

X cos J^(a + )8 — 7) =— 1 + cos'a + cos' /3 + cos'7 + 2 cosa cos^ COS7. 

26. Find from the equation sin' 20 — sin' ^ = J. 

Let sin^ = aj,' .'. (2a;Vl-ic')'-flj' = J. 

.-. 16a?*-12aj'+l = (4a;'-l)'-4aj' = 0, 
or (4a^-l + 2a;)(4ic'-l-2a;)=0; 
.-. a; = i(l ± V5), or J(- 1 + V5), 
or aj=± J(\/5-l), or ±i(V5 + l); 

/; sin = sin ^± ~ j , or sin (± ^j ; 

/. ^ = nTT ± — , or nTT + Y^ , 
both of which are included in 

w being any positive or negative integer, and the signs being 
combined in any manner. 

27. Find from the equation tan ^ + cot ^ = 4. 
which may be otherwise expressed 
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28. Find from the equation tan'^ = tan (d — a), and 
shew that it will not be real unless sin a be not greater than ^, 

,^_ tan(g-a) . 1 - tan* g tan g ~ tan (g - g) 

*^ ^"" tan^ ' •'• l+tan^^^tan^ + tanC^-a)' 

• « 

or cos 20 = -: — 7— « r- , 01' 2 siu a = 2 siu (20 — a) cos 20 

sm (2^ — a) 

= sin (4^ — a) — sin a ; 
.*. sin (4^ — a) = 3 sin a, and ^ = J {a + sin"^ (3 sin a)]. 

29. Find from the equation 

sin ^ . sin (2a + ^ + w cos' a = 0, 
and shew that it cannot be real unless cos a < 



Vl+n' 

30. Find from the equation 

tan ^ + 2 cot 20 = sin ^ (1 + tan ^ tan^ ^), 
or tan^ + 2.-— — j =cot^ = sin^(l+tan^tani^); 

.-. cot'^ = sin^(cottf+tani^)=cos^ + 2sin"id = l; 

4 

31. To shew a priori that tan a, expressed in terms of 
sin 4a, will have four values, and to find them. 

Suppose that tan a = i^ (sin 4a), then because in the second 
member we may write n7r+ (— l)**.4a for 4a without altering 
its value, the first member must be the value of 

tan {iw7r+ (- l^.a},' 

which expression {n being any integer, and therefore of one of 
the forms 4m, 4m + 1, 4m + 2, 4w + 3,) can only have the four 
values tan a, tan (Jtt — a), tan (i tt + a), tan (f tt — a). 

To find these values in terms of sin 4a, let x = tan a, and 

- = sin 4a = 2 sin 2a cos 2a 
a 

— 9 2 tana 1 — tan* a _ 4a; (1 — a?') 
" l + tan'a'l+tan'a" (1+xy ' 



or 
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^a;-.!^ +4a ^a;- i^ + 4a' = 4 (a*- 1) ; 

.-. a;-- + 2a=+2 Va'-l; 

.-. tan a = a; = {VoTT- ^/a] . {- Va-l + Va} 

^ (Vl + sin 4a- 1) (- Vl - sin4a+ 1) 

sin 4a ' 

which expression contains implicitly the four values. 

32. K cos d= cos" a — sin* a Vl— c*sin*tf, then is given by 
the equation tan ^6 = tan a Vl— c*sin^a. 

/I . • /. /:; o . ,/ix c* sin' ^ sin* a 

l-cos^ = sm*a(l + Vl-c*sm*^)= p=====; 

1 — Vl— crsin^ 



. c*sin*a(l + cos^) = sin*a(l-Vl-c*sin*^); 
.-. 1 +(?sin*a~cos^(l-c*sin*a) = 2sin*a,• 
l — 2 sin* a+<? sin* a 



.'. cos^ 



1— c*sin*a 



... tan*i^ = i-^^ = tan*a(l-c*sin*a). 
^ 1 + cos ^ 

33. To shew that tan9'= V5 + 1 -"^5 + 2 V5. 
Since cos 18^ = V 1 - ^ (^^ - 1)' = J ^10 + 2V5, 

1 -cos 18' 4 ->^10 + 2V5 

tan 9" =5 — . ^qo = "77 — ^ 

sm IS'* V5 — 1 

= V5 + 1 - ^5 + 2 V5. 

34. In the equation tan S0 = n tan 0^ shew that n must equal 
2 4- Vs in order that may correspond to 15^ 

TRIG. 19 
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35. In any circle the chord of an arc of 108® is equal to the 
sum of the chords of 36"* and 60^ 

K r be the radius of the circle, chord of 108** 

= 2r sin 5 4® = ir ( V5 + 1 ) = ir ( \/5 - 1 ) + r 

= 2r sin 18* + 2r sin 30® = chord of 36® + chord of 60". 

36. K cos 60® = sin 36® cos a, cos 36® = sin 60® cos )8, then 
shall tan a + tan /8 = 1. The first equation gives 

seca = i a/iO-2V5, /. tana = i (Vs -1) ; 
similarly, the second equation gives tan ^ = J (3 — Vs) ; 

.'. tana + tan)8=l, 

37. To shew that 

2 sin {1 - (- i)"} . 30® = ^2 - V2-&C. to n terms. 

For A write — — ^ in the formula 2 sin -4 = v 2 — 2 cos 2-4. 

.-. 2sin^^-^^ = V2-2 sin2tf; 
put 26 = J, (1 — i) 7 , (1 — i + J) J , &c. succesBivelj ; 

,-. 2sin(l-i)^=»/2-V2 
2Bm(l-i + J) j = V2-V2-V2,&c. 

2 sin {1 -i+i - &C.+ (- j)-n^= ^2 - V2^::&^. ; 

4 

or 2 sin f {1 - (-i)"} ^ = 'n/2 - V2 - &c. to nterms. 

A.^ I 

38. To shew that 2 cos -^ = v 2 + V2 + &c. to n terms. 

39. To find the value of cos a, where 17 a = tt. 
It may be shewn, as in Art. 153, that 

cos a + cos 3a + cos 5a + &c. + cos 1 5 a = i- 
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Let J) = cos 3a + cos 5a + cos 7a + cos 11a, 

J = cos a + cos 9a + cos 13a + cos 15a, 

then, multiplying, and replacing the product of every two 
cosines by the sum of two cosines, we get 

jpq= 2 {cos 2a + cos 4a + cos 6a + &c. + cos 16a} 

= — 2 {cos 15a + cos 13a + &c. + cos a} = — 1, 

and J? + J = i ; hence j) and q are known. Next let 

r = cos 3a + cos 5a, 1 ^, r + 5 = », 
_ , ^^ > then ^\ 

5 = cos 7a + coslla,j r5 = — J, 

< = cos a + cos 13a, ) t + u^q, 

w= cos 9a + cos 15a, j ^w = — J ; 

hence r and t axe known. But 

cos a + cos 13a = ^, 

cosa. cos 13a = i(cos 12a -f cos 14a) = —J (cos 5a + cos3a) = — Jr ; 

therefore cos a becomes known by the solution of quadratic equa- 
tions only. For the principle which directs the selection of the 
cosines to form j?, j, &c. dee Theory of Algebraical Equations, 
Art. 80. 

40. To prove that sin"^ a/ — — = tan"^ a/ - . 

V tt -p fly \ Ci 



Let tan"* a/- = 0, /. tan ^ = y ^ , 



, . yi tand 

and sm a = 



Vl+tan'^ 



= = /ZZl. 
*0 V a + x' 



.'. ^ = sin"* \/ = tan'^A/-. 

V a + a; V a 

41. To prove that tan"' f r^-^^) - tan"' f^^^) = .^. 
'^ \1 — a? sm 0/ \ cos / ^ 

^ -i/a? — sin6\ ^ _. ,^ .. ^ ,, a? sec A 

tan M :r-^ +tan * (tan6) =tan * --'^ y 

V cos© / \ 7-/ ^ a? — sin0 . 

^ 1 3-r-^ 81 



cos ^ ^ 



X -1 /^ — sm <i\ , . . _i / a; cos 6 \ 

or tanM _r 4.0=:tanM- ::^ . 

V cos / ^ \1 — a? sin <pj 
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42. Find x in an algebraical fonn from the equation 

sec*"* a + sec"* - = sec"* b + sec~* t • ^ = a*^'. 

a 

43. Find an algebraical relation between x and y from the 
equation 

. -lO; • -1 y + ^ . • -1 b IT 

sm * sm * f + sm , =-- : 

sm 7 = sm * ; — cos * - 

ft aj Vo*— a^ 



— " -» / ft * Vg — ar a \ _ 



a 



44. Prove that tan 2a = 2 tan {a + tan"* (tan* a)}. 

mi J T. o tan a + tan' a 2 tan a 

1 he second member = 2 1 — j — = - — - — =— , 

1 — tan a 1 — tan' a 

45. If cot"* (a? - 1) - cot"* (a? + 1) = :^7r, 

shew that x = ± (V3 + I). 

46. Shew that tan"* ^^4=^^ + tan"* ^^:i^^ 

= tan'*^j — tan~*f^. 

tan"* L - tan"* < = tan"* AzA 
tan"* «, - tan"* f, = tan"* -All^ 



- i'on-l -^!=1 ?» . 



tan"* t^^ — tan"* ^^ = tan 



^, •-" •'- — 1+^^,^ ' 
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+ tan 



-1 ^W-l'~^H 

1 + Wn' 



47. To determine an angle less than a right angle whose 
circular measure equals its cotangent. 

Since J7r = .7854 and cot J7r = 1, we shall have ^ = i Tr + a, 
where a is a small fraction ; therefore if J tt = 1 — a?, 



\-x-\- 



Jl . N 1-tana 

a = cot -TT + a =:; — 7 , 

V4 / 1 + tan a ' 



or a — a? + (2 + a — a?) tan a = 0, or putting tan a=a + - a* 

3 a -f a" + | a' = a: ^1 + a + ia') . 

1 

Let a = -a; + Jai^-f coj'; 
o 

.'. a:+^3i+i^ai» + &c.=a; + iaj' + &c.; 

11 2 

.-. 3J + - = -, or J=— , andc = 0; 

.•.«=i.+..'.+i(x_i.)+|(,-i.y, 

= -7854 + -07153 + '00341 = '86034 ; 
.•. the required angle = ^ x 57^ 29577 = 49\ 17' nearly. ' 

48. To approximate to the positive values of in the 
equation tan 0^0. 

Every value of will evidently be of the form w . — — a, 

where n is an odd number greater than 1, and a is a small 
fraction that decreases rapidly as n increases. Hence 

2 

in7r--a = cota, or putting aj= — , 

tan a (1 — oa;) — a; = ; or, since a is small, 
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20° 



Assume a — x + aa? + hof; 

= a; + a^+[2a + -W + &c.; 

2 , , 13 , / 2aj» 13 A 

/. a=-and6 = — ; and a = a; fl + — + — «*), 

and ^ = i nTT - - {l + 1 f-)V || (-)\ &c.}, 

w being any odd number > 1. If n = 3, then = 4*49341 18. 

49. To determine the angle whose circular measure equals 
its cosine. 

Since J 7r = "7854, and cos J •7r= '7071 = c suppose, therefore 
^ = j7r — a, where a is a small fraction. Consequently if 
J TT = c + a;, where x = '0783, we have 

c + aj — a = cos(j7r — a) = c(cosa + sina) = c(l +a — ^o^ nearly, 

.•. a; = a (1 + c — ^ ca) ; 

a? 

therefore, for a first approximation, a = ; and more nearly, 

1 + c 

_ a; f ca \ X ( ex \ 

''"i+cr"^2(i+c)j~i+cr"^2(i+crr 



2 

' ^ = -7854 - -0458 - -00044 



= -7391 ; 
.-. corresponds to -7391 x 57^ . 29577 = 42^ . 20^. 47^^259. 

50. Find the angles of a triangle where 3c = 7&, and 
^ ^ = 6\ 37' . 24" ; having given 
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log 2 = -3010300, i tan 3\ 18' . 42'' = 87624069, 
itan 8M3' . 50" = 9-1603083, diff. for 10" = 1486. 

/I ^ r>\ c + i ^ A 10 . 1 . 
tan (i-a + ^) = ^ tan — = — tan J-4 ; 

.-. Ztan(i-4+-B) = l-2log2+itani-4 

= 1 - -6020600+8-7624069 = 9-1603469 ; 
.-. i-4 + J?= 8M3' . 52",6 ; .-. J? = 4\ 55' . 10",6. 

61. The angle which the Earth's radius subtends at the Sun 
being 8",57116, find the distance of the Sun from the Earth ex- 
pressed in terms of the Earth's radius. 

Let r be the radius of a section of the Earth, made by a 
plane through its center perpendicular to the line joining its 
center with the Sun's center ; then if ^ be the circular measure 
of the angle which r subtends at the Sun's center, and d = the 
distance of centers, 

^ = tan 0^0 nearly, since is very small, 

^ 8", 57116 _ 0-00238 
"■ 57^ 29577 " 57*29577 ' 

.-. e? = r X 24074 = about 24 thousand times the Earth's radius. 

Similarly, the angle which r subtends at the Moon being 
57'. 1",8, the Moon's distance = 60,2796 times the Earth's ra- 
dius. 

62. Having given that two points, each 10 feet above the 
surface, cease to be visible from each other over still water at a 
distance of 8 miles, find the Earth's diameter. 

Let u4. By (fig. 36) be the two points, then AB is a tan- 
gent to the Earth's surface at its middle point D ; AD = DE 

nearly = 4 miles, and AE =10 feet = - — — — rr miles. Let C be 
J ^ 3 X 1760 

the Earth's center, and CD = r, then AE . {2r + AE) =^ AD", 

or 2r . r — 7377T = 16 nearly ; .•. r = 4224 miles. 
3 X 1760 -^ 
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53. Find the number of minutes and seconds in the angle 
which a flag-staff 5 jards long and standing on the top of a 
tower 200 yards high, subtends at a point in the horizontal 
plane 100 yards from the foot of the tower. 

Draw PC (fig. 37) perpendicular to AG, and let be the 
circular measure of the angle PAG; then since is small, 

n ^ n ^O GDcosBAG 1 1 

u = tan u = 



AG AB&ecBAG 20 {I + tan* BAG) 100' 
/. ^PAG= \\y^ = 0'. 5729577 = 34^ 22^^64. 

54. A person standing at the edge of a river, observes that 
the top of a tower on the edge of the opposite side subtends an 
angle of 55® with a horizontal line drawn through his eye; 
receding backwards 30 feet he then finds it to subtend an angle 
of 48®. Required the breadth of the river. 

L sin r = 9-08589, L sin 35® = 9*75859, 

L sin 48® = 9*87107, log 3 = '47712, 

log 1-0493 == -02089. 

55. The angles of elevation a, ^, 7, of an object above a 
horizontal plane are taken at three known stations in the same 
straight line in that plane ; to determine its altitude. 

Let the altitude OD^x (fig. 38), then 

-4i> = a?cota, JOB = x cot fi, DG=xcoty; 

also let AB==ay BG = b; then 

TiDrr &* + a?cot')8-aj'cot'7 a" + a^ cot" ^ - a^ cot' a 

cos DBG= ^, ^ ^ = r — ^—7-75 , 

2bx cot p 2ax cot p 

. ^^ ah(a + h) 



acot^Y + Jcot'^a — (a + J) cofj3' 



56. The sides of a triangle are in arithmetical progression, 
and its area is to that of an equilateral triangle of the same 
perimeter as 3 to 5 ; shew that its largest angle equals 120®, 
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If 6a be the perimeter of the equilateral triangle, its area 
= i4a* din 60^ =r a* Vs ; let 2a ~ aj, 2a, 2a + x, be the sides of the 
other triangle, then its 

(area)* =sSa{a + x) a{a — x) = ( — - — j ; 

.'. a^'-ar = —a^ or a? = — - . 
Let A be the greatest angle which is opposite 2a + x, then 

. . 2 area 5 . r- 

sin A = - — 7- . = — r — = * V 3. 

2a (2a -x) 6a ^ 

a — 
5 

57. Having given the perimeter {2s) and the three angles 
of a triangle, to find the sides. 

5 — c 



s 



= tan ^A tan ^B; .*. c = « (1 — tan ^A ism ^B). 



58. Having given the perimeter 2^, the area S, and the 
angle -4 of a triangle, shew that the side a = « cot ^A. 

59. A circle may be described through the centers of four 
circles, each of which touches one side and the two adjacent ones 
produced of any quadrilateral. Let the lines bisecting the ex- 
terior angles meet in 0, Oj, 0,, Og, (fig. 39), these are the centers 
of the four circles. 

Now ^ = 180** - i (^ + i)), {A and D denoting the exterior 
angles), 

^(9,= 180^-i(5+(?); 

.-. 0-f 0, = 360'.-.i(^ + 5+ (7 + 2>) = 180*, 

since all the exterior angles of any rectilinear figure are together 
equal to four right angles. Hence a circle may be described 
through 0, Oj, 0,, O.. 

60. The sum of the squares of the sides of a quadrilateral 
figure is greater than the sum of the squares of its diagonals by 

TRIG. 20 
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four times the square of the line joining the middle points of the 
diagonals. 

61. When a quadrilateral is capable of having both a circle 
inscribed in it and one circumscribed about it, its area equals the 
square root of the product of its sides. 

Suppose the inscribed circle to touch the sides in the points 
a, J, c, d (fig. 27, Plate I.), then 

Ad^Aa, Dd^Dcy Gb^Cc, Bb = Ba; 

.•. adding these equations together, we get 

AD + BC=^AB+DG, or a + c=«i + rf; 

.*. ^ perimeter 5= a + c, or =i + rf; 

/. area = V(5 — a) (« — b) {s — c) (« — rf) = '/abed. 

62. To construct a triangle similar to a given triangle, 
whose angular points shall be in three given parallel straight 
lines ; and to find expressions for its sides. 

Take any point D in LK (fig. 40), make angles LBG, 
KDB, equal to two of the given angles ; therefore BDG is 
equal to the third. 

Join -B(7, and about ^DBG describe a circle cutting LK 
in A; then ABG is the required triangle; for ^ABG^ADC, 
and zGAB^GDB. 

Also BC^-Biy + DC'" 2BD .DG cos A 

- ^_£-V -I. /'—*-_ V 2&C . 

" Un Gj "^ Vsin BJ ^ sin 5 sin (7^^^ "*' 

since DGsmB==LH=b, BDsin G^ML--c. 

63. If an equilateral triangle have its angular points in 
three parallel straight lines of which the middle one is distant 

from the outside ones by a, c, its side will = 2 a/ « • 

64. The altitude of the least equilateral triangle that can 
circumscribe a given triangle, two of whose sides are a and b 

and included angle (7, is /a^ H- ti^ - 2ab cos (60^ + C). 
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65. If from the angles -4, 5, (7 of a triangle three lines 
be drawn through any point to meet the opposite sides in a, 
i8, 7, then the continued products of the alternate segments of 
the sides are equal to one another, that is, (fig. 42), 

Ap. Ca.By^Ari.Ba.Cp. 

Since triangles on the same base are to one another as their 
altitudes, 

AAOB Afi ^AOC Ca ^BOC By 
ACOB^ C^' AJLOB^Ba' AAOC^ Ay' 

.-. ^.^.^=1, orA^.Ca.By=Cfi.Ba.Ay. 

Hence if three points in the sides of a triangle can be shewn 
to satisfy this condition, the lines joining them with the opposite 
angles will intersect in the same point. The condition is satisfied 
in the following cases. 

(1) Let a, yS, 7 be the feet of the perpendiculars dropped 
from the angles upon the opposite sides, then each side of the 
above equation equals abc cos A cos B cos 0. 

(2) Let a, yS, 7 be the intersections of the lines bisecting 

he 
the angles with the opposite sides, then Ay = 7 , and each 

side of the equation equals -: — rrr-, — : — TTr": — x • 
^ ^ (a + 6) (a + c) (6 + c) 

(3) Let a, yS, 7 be the middle points of the sides ; then 
the condition is evidently satisfied. 

(4) Let a, 13, 7 be the points of contact of the inscribed 
circles, then Afi = Ay, and the condition is evidently satisfied. 

(5) Let a, yS, 7 be the points of contact of the circles 
touching one side and the two others produced ; then Ay = 8 — bf 
^beingthesemi-perimeter; 

therefore Ay . CJS . 5a= (5 — 5) {$ — a) {s — c), 

and the condition is satisfied. 
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The above condition may be also expressed as follows : 

A^^ ABBmABO Ca AC sin CAP By BCaiaBCO 
C/3 BC sin CBO' Ba" AB sinBAO' Ay" AC sin AGO' 

sin ABO sin CA sin BCO 



.'. 1 = 



sin CBOsin^^O sinACO' 



66. If from the angles of a triangle three lines Aa, Bb, Cc 
(fig. 43) be drawn to meet the opposite sides, and from any 
point within the triangle three lines Oa, Ofi, Oy be drawn 
parallel to them to meet the sides, then 

Aa^ Bb^ Cc 

For \i p, j>' ', q, q' ; r, r^ h& perpendiculars from A and 
upon BC, from B and upon AC, and from G and upon 
AB, and 8= area of the triangle, then 

8=AB0C+^A0C + AA0B=-.p' + -.q'+^.r'; 

p q r ' 

If be the intersection of the lines Aa, Bb, Ccy the equation 
becomes 

Oa.ObOc_ 
Aa'^Bb^ Cc" ' 

67. In any triangle, the point of intersection of the per- 
pendiculars from the angles on the opposite sides, the point 
of intersection of the lines perpendicular to the sides through 
their middle points, and the point of intersection of the lines 
drawn bisecting the sides from the opposite angles, are in a 
straight line. 

Let Pbe the intersection of the perpendiculars (fig. 41), 
the center of the circumscribed circle, and 

OM perpendicular to CB. Join AM, OP, cutting one 
another in G ; 
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then 0M= 06' cos A = — — : — j^coaA = ^ . „ = hAP; 

2 sin (7 2 sm (7 ■* 

.-. MG^^AO; 

.'.. Q is the point of intersection of the lines drawn bisecting 
the sides from the opposite angles. 

68. In the sides of a given triangle ABO take two points 
M and N, and in the line joining them take a point P, (fig. 45) 
such that 

MB AN_ PM 

AM~ NC~ PN' 

prove that if CP, BP, be joinftd, triangle BPC = 2 triangle 

MAN. 

i^AB C _AB AG _ {n-{-\y -f BM 
AAMN~AM'AN~ n 'AM "' 

A BMP BM MP w' 

£^AMN~ AM' MN~ n + V 

APNC NO PN 1 



i^AMN AN'MN n(n + l)' 

hence subtracting the sum of the two latter equations from the 
former 

• 1 + ^^_ = ("+y-K + ^) = 3. or ABPC^ 2AMAN 

AMAN w (n + I) 

Taking the product of these three equations we get 

AABC.ABMP. APNC= {AAMN)\ 
Also 



^ABPM+ yAPNC^ ^^^-Ji^ . VAAMN^ HJaABC. 

69. The area of any triangle is to the area of the triangle 
whose sides are respectively equal to the lines joining its angular 
points with the middle points of the opposite sides as 4 to 3. 

Through D and E (fig. 46), the middle points of AB, BC, 
draw DF, OEF^ respectively parallel to AE^ AlBj and join 
CF, BF, DE) then because ^i^is a parallelogram, DF-AE^ 
and EF is parallel and equal to AD or DB, and therefore BF 
is parallel and equal to DE or HC^ and consequently FO is 
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equal to HB. Hence DCF is the required triangle, and its 
area equals 

70. The area of any triangle is to the area of the triangle 
formed bj joining the points where the lines bisecting the angles 
meet the opposite sides, as (a + i) (« + c) (i + c) to 2aJc. 

Since -^ = - (fig. 42), A'y = —^ , and similarly Ap -— ; 

JV he 

.'. AABy^^i-z rn rnin A^AABC.-z — —tt-t r-: 

^' ^ {a + b){a-{-c) {a + b){a-\-c)' 

l(a + 6)(a + c) (a+6)(6 + c) 

ah I 

'^{a + c){b + c)y' 

'^^ (a + J)(a + c)(J + c) 

71. The area of any acute-angled triangle ABC (fig. 47) 
is to the area of the triangle A'B^O formed by joining the feet 
of the perpendiculars dropped firom the angles upon the oppo- 
site sides as 1 to 2 cos A cos B cos G. 

Since 
t^ABO=\AG\AB^\ViA = \hcmiAco^A^b^BG^o%^A\ 

.'. AABC= AA'RG' + AJU?(7 (cos* A + cos* 5+ cos» G) 

=A^'jB'(7'+A^5(7(1-2cos^cos5cos (7); (Prob.l4); 

.-. A^'jB'(7'=A^5(7x 2C0S-4 cos 5 cos (7. 

If the triangle have an obtuse angle B, then 
A^50=:-Au4'^(7' + A^5(7(cosM + cos»P + cos*(7); 
and the ratio of the triangles is 1 : — 2 cos ^4 cos 5 cos C. 

72. If perpendiculars be dropped from the angles upon the 
opposite sides of an acute*angled triangle and the feet of the 
perpendiculars be joined, a triangle will be formed having the 
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angular points of the original triangle and the intersection of 
the perpendiculars for the centers of four circles which touch 
its sides. 

We have ABB' = ACC' being complements of the same 
angle BAG; but ABB ^ OA'C, because they would be in the 
same segment of the circle described about OA'BC; similarly 
AGG'=^ OA'B] .-. OAG'=^ OA'B'; hence is the center of the 
circle inscribed in the AA'B' C ; also the exterior angles formed 
by producing -4'^', AC are bisected by AB\ AG'; therefore 
A is the center of the circle which touches one side G'B' and 
the two others produced of the triangle A'B'C 

73. To find the area and the sides of a triangle whose angles 
are in the centers of three circles each of which touches the three 
sides of a given triangle. 

Let A'B'G' (fig. 47) be the given acute-angled triangle, then 
ABG is the triangle whose angular points are the centers of the 
circles that touch the sides of the given triangle externally. 

Now z^ = jB'0(7=5'^'a=i(7r-^'); hence (Prob. 71), 
AA'B'C' = AABG.2 sin ^A' sin ^B' sin i G', 
which gives the area of the triangle ABG. 

., BC GG' B'G' _ . p sin A GG '_ . 
Also ■5c^--^5-77^-sm/^.^.^^^^-cos^, 

or BG'^BG sin ^A\ which gives the value of a side BG. 

If one of the circles be the inscribed circle, then for the 
triangle BOG it may be shewn that 

A A'B'G' = AB0G.2 sin ^A' cos ^B' coa^G'; 

and its sides 
BO =^ A' G' sec ^B', GO^ A'B' aec^G', BG==B'G' cosec^A'. 

74. If four circles touch each three sides of a given triangle, 
and a circle pass through the centers of any three of them, its 
radius will be double of the radius of the circle which circum- 
scribes the triangle. 
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For let JB, JB', be the radii of the circles circumscribed about 
the triangles ABC, AB'C\ then 

^ sin ^ ^ sin ^ cos A sin A' 

Also since ^ BOO + A =i7r, the circles described about 
A ABO and A BOO would be equal to one another. 

75. The perimeter of the triangle formed by joining the 
feet of the perpendiculars dropped from the angles upon the 
opposite sides of a triangle, or those sides produced, is less than 
the perimeter of any other triangle whose angular points are in 
the sides of the first, or in those sides produced. 

For two lines drawn from two given points to meet in a 
line given in position, have their sum the least possible, when 
they make equal angles with the line. If therefore there be a 
triangle inscribed in ABO such that its sides do not make equal 
angles with the three sides of ABO, then another triangle may 
be inscribed in ABO whose perimeter is less ; and if its sides 
do make equal angles with the sides of ABO, then it coincides 
with A' B'O'; therefore u4'jB' (7' has its perimeter the least pos- 
sible. And the perimeter of AB'O' 

A . z z> . rt ^ (area)* 

= a cos ^ + ^ cos ^ 4- c cos 0=—^ — - . 

aoc 

76. If B be the radius of a circle circumscribing a triangle, 
r the radius of the circle inscribed in it, and r' the radius of the 
circle touching the side c and the two others produced, then 

r = 4B sin ^A sin ^B sin ^(7, 

r' = 4JB cos ^A cos ^B sin ^0. 

y ^ c ^ c sin jA sin jB 

cot ^A + cot ^B cos i(7 



r' = 



_ ccos ^AcoB^B 



tan iA + tan iB cos ^0 



c 
and if we substitute the value of B = -—. — 7^, we obtain the 

2 sm C 

above results. 
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77, To find the distance of the center of a circle which 
touches the three sides of a triangle from the center of the circle 
which passes through the angular points. 

Let Q be the center of the circumscribed circle, and first 
let the other circle be inscribed, and let P be its center; then 
(fig. 48) 

but r = 4B sin ^^ sin ^B sin ^C; 
.-. (Per = i?-^^{co8i(a-5)-.2sini5sinia} 

Next let the circle touch one side c, and the two others pro- 
duced ; then (fig. 49) 

^ \cos iA I cos \A ^ ^ 

but r' = 4JBco8i-4cosi5sini(7; 

.-. (P(2)V= i? + ^-^^ {2 cos i^sin ia- sin h{0-B)} 

78. If r, r^, r^, rg, be the radii of the circles which touch 
the three sides of a triangle, and R the radius of the circle 
passing through the angular points, then 

Let a, J, c be the sides of the triangle, 2^ its perimeter and 
8 its area, and 8' the area of the triangle whose angles are in 
the centers of the exterior touching circles; then (Art. 127) 

rj (5 — J) + r^ (5 — c) 4- r, (.9 — a) = 3S^ = 3r«, 

4kR 

and rj) + rj^ + rji + 2r8 = 28' = — 5= 4JB» ; 

TRIG. 21 
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because 8- 8\2Bm^A&m^Bsia^C- 8'^; 

.-. 8{r^ + r^ + r^ = {4Ji + r)9, or 4Ji:^r^ + r^ + rj^-r. 

Also from Prob. 76 it may be shewn that 

r^^^r^^ + r^^ + f^=S (1 - cos^ cos^cos C) It. 

79. If e?, e?j, rf^, c?8 be the distances, from the center of the 
circumscribed circle, of the centers of the circles which touch 
the three sides of a triangle, and R be the radios of the cir- 
cnmscribed circle, then (Prob. 77) 

e? + J,' + rf/ + rf8' = -*^ + 2JB(r, + r,+ r3-r)=125'. 

80. Haying given the area of a triangle and the radii of 
the inscribed and circumscribed circles, to form the equation 
whose roots shall be the three sides of the triangle. 

Let a?-'jp^a?-\'p^x^p^=0 be the equation whose roots are 
the excess of every two sides above the third side ; then 

, 28 M^ ^8 ^ a 

Pj^s — aS'-bs^c 8 8 ^ 

If we put 2y=^j — a?, the transformed equation will have 
a, J, c, for its roots, viz. 

81. The radius of the circumscribed circle of a triangle is 
greater than the diameter of the inscribed circle. 

^ fR\' oW 

*^' V2;; " (a + &-c)'(a + c-J)»(i + c-a)' 

g' y c' 

- a«- (J - c)« • J«-(a-c)' • c"^ (a-6)« ' 

and each of the latter fractions exceeds unity. 
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82. To find the radii of three circles so inscribed in a 
triangle that each of them touches the two others and two 
sides of the triangle. 

Let X, y, be the radii CN, CN' (fig. 51) ; angles A, 5, G 
be 2a, 2/8 and 27, and radius of inscribed circle = 1 ; then 

(JV2^)«=((r + y)«-(a5-y)»-4ay; 

and equating two values of AB 

a?cot a-J- 2 Va^ 4-^ cot )8 = cot a 4- cot )8 = -. ^ (1), 

^ ^ '^ sinasinp ^ '' 

since a4-^ + 7 = Jtt; and similarly if js be the radius of the 

third circle, 

- / — cos a 

VC0tp4- 2 vyz •{-zcoty = —, — 5- 



« cot 7 + 2 ^/xz + a; cot a = -r 



sm7 
cos/S 



smasm7 

.*. X cos* a sin yS + 2 sin yS sin a cos a V^ + y cos yS sin a cos a 

3= cos 7 cos a, 

y cos )8 sin 7 cos 7 + 2 sin yS sin 7 cos 7 \/yz + z cos* 7 sin yS 

= cos a cos 7 ; 

equating these equals and obserring that (Prob. 4) 

cos fi (sin a cos a — sin 7 cos 7) = sin yS (sin' a — sin' 7), 
we get 

X cos' a+y sin' a + 2 sin a cos a Vay 
z cos' y + y sin'7 + 2 sin 7 cos 7 v^ 

.*. V^cosaH- v(ysina = V«cos7H- v'ysin7; 

similarly V^cos7 4- V» sin 7 = Vy cos j8 + V^sin j8, 

.'. V^(cosa + sin7 — sinyS) == Vy (cosy8 + sin7 — sina) ; 

•■•(f»'-«)\/|-!-T^-rTf»«^»"- 

then cot a = ^ , oot /8 = — — - ; therefore substituting in (1), 



X 
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or X 



{i-^1^} = 1t|' or.{l+tan(i.-.M 



. ^ _, (l+tani/9)(l-htan^7) 
•• "*""* 1 + tania ' 

Similar expressions result for y and z. 

83. K r be the radius of the circle inscribed in a triangle, 
and a, /3, 7 the radii of the circles inscribed between this 
circle and the sides containing the angles A, B, C respectively, 

then r = VaJ8 + VoY + VySy. 

It is easily seen that a = r — (r + a) sin J-4, 

a 1— 8ini-4 ^ ,, , ^v 
/. - = , . . \ . =:tan'^(7r-^); 
r 1 + sin ^A * ^ ' • 

= tanJ(7r-^)tani(7r-5)+tani(7r-^)tanJ(7r- C) 

+ tan i (tt- 5) tan J (tt- (7) = 1, 

since J (tt- ^) + J(7r-5) + J(7r- (7) =i7r. 

84. Having given the lengths a, J, c of the chords of three 
arcs BC, CDy DA which together make up a semicircle, to find 
the diameter AB^ x. 

We have the square of the diagonal 

5i>^=.a* + &'-2aJcosa=a» + J"+2aJcos^ 

= a^ + J» + 2aJ.-; 

X 
also = 33^ — C^ ; 

therefore the equation for finding x is 

sr'-- (a' + y + c*) a; - 2aJc = 0. 

85. Given the areas A and B of the regular polygons in- 
scribed in and circumscribed about a circle, to find the areas a 
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and b of the regular polygons of double the number of sides, in- 
scribed in and circumscribed about the same circle. 

If r be the radius of the circle 

A =inr' sin — =nr^sin— cos — , -B= nr* tan— ; 
* n n n n 

.'. a = i 2nr^ sin -;- = nr* sin — = V-4-B, 
6 = 2nr tan -- = 



1 + cos- i^./tz ^-^TY^ 

86. Aj B, C, D, &c. are the angular points of a regular 
hexagon inscribed in a circle radius 0^ = r; join -4 (7 cutting 
OB in P, join PZ> cutting OC in ft join ^^ cutting Oi> in JB, 
and so on; shew that OP=\r^ OQ = ir, OR^lr, and 
so on. 

87. Every two angles of a pentagon are joined, and the 
areas of the five triangles so formed, each of which has two 
sides in common with the pentagon, are given, to find the area 
of the pentagon. 

Let ^5=^, AO^u, AD=^v, AE=^w (fig. 44) ; 
j:BAC=0, ^BAD=^<f>, zBAE^yfr; then 
2AABC=^tuam0, 2AABD = tv&m(l>, 2AAEB=^twain'>lr, 
2AAJED = vwsixi{'>lr-(f>), 2 A^CS=ww?sin (i^-^), 

2AACD=^uvam{(f>-0); 
.-. 4.AABCxAAED'^4:AAEBxAACD 
= tuvw {sin ^ sin ("^ — 0) + sin -^ sin {<f> — 0)} 
= tuvw sin sin (i|r - 0) ^4.AABD xAACE. 

Now call the areas of the triangles ABC, BCD, CDE, DEA, 
EAB, a, J, c, d, e; and the areas of the triangles ABD, A CZ>, 
ACE, X, y, z; and the area of the pentagon^; then the result 
just obtained ia (id + ey=^xz, and we have 

b + d-\'X=j), a-\-d+y=^j>, a + c-\-z=p; 
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hence eliminating x, y, z^ we get, to determine^, the equation 
y - (a + J + c4- i+e)^ + (aJ + ftc4- crf4- «fe + ca) = 0. 

88. The perpendicular distance of the angle u:! of a triangle 
from two lines at right angles to one another drawn through ^ G 

are e — cos a, Vl — e* sin a ; and the perpendicular distances of B 

from the same lines are 6 -cos A VT^sin/S; prove that if 
a + ft + c = 2 (1 - cos 0), 0+1-0=2 (1 -cos^), then a -^9 = -^, 
and e cos J (a 4- )8) =cos^ {<f> + 0). 

& =s 1 — 6 cos a, 
a=l—e cos yS, 
c'e: (cos a — cos yS)* 4- (1 — €*) (sina — sin^)'; 

/. aftcos C = JKfl?4-y-c^ 

= cos (a — /8) — e (cos a + cos /8) + e' (1 — sin a sin ^8) , 

and oJ = 1 — e (cos a 4- cos fi) 4- e' cos a cos yS ; 

/. aJcos'-|^ C^={cos^(a — )8) — €COs^(a4-i8)}* 

= (l-cos</>) (1-costf) (1). 

and 2e(cosa4-cosy8) = 4e cos J (a + yS) cosJ^ (a — fi) 

= 2 (cos ^ 4- cos ^) ; 

.-. {cosi(a-/8)4-«cosi(a4-j8)}'=(l4-cos</>)(14-cos^); 

.'. cos I (a — )8) 4- e cos i (a 4-)8) = 2 cos i ^ cos i ^, 

cosi(a — )8) — ecos^ (a 4-/8) = 2sini^sin ^0, 

from (1) ; 

.*. coBi(a — )8) =cosi(^ — ^), ora — /8 = ^ — ^, 
« cos i (a 4-)8) = cos ^ (<^ 4- ^). 

89. Let (fig. 50) be any point in the radius AG= 1, of a 
circle, and let arcs AP, FP^, P^JJ,, &c. be taken such that 

^P=-5, PP = PP = &c. = i27r, then 
OC*"-2co85 00" 4-1= OP«.OP^ 0P,\..OP'^,. 
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For joining CP, CP^, &c. we have 0P'= 00^- 2 0(7 cos i ^+ 1, 

op; = (7* - 2 a cos ~ (27r + ^) 4- 1, &c., and therefore, (Theory 

of Equations, p. 27), the second member is the product of the 
quadratic factors of the first member. 

90. To sum the series 

n--3 (n-4)(n-5) (n - 5) (n~ 6) (n- 7) . ,_ 
2 ■*" 2.3 2.3.4 "^'^^• 

If in the result of Art. 135 we make 2 cos ^ = 1, and therefore 
^ = Jtt, we find the sum of this series to equal 

91. To shew that 

1 4- -acosca?H — ' a' cos 2ca? + &c. »=r*cosw^, 

- a sm ca? H V ^ a sm 2 caj + &c. ^ r sm n^, 

1 X • M 

where tan = :; , and r^ = 1 + 2a cos ex + a*. 

1 4- a cos ca; 

Let 2 cos coj = « + «""* ; 

. ^^/^T_ 1 + ^^ ^ (1 + ^)' ^ ^ fArt 156^ 

••^ ""l + o^-^ r" (1+aO''^ ^ ^ 

.-. i (1 + o^)** ± i (1 + a;^"-^)* = ir* (e«'^^ ± e"^^^) ; 

n W(W — 1)« rt.P n /I 

.'. l + -acos(;aj + --7--~o cos2oa? + &c.==y"cosw5, 

1 1 . iS 

- a sm ca5 H — ^ ^ or sm 2ca; + &c. = r* sm w^. 
1 1 • « 

92. To sum the series 

1 + T cos ^ + A; cos 2^ + r-^-r cos 3^ + &c., 

1 1.2 1 . / . o 

^^^ j^0B = go(co8«+>Cl sintf) ^ ga(cos«- VTisintf) 

==gacos«2cos(aain^. 
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<i • /% c? • ^/i . d 



Similarly, - sin ^ + r-— sin 2^ + sin Z0 + &c, 

= e!*«>** sin (a sin ^), 

93. Find the logarithms of 8 and 9 having given log 6 = a, 
log 15 = J, 

^ 6 X 15 , ^ .11 

9 = —^^ , /. log9=a + J-l, 

8»=4'=gy; .-. log8 = |(a-J + l). 

Find log 83349, having given log 3 = a, log 2 . 1 = J. 
83349 = 3* X 7» = 3' X (2 . 1)" x 10"; 
/. log 83349 = 2a + 3J + 3. 

94. Find x in the equation 3* = 15, having given 

log 2 = -30103, log 3 = -47712125, 

3*-^ = ^, .-. (aj-l)log3 = l-log2; 

, . -69897 ^ ,^^ 
•'•^ = ^+l[7712125 = ''^^'- 

95. Find X in logarithms from the equations a** « c. 



** ~" "5+n — ^• 

a 



96. Adapt JV{(«» + c»)»-(a»-c^«-(a"-.&« + cy} to loga- 
rithmic computation. It is only another form of the expression 
for the area of a triangle. 
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97. Prove that (J) " = -00000042366, having given 
log 3 = -4771213, and log 4-2366 = -6270227. 

98. To prove that l. = jL^^^^. 

'' ^ ' n+ n + n + &c. ' 
•'• •^^'^^ = n +f{x + n) • 
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Assume fix) = -j-r-r - ^> or ^ {x) = — ttti » 
•^ ^ ' 9 (x) T- \ / X +f{x) 

.'. <l>{x) + <l>{x-\-n) = -, 

X 

which is satisfied by the value 

d)(x)= r- 4- &C. 

^^ ^ X X'\-n x + 2n x + 3n 
Let x = l, n = 2; then (Art. 145), 

A A/1^ 1 1 1' 3' 

^^*(^) = rT7(iy=n2+2T&^' 

1 1 1» 3' 5" 

/. -r7r = 



4 1 + 24-2 + 2 + &c/ 



z ^ z* 



99. To prove that tan z = -— — » 



n n n 



Let /H - ^■(^:jriy+ (a: + 2) + &c. ^ 



Assume /(a:) =^^^^; 

••• ^(^)-*(^ + l)=;^^^^^(a^ + 2), 
which is satisfied by the value 



,v_ n , 1 n' _J^ r^ „ 

*^^^-l+- + 2^(^^l) + 273a.(a: + l)(aj+2)'^^''- 

Let a? = J, then (Art. 144) 

, ^ 4w , 16w" , „ 

/a^ 9 '^273 + 11--^^^' ^^>^-e-^ 
TBia. 22 
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, ,,.. 2n in in 

hence, replacing 2*/n hy gV^, 



tan« = 



1 - 3 - 5 - &c. 



100. The ratio of the circumference of a circle to its diameter 
is incommensurable, that is, it cannot be expressed by any finite 
rational number either whole or fractional. 

In order to prove this, it will be necessary to premise the fol- 
lowing property of continued fractions. 

t It 

1£ 8= -, 77 — p— , where m, m, m", &c., w, w', n!\ &c. 

71 — n — n — (fee. 

are whole numbers, and — , -r > &c., each < 1 and their num- 

n n 

ber infinite, 8 is incommensurable. 

First ^ is < 1. For n ? > n - 1, and therefore > m, 

n 

rrt* 
since m is an integer less than n. Similarly n j-, > m. 

XT m m ^ ^ m m! m' , ^ a j ^i. 

Hence r < 1, and -, ^ is < 1. And thus we may 

w— w n— n — n •^ 

shew that the whole value of the continued fraction is < 1. If 

therefore 8 be commensurable, let it = -7 , where A and B are 
integers, and let (7, Z>, &c. be such that 

G^ m' m" D_ m" m'" „ 
B 7i'-n"~&c. (7 ■" n" - n'" - &c. 

then since each of these expressions is < 1, the series of terms 

A, B, C, D, &c. decreases continually. But since --3 = — -^ 

A n — x> 

we have C = nB — mA; similarly D^nC — mB, &c.; there- 
fore since A and B are integers, the quantities C, D, &c. 
are also integers, and we have a decreasing series of integers 
continued indefinitely, which is absurd. Hence 8 must be in- 
commensurable. 
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AM AM 

The same is true although the quantities — , — 7 , &c., in the 

beginning of the series, are not < 1, provid:d they nltimately 
become so. For the value of the latter part of the con- 
tinued fraction is incommensurable, as has been proved; and 
if we perform the operations indicated, 8 will also be incom- 
mensurable. 

Now it has been proved (Prob. 99) that, m and n being any 
whole numbers, 

S 2 

m in vn 

tan— = 



n n— Sn— 5w — &c. ' 
which is incommensurable, since ultimately the quantity 

. ^ V is < 1. If therefore J tt be commensurable, its tangent 

will be incommensurable ; but it = 1, and therefore J tt, and con- 
sequently TT, is incommensurable. 



A TREATISE 

ON 

SPHEEICAL TEIGONOMETRY, 



GENERAL PROPERTIES OF CIRCLES OF THE SPHERE. 
DEFINITION OF A SPHERICAL TRIANGLE. 

1. The boundary of every plane section of a sphere is a 
circle. 

K the cutting plane pass through the center, this is evi- 
dent ; and in this case the section is called a great circle^ and 
is determined when any two points on the surface of the 
sphere through which it passes are given. All great circles 
are equal to one another, since they have the same radius, 
namely that of the sphere; and they all bisect one another, 
since their planes intersect in diameters of the sphere. Hence 
the distance of the points of intersection of two great circles 
measured on the sphere is a semi-circumference. 

If the cutting plane does not pass through the center of the 
sphere, from (fig. 1) the center of the sphere drop upon it the 
perpendicular 0(7, and join G with any point A in the boundary 
of the section ; then 

AC= "JAG^— OC*, which is invariable ; 

therefore the boundary of the section is a circle whose center is 
(7; and it is called a STnall circle. 

Arcs of small circles are very rarely used; and when, 
hereafter, an arc of a circle is mentioned, an arc of a great 
circle, unless the contrary be specified, is invariably intended ; 
and in most cases it is employed to denote the angle which it 
subtends at the center of the sphere, no regard being had to 
the radius of the sphere. 

2. If OC be produced both ways to meet the surface of the 
sphere in P and P\ then the line 

PA = sTHFTAC^ which is invariable. 
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Also if PAM be an arc of a great circle passing through P 
and -4, since in equal circles equal straight lines cut off equal 
arcs, the length of the arc PA is invariable. Therefore the 
distance of P is the same from every point in the perimeter of the 
circle AB^ whether measured along the straight line, or the arc 
of a great circle, drawn from it to the point. 

The point P, and the point P' which has evidently the same 
property, are called the nearer and more remote polea of the circle 
AB\ being the extremities of that diameter of the sphere 
which is perpendicular to the plane of the circle. They are 
also the poles of all circles of the sphere whose planes are 
parallel to A CB. 

If MN be the great circle of which P is the pole, since 
OP is perpendicular to the plane MON, and the angle POM 
is consequently a right angle, the distance of P from every 
point in the boundary of MN, measured on a great circle, is 
a quadrant. 

3. The angle at which two arcs of great circles intersect on 
the surface of the sphere (in the same way as for any other curves) 
is the angle between the straight lines touching them at the 
point of intersection, and consequently is the same as the angle 
between the planes in which the arcs lie ; for, as the tangents or 
touching lines are situated in the same planes, respectively, 
with the arcs, and are perpendicular to the radius of the 
sphere which is the intersection of those planes, the angle be- 
tween the tangents is the same as the angle contained between 
the planes. 

Thus, let two arcs of great circles PA, PB, (fig. 1.) 
intersect in P, and let two tangents be drawn to them, viz. 
PD which will be in the plane POA, and PU in the plane 
POB; then since PD, PS, are both perpendicular to PO, 
^ APB = ^ DPE = inclination of the planes in which the arcs 
are situated. 

4. Let the arcs PA, PB, be produced to meet the great 
circle of which P is the pole in M, N, and any small circle of 
which P is the pole in A, B\ and join OM, ON, CA, CB, 
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then since PD, PE are respectively parallel to OM^ ON, 
aDPE= ^MON; and therefore 

z APB= ^ MON= arc MN, 

employing the arc, according to a preceding remark, to express 
the angle which it subtends at the center of the sphere. This 
shews that if two arcs containing any angle be produced till each 
is a quadrant, the arc joining their extremities (which will be a 
portion of the great circle of which their point of intersection is 
the pole) will measure the angle they include. 
Again, A C the radius of the small circle AB 

= OA 8mA0P= OA aiaPA ; 

and length of arc AB= AG x circular measure of ^AGB 

= OA An PA X circular measure of ^MON 

= length of arc MNx sin PA ; 

which shews that the length of the arc of a small circle inter- 
cepted between two great circles passing through its pole, is 
proportional to the sine of the polar distance of the small circle. 

5. The planes of all great circles passing through P will 
contain OP, and therefore be perpendicular to the plane MON; 
therefore all great circles passing through P will cut the great 
circle MN, of which P is the pole, at right angles. Great circles 
which pass through the pole of another great circle are called 
secondaries to the latter, or meridians. 

Hence, a great circle MN being given, its pole P is deter- 
mined either (1) by measuring an arc MP equal to a quadrant 
on any great circle perpendicular to MN; or (2) by drawing any 
two great circles not in the same plane MA, NB, at right angles 
to MN, and producing them till they intersect in P. 

And, conversely, if a point on the sphere be such that an 
arc of a great circle drawn from it perpendicular to a proposed 
circle is a quadrant, or such that quadrants of two diflferent 
great circles are intercepted between it and the proposed circle, 
then that point is the pole of the proposed circle. 

6. The arc joining the poles of two great circles subtends 
an angle at the center of the sphere equal to their angle of 
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inclination; and the point of intersection of the great circles 
(i. e, the extremity of the diameter in which their planes inter- 
sect) is the pole of the great circle in which their poles lie. 

Let P and Q (fig. 2) be the poles of AGj BC, two great 
circles whose planes intersect in the diameter 00, then each of 
the angles POO, QOO, is a right angle, therefore 00 is per- 
pendicular to the plane POQ, and consequently is the pole of 
the great circle PQAB passing through P and Q ; and since 
each of the angles POA, QOB is a right angle, 

^POQ^^AOB=^^AOB. 

7. The portion of the surface of a sphere contained by three 
arcs of great circles which cut one another two and two, is called 
a spherical triangle; the three planes in which the arcs lie 
forming a solid angle at the center of the sphere. The objects 
of investigation in Spherical Trigonometry are the relations 
subsisting between the angles at which the three plane faces 
containing a solid angle are inclined to one another, and the 
angles which the lines of intersection of those plane faces, or the 
three edges of the solid angle, form with one another. 

Let (fig. 3) be the vertex of a solid angle contained by 
the three plane faces A OB, BOO, OOA, and let the arcs of 
great circles AB, BO, OA be the intersections of these planes 
with the surface of a sphere described from center with any 
radius; then the inclinations of the planes A OB, BOO, OOA, 
to one another, are identical with the angles A, B, O, of the 
spherical triangle ; and the three angles at contained between 
the edges of the solid angle OA, OB, 00 big proportional to 
the sides AB, BO, OA. On this account the spherical triangle 
ABC, which is called the base of the solid angle at 0, may be 
employed with great advantage in conducting the investigation 
of the relations of the angles of inclination of the faces and 
edges of the solid angle to one another ; which relations, as has 
been said, are the proper objects of our research. 

The sense in which the spherical triangle is employed being 
once understood, we may transfer our attention jfrom the solid 
angle to the triangle in which its faces cut the sphere, and the 
solid angle need not be represented in our diagrams; but we 
must still keep in mind that, not the arcs forming the sides of 
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the spherical triangle, but the angles which those arcs subtend 
at the center, are concerned in the calculations, so that the mag- 
nitude of the radius of the sphere is of no importance whatever: 
if it be supposed equal to unity then the sides of the spherical 
triangle become the circular measures of the angles which they 
subtend. 

8. The three angles of a spherical triangle are usually 
denoted by A, B, C; the spherical angle A, or the angle BAG 
contained by the arcs AB, A C, being, as explained above, the 
angle EAD between the tangents to those arcs, or between the 
planes in which the arcs lie ; and the angles which the sides BG, 
CA, AB, respectively opposite to A, B, C, subtend at the center 
of the sphere, are denoted by a, i, c. When, for the sake of 
brevity, the expression side BG, or side a, is used, the angle 
subtended at the center of the sphere by the arc BG which is 
opposite to the spherical angle A, is invariably meant. 

9. Since, of the three plane angles which contain a solid 
angle, any one is less than two right angles, and less than the 
sum of the two others ; and the sum of the three angles is less 
than four right angles ; therefore, of the three arcs forming the 
sides of a spherical triangle which are the measures of those 
angles, (1) any one is less than the semi-circumference, (2) any 
one is less than the sum of the two others ; and (3) the sum of 
the three arcs is less than the circumference of a great circle. 

Also if the great circle of which one side of a triangle is a 
portion, be completed, the hemisphere which it bounds will 
include the triangle ; for if not, the points of intersection of two 
great circles would be separated by an arc greater than the semi- 
circumference, which is impossible. 

It is easily seen that if sides greater than a semi-circum- 
ference were admitted, the same angular points might belong 
to diflferent triangles; as, for instance, to the triangle formed 
by the arcs BG, GD, and BGD (fig. 5), as well as to the 
triangle BGDH; and that the solution of such triangles as 
BGDQ (if they should ever present themselves) can be made 
to depend on that of triangles limited to have no side greater 
than a semi-circumference, and no angle greater than two right 
angles. 
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10. If a spherical triangle be described on a sphere with 
the angular points of a given triangle for the poles of its sides, 
then the angular points of the triangle so described will be the 
poles of the sides of the given triangle ; and its sides and angles 
will be respectively the supplements of the opposite angles and 
sides of the given triangle. 

Let ABG (fig. 4) be a spherical triangle, A'B'C another 
spherical triangle whose sides have the angular points of the 
former for their poles. Join A'G^ A'B^ by arcs of great 
circles, and produce AB^ AC, on the surface of the sphere 
to meet B'C in G and ^; tlien CA' is a quadrant, because 
C is the pole of A'B\ and BA' is a quadrant because B is the 
pole of A'C \ therefore (Art. 5) the great circle of which A' is 
the pole passes through B and (7, or A is the pole oi BC; and 
similarly B' and C may be shewn to be the poles of -4(7 and 
AB. From this property, A'B'C is called, with respect to 
ABG, the Polar triangle. By the construction, ABC is the 
polar triangle of A'B C. 

Also (Art. 4) zA=-HO=^C'G-C'H=G'G + B'H'-B'C' 

^ 180' -B'G\ 

since C G, B'H are each quadrants ; that is, the angle A is 
the supplement of tlie angle subtended by B'G' the side of 
the Polar triangle of which A is the pole, or which is opposite 
to A. Similarly it may be proved that z B, and ^ G, are the 
supplements of the angles subtended by A' G\ A'B, the sides of 
the Polar triangle of which B and G are the poles. From this 
property the triangle A'B' G' is sometimes called the supplemental 
triangle oi ABG. 

Hence, between the angles of the given triangle, and the 
sides a, V, c, of the supplemental triangle, we have the relations 

^ + a'=180^ J5+J' = 180^ (7+c=180^ 

shewing that each angle of a spherical triangle is less than ISO**. 

Also, since ABG is the supplemental triangle of A'B'C', 

zA' =^ 180' -BG, ^B' = 180' -AG, ^G' = 180' -AB; 

so that between the sides of the given triangle and the angles of 
the supplemental triangle, we have the relations 

A' + a=180', B + b = 180', G'+c = 180'. 

TRIG. 23 
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11. This shews that any solid angle contained by three 
planes being given, if through its vertex three planes be drawn 
respectively perpendicular to its three edges, these will form 
another solid angle whose edges are perpendicular to the faces 
of the former; and the inclinations of the faces and edges of 
the latter will be supplementary to the inclinations of the edges 
and faces, respectively, of the former. 

12. The above Proposition is of great importance ; for if a 
relation be proved to subsist among some of the angles and sides 
of any spherical triangle -4, J5, (7, a, b^ c; the same relation will 
also subsist for A', B, C\ a\ J', c', the angles and sides of the 
supplemental triangle, that is, for 180°— a, 180° — i, &q. Hence, 
any formula involving the sides and angles of a spherical 
triangle will still be true when, throughout it, for the angles the 
supplements of the opposite sides are substituted, and for the 
sides the supplements of the opposite angles. 

13. Since if -4, B, C be the angles of any spherical triangle, 
and a , l\ c , the sides of its supplemental triangle, we have 

A+B-^ (7+ a 4- &' + c = 6 right angles, 

and a' + i' 4- c' always lies between and 4 right angles, there- 
fore A-\- B+ C, the sum of the angles of any spherical triangle, 
always lies between six right angles and two right angles. 

A spherical triangle, therefore, different from a plane triangle, 
has not the sum of its angles invariable ; nor can it have more 
than two of them < 60° ; but it may have two or all of them 
obtuse, or two or all of them right angles ; in which latter case 
it will include one-eighth of the surface of the sphere. And it 
will evidently include a quarter of the surface of the sphere, 
when the values of its angles are indefinitely near to 90°, 90°, 
and 180°; and a hemisphere, when each angle is indefinitely 
near to 180°. 

14. The area of a spherical triangle is the same fraction of 
the area of a hemisphere, that the excess of the sum of its three 
angles above two right angles is of 360°. 

Let ABC (fig. 5) be a spherical triangle ; produce the arcs 
which contain its angles till they meet again two and two, which 
will happen when each has become equal to the semi-circum- 
ference. The triangle is now common to three different lunes (or 
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portions of the spherical surface contained by two semi-circum- 
ferences) viz. ABHDG, BCJSGA, and CBFA, the latter of which 
is equal to the sum of the triangles ABC emi DOE, for DCE 
and ABF are evidently equal to one another, since they form 
the bases of vertically opposite solid angles at 0, or have their 
angular points at the opposite ends of the same three diameters 
of the sphere. Now the area of a lune is the same fraction of 
the area of the hemisphere {8), that the angle between the two 
semi-circumferences which contain it, is of 180° ; hence, by equat- 
ing the two values of the area of each of the above-mentioned 
lunes, we have 

lune BCEGA = ~.8, 

loO 

therefore by addition we get 

or, area of triangle ABC = ^^ . 8. 

The excess of the three angles above two right angles is 
called the spherical excess; the expression for the area cannot 
be negative, nor > 8. (Art. 13.) 

RELATIONS BETWEEN THE SIDES AND ANGLES OF A 

SPHERICAL TRIANGLE. 

14.* A solid angle such as has been before alluded to, has 
six elements, namely, the inclinations of the three planes which 
form its faces to one another, and the inclinations of the three 
straight lines which form its edges to one another ; and when any 
three of these are given, the solid angle is, in general, completely 
determined. Similarly, a spherical triangle has six elements, 
namely, the three sides a, J, c, and the three angles A, B, C, 
respectively opposite to them ; and it is, in general, completely 
determined when any three of these are given, as there exist 
relations between the three given elements and each of the 
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If both AB and -4(7 be greater than 90®, then from the 
triangle ABC (fig. 7) formed by producing AG^ AB to meet 
again in A^ and having its two sides less than 90°, we get 

sin (180® - c) sin (180® - J5) = sin (180® - I) sin (180^^ - 0), 

or sin c sin J? = sin h sin (7, 

which shews that the formula holds for two sides of a triangle 
both greater than 90°. 

If ^(7=90°, then from the triangle ADB (fig. 6), (7 being 
the pole of AD, (unless AB = 90°) 

sin AD sin D = sin AB sin -B, 

or sin (7= sin c sin J5, 

the same result as if the formula had been applied immediately 
to the triangle ABC. If AB also = 90°, the triangle has two 
quadrantal sides, and consequently two right angles opposite to 
them, for which the formula is evidently verified. These results 
prove the relation above stated, to subsist for the angles, and 
sides opposite to them, of any triangle whatever. 

15.* A relation between three sides and two angles of a 
spherical triangle, viz. 

sin a cos c = sin J cos (7+ sin c cos a cos jB, 

(corresponding to Art. 91 in Plane Trigonometry), which is 
sometimes of use, may be easily deduced from fig. 3. 

The perpendicular distance of the point M from the line OG 
equals OM sin BOG= OA cos AB sin J5(7= OA cos c sin a; it 
%Lso equals PN^- PM cos BOG == AN cos G + AM cos B cos BG 
= A0 sin J cos G +A0 sin c cos B cos a ; therefore, equating 
these values, we find 

sin a cos c = sin 5 cos (7 + sin c cos a cos B, 

16. To find a relation between the three sides and any angle 
of a spherical triangle. 

Let the tangent at A (fig. 3) to the arc AB meet OB pro- 
duced (which is in the same plane with it) in D, and the tangent 
to the arc AG meet OG produced in ^, and join DE. Then, 
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unknown ones, hj means of which the values of the unknown 
ones can be obtained. 

Hence every formula of solution will involve four of the 
elements, and there can be only four distinct combinations of 
them ; the first of two sides and two angles respectively opposite 
to them ; the second of three sides and an angle ; the third of 
two sides and two angles one of which is included by the sides ; 
and the fourth of a side and three angles. We shall now obtain 
the formula belonging to each of these cases ; along with some 
other results that will be required in subsequent investigations. 

15. In any spherical triangle the sines of the angles are to 
one another as the sines of the sides opposite to them. 

This theorem, which expresses the relation between two sides 
and two angles respectively opposite to them, may be proved in 
a similar manner to the corresponding Theorem in Plane Trigo- 
nometry. 

Drop the perpendicular AP (fig. 3) upon the plane face 
BOGy and the perpendiculars PM, PN, upon the edges 0J5, OG, 
of the solid angle whose vertex is and base the spherical 
triangle ABC, and join AM, AN. Then a line through P 
parallel to Oikf would be at right angles to the lines AP, PMy 
and therefore to the plane APM; consequently OM is at right 
angles to the plane AMP, and therefore ^ AMP= ^ B; simi- 
larly z ANP=^\l a 

Hence AM&m B = AP = -4^ sin (7; 
and ^ilf=^0sinJ5, AN^AO^mAC, 
.•. sin -45. sin J5= sin -4 (7. sin 0, 
or sin c . sin jB = sin J . sin C 
In the figure we have supposed the two sides AB, AG, to 
be both less than 90*, but there is no limitation put upon the 
values of A and a. Suppose only one of the sides A G (fig. 6) 
greater than 90* ; then firom the triangle A G'B formed by pro- 
ducing GA, GB to meet again in G', and having its two sides 
less than 90*, we get 

sin c sin (180* - J5) = sin (180* - b) sin G\ 
or sin c sin 5 = sin b sin- G, 

the same result as if the formula had been applied directly to 
the triangle ABG, 
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If both AB and -4(7 be greater than 90®, then from the 
triangle A'BC (fig. 7) formed by producing -4(7, AB to meet 
again in A\ and having its two sides less than 90®, we get 

sin (180® - c) sin (180® - J5) = sin (180® - h) sin (180® - 0), 

or sin c sin 5 = sin h sin (7, 

which shews that the formula holds for two sides of a triangle 
both greater than 90®. 

If ^(7=90®, then from the triangle ADB (fig. 6), (7 being 
the pole of AD, (unless AB = 90®) 

sin AD sin D = sin AB sin jB, 

or sin (7 = sin c sin -B, 

the same result as if the formula had been applied immediately 
to the triangle ABC. If AB also = 90®, the triangle has two 
quadrantal sides, and consequently two right angles opposite to 
them, for which the formula is evidently verified. These results 
prove the relation above stated, to subsist for the angles, and 
sides opposite to them, of any triangle whatever. 

15.* A relation between three sides and two angles of a 
spherical triangle, viz. 

sin a cos c = sin J cos (7+ sin c cos a cos J5, 

(corresponding to Art. 91 in Plane Trigonometry), which is 
sometimes of use, may be easily deduced from fig. 3. 

The perpendicular distance of the point M from the line 00 
equals OM sin B00= OA cos AB sin BO— OA cos c sin a; it 
^so equals PN-{- PM cos 50 (7 = AN cos + AM cos B cos BO 
^AO sin J cos (7 4- -40 sin c cos J5 cos a; therefore, equating 
these values, we find 

sin a cos c = sin h cos (7 + sin c cos a cos B, 

16. To find a relation between the three sides and any angle 
of a spherical triangle. 

Let the tangent at A (fig. 3) to the arc AB meet OB pro- 
duced (which is in the same plane with it) in i), and the tangent 
to the arc -4(7 meet 00 produced in E, and join DE. Then, 
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equating the two values of the square of DE, obtained from the 
triangles DAE, D OE, we get 

AI)'+AE''-'2AD.AEcosDAE=^OI)'+OE^-20I).OEcosDOE] 

therefore, observing that OD^-Aiy^^OA*, OE*"AE^=^OA\ 

since the angles OAD, OAE, are right angles, and that 

^DOE=^BC=a, ^DAE=^BAG=^A,we&ni 

20I).OEcoaDOE=-20A^ + 2AD.AEcosDAE; 

^^„ OA AO AE AD ^.^ 
••• '^'^'^O^-OE'OD'^OE'OD'^'^'^^^ 

or cos a = cos h cos c + sin J sin c cos A, 

which is the fundamental formula of Spherical Trigonometry. 

17. The construction from which this result is obtained, 
fails unless the two sides b and c that contain the angle A are 
both less than 90^, but puts no limitations upon the values of A 
and a. For the formula to be generally applicable to any angle 
of any spherical triangle whatever, the proof must be extended 
to the cases where b and c are, one or both, greater than 90^ or, 
one or both, equal to 90®^ 

First, suppose that only one of the containing sides b is 
greater than 90®, and produce the sides CA, CB, (fig. 6) to in- 
tersect again in C'; then since ABy AC, are both less than 90^ 
the formula is applicable to the angle -B-4(7' = 180® — -4 of the 
triangle 5^(7'; 

.•. cos (180® - a) = cos (180® - b) cos c 

+ sin (180® - b) sin c cos (180® - A), 

or cos a = cos b cos c + sin J sin c cos A, 

the same result as would have been obtained if the formula 
had been applied immediately to the angle A of the triangle 
ABC. 

Next, suppose that both the containing sides b and c are 
greater than 90®, and produce them to intersect again in A' 
(fig. 7) ; then the formula is applicable to the angle A' ^A of 
the triangle BAG] 
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/. cos a = COS (180* - b) cos (180* - c) 
+ sin {ISQf - b) sin (180* - c) cos A, 
or cos a = cos b cos c + sin J sin c cos A, 

which shews that the formula holds for an angle contained hj 
two sides both greater than 90^ 

Again, suppose ACorbtohe equal to 90" (fig. 7), and describe 
the axe DC from the point A as pole ; then, provided 2>(7= A be 
different from 90®, the formula is applicable to the angle J) of the 
triangle BDC, and gives 

cos a = cos (90® - c) cos ^ + sin (90® ^ c) sin A cos 90®, 

or cos a = sin c cos A, 

the same result as if the formula had been applied directly to 
the triangle ABC. If in this case DC is 90®, then 5(7 also is 
90® (Art. 5), and the triangle is one with two quadrantal sides, 
and consequently with two right angles, for either of which the 
formula is evidently verified, as it leads to the equation = 0. 

If both the containing sides b and c be 90®, then a = ^, 
which agrees with the result given by the formula, namely 
cos a = cos A. 

18. The expression for the cosine of an angle of a spherical 
triangle in terms of its three sides may be immediately deduced 
from the results of Art. 15 and -the following. For squaring those 
results, we have 

(sin a cos c — sin c cos a cos By = sin' b cos' C, 

sin'c sin'-B= sin* 5 sin' (7; 
and adding these together, we find 

(1 — cos'a) cos'c — 2sina cose sine cos a cos J? 
+ sin'c (1 — sin'a cos' 5) = 1 — cos' J, 
which becomes by reduction 

(cos a cos c + sin a sin c cos By = cos' J, 
or, cos b = cos a cos c + sin a sin c cos B; 

where, in extracting the root, we have taken both sides of the 
equation with a positive sign, because when 5= 180®, we must 
have b=ia + c. 
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19. The angles at the base of an isosceles spherical triangle 
are equal to one another, and conversely. Also in any spherical 
triangle the greater side is opposite to the greater angle. 

17 T Z 4.U A C^S « (1 — COS c) ^ 

For It a = o, then cos A = r-^ — ; ^ = cos B : 

sm a sm c 

.'. A=^B, since neither of them can exceed 180^ Conversely, 
from the Polar Triangle it follows that if the angles at the base 
are equal, the sides opposite to them are equal. 

Again, i{ A>B, making z DAB= lDBA (fig. 8), we have 
BA = BB, and consequently CB -^ BB = CB ■\- BA> AG, or 
a > J ; that is, the greater side is opposite to the greater angle. 

20. If the formula, which we have just proved to express 
the relation between the three sides and any angle of any 
triangle, be applied in succession to the three angles Ay B, (7, 
it gives 

cosa = cos Jcosc + sin Jsinccos^ (1), 

cos b = cos a cos c + sin a sin c cos B, 
cos c = cos a cos J + sin a sin b cos G, 

three equations which comprehend implicitly the whole of Sphe- 
rical Trigonometry ; since, when any three elements are given, 
they enable us to find all the rest. As however it is desirable 
that each of the unknown elements should enter singly into the 
formula by which it is determined, we proceed to investigate 
the other formulaB which, in conjunction with (1), will always 
eflect that object. 

21. The relation already found between two sides and two 
angles respectively opposite to them, may be deduced firom the 
expression for the cosine of an angle in terms of the three 
sides. 

*xr 1 A cos a — cos b cos c 

We have cos A = ; , . ; 

sm 6 sm c 



sin' -4 = 1 — cos* -4 = 1 — 
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(cos a — cos h cos c)' 



sin* h sin* c 



__ (1 — cos* h) (1 — cos' c) — (cos a — cos h cos c)* 
"" sin* J sin* c 

1 — cos*a — cos* h — cos*c + 2 cos a cos J cos c 

sin* b sin* c ' 

sin^ _ V(l — cos'a — cos* h — cos* c + 2 cos a cos J cos c) 
sin a sin a sin i sin c ' 

taking the radical with a positive sign because sin A and sin a 
are both positive; now the second member is a symmetrical 
function of a, 5, c, that is, an expression whose value remains 
unaltered when a, h, c are interchanged in any manner ; conse- 
quently the ratio sin A -r- sin a, has a constant value for each 
of the angles of the triangle; hence we must have the three 
equations 

sin il __ sin 5 _ sin C 

sin a "" sin 5 "" sin c ' 

which shew, since this result is as general as the one from which 
it is deduced, that in any spherical triangle whatever, the sines 
of the angles are to one another as the sines of the sides opposite 
to them. 

The direct method of proving this from the equations of 
Art. 20, would be to obtain a relation between A, B, a, b, by 
deducing values of sin c an4 cos c from the two former of those 
equations and substituting them in the formula 

sin* c + cos* c = 1 ; 

but the above is a simpler process. 

22. To find a relation between two sides, and two angles 
one of which is included by the sides ; for instance between 
a, J, A, C, 

In the equation 

cos a = cos b cos c + sin J sin c cos A, 

substituting for cos c and sin c their values 

cos c = cos a cos J + sin a sin b cos (7, 

sin C 
sm c = sm a -: — j , 
smA 

TRIG. 24 
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we find 

COB a = cos a cos* J + sin a sin J cos J cos C^+ sin & sin a -; — ^ cos A ; 

sm^ 

therefore, transposing cos a cos' J, and observing that 

cos a — cos a cos' b = cos a sin' i, 
and dividing the whole by sin a sin b, we find 

cot a sin 5 = cot Aain C-{- cos b cos (7. 

This formula is as general as those from the combination of 
which it has been deduced ; and the remembering of it may be 
facilitated by observing that each member begins with a cotan- 
gent multiplied by a sine, the first with any two sides taken at 
pleasure, the second with two angles of which the former only 
is opposite to the former of the sides already involved ; the last 
term is the product of the cosines of the elements whose sines 
are already involved. 

23. To find a relation between the three angles and any 
side of a spherical triangle. 

The simplest mode of eflFecting this is to apply the fonda- 
mental formula (1) of Art. 20 to the supplemental triangle, 
which gives 

cos a = cos b' cos c + sin b' sin c cos A' ; 

then, substituting for a', b', c\ A\ their values in terms of the 
sides and angles of the proposed triangle, namely, 

a' = 180'-J, J' = 180'-5, c' = 180'-(7, ^'=180'-a, 

we find, for the side a, the formula 

cos -4 = — cos B cos (7+ sin J? sin (7 cos a ; 

from which the corresponding formulad for the sides b and c 
may be immediately deduced. The direct method of proof in 
this case would be to eliminate b and c from the three equations 
of Art. 20 

24. To prove Napier's Analogies. 
We have by the preceding Article 

cos -4 + cos jB cos (7 = sin B sin (7 cos a, 
cos jB + cos ^ cos (7= sin -4 sin (7 cos J, 
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cos B + cos A cos G sin A cos b sin a cos h 
COS -4 + COS jB cos G sin -B cos a sin i cos a ' 

therefore, comparing the difference of the terms of each ratio 
with the sum of the same terms, we get 

cos 5 — cos ^ 1 — cos (7_ sin (a — J) ^ 
cosjB + cos-4 * 1 + cos (7"~sin (a + 6)* 

or tani(^ + B) tan \{A - B) . tan'^C 

_ sin i(a — i) cos ^{a — J) h\ 

~"sin^(a + i) cos^(a + J) ^ ^' 

T. , sin -4 __ sin a . tan ^{A + 5) __ tan J(a + b) 
sin jB"" sin 6 ^ tani(-4 — jB) "'tani(a — i) * 

Multiplying these equations together, and dividing one by 
the other, and extracting the roots, we find 

tani(-4 + 5) = ^-^^^^ coti(7, 
^^ ' cosi(a + &) ^ ' 

taniM-5)=^^5i(?^cotia; 
^^ ' smi(a+&) ^ 

the positive signs being taken in extracting the roots because 
\{A--B) and i(a — &) are both less than 90® and of the same 
sign (Art. 19), and consequently from (1) 

tan \{A + B) and cos \{a + h) 

must have the same sign. The last remark shews that 

\{A-^B) and i(a + &), 

since neither can exceed 180°, are both less or both greater 
than 90^ 

Also, applying the formulas just obtained to the polar 
triangle, or, which is the same thing, replacing A^ B, C, a, J, by 
180® -a, 180® -J, 180® -c, 180®-^, 180® -J9, we find • 

, , , . , . cos i (^ - 5) ^ , 
tanM« + ^) = ,^3^;^^^ jtapic, 

. , , , > Bm^{A — B) . . 
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25. These formulse, being sometimes written in the form of 
analogies or proportions, are known by the name of Napier's 
Analogies ; they are useful in the solution of triangles, the two 
former when two sides and the included angle are given, the 
two latter when one side and the two angles adjacent to it are 
given. 

They may be also put into the following shape. Since 
1 + cos c = 1 -f cos a cos 5 + sin a sin h (cos* | <7— sin' ^ C) 

= {l+cos (a -J)} cos' i (7+ {I + cos (a+ J)}sin"i (7; 

.'. cos'^c =cos' i (a — 5) cos' i (7+ cos' i (a + J) sin' ^ G. 

Similarly, 

8in'ic = sin'^ (a — J) cos'i (7+sin'i (a + i) sin'| G. 

Now add unity to the square of each member of the first two 
analogies, and take account of the above values of cos' \ c, sin' J c, 
and we find 

8ec'i(^ + 5) = ^^^«^ ^^^ j^ ^.^,^ ^„ 

sec'i(^-5) = g.^,^^^^j^^.^,^^,; 

or, extracting the roots, and taking only positive signs since 
(^ + -B), ^ (a + S) are both greater or both less than 90®, 

cos i (^ + -B) cos i c = cos i (a + J) sin \ G, 
cos ^ (^ — -B) sin ^ c = sin ^{a-hb) sin ^ G; 
and multiplying these respectively by the first two analogies, 
sin i{A + B)coBic=^ cos i{a — h) cos i (7, 
sin ^ (^ — jB) sin ^ c = sin ^ (a — J) cos i C* 



SOLUTION OF RIGHT-ANGLED TRIANGLES. 

26. When in the triangle ABG (fig. 10) the angle A is 90', 
that is, when the plane of the great circle AB is perpendicular to 
the plane of the great circle A (7, the spherical triangle is called 

• These four formulse are sometimes proved by substituting in the developments 
of cos 1{A + B)f cos i{A- B), &c., the values of cos } il, sin } A, &c., in terms of the 
sides, found below, Art. 35. 
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right-angled, and the side BC = a is called the hypothenuse. 
By a right-angled triangle is usually understood a triangle 
with only one right angle, the two remaining angles being 
either acute or obtuse ; for if there should be two right angles 
A and -B, then the sides opposite to them BC emi AG would 
be quadrants, and the angle C would equal AB; or if there 
should be three right angles, then all the sides would be 
quadrants (Art. 4) ; so that it is needless to consider these par- 
ticular cases. 

As a triangle is in general determined when any three 
parts are given, a right-angled triangle, with one exception, is 
determined when any two parts are given. To obtain the 
formulae necessary for the solution of right-angled triangles, we 
have only to make A = 90® in the fundamental relations which 
have been investigated for any triangle whatever. These formulae, 
by means of which, when any two parts of a right-angled triangle 
are given, the remaining three become known explicitly in terms 
of the given quantities, are embodied with equal elegance and con- 
venience in Napier's Rules, the enunciation and proof of which 
are as follows. 

27. The right angle being left out of consideration, the two 
sides including the right angle, and the complements of the hypo- 
thenuse and of the two other angles, are called the five circular 
parts. Any one of these being taken as the middle part, the two 
circular parts which, or whose complements, are immediately 
contiguous to it, or its complement, in position, are called the 
adjacent parts ; and the other two parts are called the opposite 
parts. Then, whatever the middle part be, whether a side, 
or the complement of the hypothenuse, or the complement of an 
angle, 

sine of the middle part 

= product of the tangents of the adjacent parts ; 
sine of the middle part 

= product of the cosines of the opposite parts. 

1st. Let the complement of the hypothenuse 90° — a be 
middle part, then 90^ — 5, 90®— (7, are the adjacent parts, 
and Jj c, the opposite parts; and the formulae 
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cos-4 = — cos J9cos (7+ sin J? sin Ccos-o, 
cos a = cos h cos c + sin J sin c cos^, 
since A = 90® and therefore cos .4 = 0, sin ^ = 1, become 
cos a = cot 5 cot (7, or sin (90® - a) = tan (90® - B) tan (90® - (7), 
cos a = cos b cos c, or sin (90® — a) = cos J cos c. 

2nd. Let the complement of an angle 90®— (7 be middle 
part, then 90® — a and b are the adjacent parts, and 90® — B and c 
the opposite parts ; and the formulas 

cot a sin J = cot ^ sin (7-f cos C cos J, 

cos (7= — cos -4 cos jB-f sin -4 sin £cos c, 

become cos (7 = cot a tan J, or sin (90® — (7) = tan (90® — a) tan J, 

cos (7 = sin B cos c, or sin (90® — (7) = cos (90® —5) cos c. 

If 90® — jB be taken for middle part, the rules may be proved 
exactly in the same way, and other two similar relations found, 

3rd. Let either side b be middle part, then 90® — O and c are 
the adjacent parts, and 90® — a and 90® - B the opposite parts, 
and the formulas 

cot c sin J = cot CamA-\' cos A cos S, 
sin^ sin b = sin a sin B, 

become sin J = cot (7 tan c, or sin b = tan (90® — C) tan c, 

sin J = 8in aainB, or sini = cos (90®— a) cos (90® — -B). 

If c be taken for middle part, the rules may be proved exactly 
in the same way, and other two similar relations found, 

28. We are thus furnished with ten relations amongst the 
five parts of a right-angled triangle, each being a different com-» 
bination of three of the parts; but five parts, taken three at a 
time, can be combined only in 10 different ways ; consequently 
the above Rules, when any two parts whatever are given, will 
supply us with formulae in which each of the remaining parts is 
separately/ combined with those two given parts, and in a form 
adapted for the immediate application of logarithms. 

There can evidently be only six distinct cases, viz. I. and XL 
when the hypothenuse is given together with an angle, or with 
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one of the sides containing the right angle ; III. and IV. when 
one of the sides containing the right angle is given together 
with the angle adjacent to it, or with the angle opposite to it ; 
V. and VI. when the two sides containing the right angle are 
given, or when the two angles are given. In applying Napier's 
Bides to obtain the three unknown parts from two given ones, it 
is sometimes requisite to take for middle part one of the given 
parts, and sometimes one of those that are sought, the sole 
object being to separately combine each of the unknown parts 
with the given ones. We shall now go through the six cases of 
solving right-angled triangles, first however premising the fol- 
lowing observations. 

29. The formula cos a = cos & cos c (Art. 27) requires that 
either all three, or only one of the cosines should be positive ; 
therefore the three sides of a right-angled triangle are either 
all less than 90®, or two of them greater than 90^ and the third 
less. 

The formula sin b = cot C tan c = tan c -=- tan C shews that 
tan G and tan c have the same sign, since sin b is always posi- 
tive, b being less than 180® ; therefore C and c, since neither of 
them can exceed 180®, are both greater or both less than 90®; 
that is, in right-angled triangles a side and the angle oppo- 
site to it are either both greater or both less than a right angle ; 
this is usually expressed by saying that they are of the 3ame 
affection. 

30. Hence (fig. 14) if DOD' be a circle perpendicular to 
DAD\ and CD be less than 90®, CD is the least and CD' the 
greatest arc that can be intercepted between the point C and the 
circle DAD'; and of the arcs so intercepted the nearer any one 
is to CD, the less it is. 

For in the right-angled triangle CBD since CD is less than 
90®, / CBD < 90® < CDB, and therefore CD < CB. Also in the 
right-angled triangle CBD' z CBD' > 90® > CD'B, and therefore 
CD > CB. And since in the triangle ABC z CBA > 90®, and 
^ CAB < 90® as it is opposite to CD in the right-angled triangle 
ADC, therefore BC<AC. 
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31. Case I. Having given the hypothenuse a, and an angle 
J5, to find J, c, C. 

Taking successively 5, 90® — -B, and 90® — a, for middle part, 
we get 

sin 6 = sin a sin J5, cos 5 = cot a tan c, cos a = cot -Boot C7; 

C and c are determined without ambiguity, and h must be of 
the same affection as B. 

Case II. Having given the hypothenuse a, and a side J, 
to find c, B, O. 

Taking successively 90® — a, 5, and 90® — for middle part, 
we get 

cos a = cos h cos c, sin J = sin a sin J9, cos (7= cot a tan J. 

By these formulae c and C are determined without ambi- 
guity, for there is only one angle less than 180® corresponding 
to a given cosine; also B, though determined by its sine, is 
not ambiguous since it must be of the same affection as 6. 

Case III. Having given one of the sides b containing the 
right angle, and the angle adjacent to it C, to find a, c, B, 

Taking successively 90®— C, 5, and 90® —B for middle part, 
we get 

cos (7= tan 5 cot a, sin i = tan c cot (7, cos-B=cos Jsin (7, 

which determine a, c, B without ambiguity. 

Case IV. Having given one of the sides h, containing the 
right angle, and the angle opposite to it B, to find a, c, O, 
Taking successively J, c, 90® — B, for middle part, we get 

sin J = sin jBsin a, sin c = cot -Btan J, cos 5= sin (7 cos J. 

Here since all the unknown parts are determined by their 
sines, and since there are always two angles less than 180® cor- 
responding to a given sine, an ambiguity presents itself; and it 
is easily seen that such ought to be the case. For if we produce 
the two sides BA^ BG (fig. 11) till they intersect again in B\ 
we have a second right-angled triangle CAB' in which the side 
b and the angle B' = B are evidently the same as in the triangle 
ABC; and the other parts of the second triangle are the supple- 
ments of the corresponding parts C, a, c of the first triangle. 
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Hence we may take a either less or greater than 90®, but having 
made the choice, c will be given by the relation cos a=cos h cose, 
and then C will be of the same affection as c ; and thus the two 
triangles, which equally possess the given elements, will be 
determined. 

There will however be only one triangle if i = J9, having 
two right angles and two qnadrantal sides ; and none at all if 
sin i > sin -B, for then the value of sin a is impossible. In the 
latter case, i. e. when sin I > sin By since B and i are of the 
same affection, b is greater or less than B according as £ is acute 
or obtuse ; and therefore B and b cannot form parts of a right- 
angled triangle. For if the circle of which BO is a part be 
completed into BOB'C, and if Pbe the pole'of AB so that PA, 
PD are quadrants, and B the pole of the circle EPE' so that the 
angles at jF, 2>, and E are right angles, then when the given 
angle B is acute so that ABO is the triangle, PO<PE (Art. 30), 
and therefore AO<DE i.e. b cannot be greater than B] and 
when the given angle B is obtuse so that ABO' is the triangle, 
then PO'>PE' and therefore AO'>DE\ i.e. b cannot be less 
than B. 

Hence when zB \b acute, there is no triangle \£ b> By one if 
ft = -B, and two if b<B; and when ^j? is obtuse, there is no 
triangle if 6 < J9, one if 5 = -B, and two if 6 > J9. 

Case V. Having given the two sides b and c containing the 
right angle, to find a, B, O. 

Taking successively 90° — a, c, b, for middle part, we get 

cos a = cos b cos c, sin c = cot B tan J, sin b = cot O tan c, 

which determine a, By 0, without ambiguity. 

Case VI. Having given the two oblique angles B and C, 
to find a, by c. 

Taking successively 90' -a, 90' -B, 90' -(7 for middle 
part, we get 

cos a = cot jB cot Oy cos -B = cos i sin O, cos 0^= cos c sin 5, 

These formulae leave no ambiguity ; and if the triangle be 
impossible they will shew it. 

TRIG. 25 
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SOLUTION OF QUADRANTAL AND ISOSCELES TRIANGLES. 

32. Of other triangles which may be solved as right-angled 
triangles, the principal class is that called quadrantal triangles, 
in which one side, a, is a quadrant. Since the polar triangle in 
this case will have one angle -4' = 180® — a = 90®, applying 
Napier's Kules to it as in Art. 27, we get 

cos a == cot B' cot C or = cos h' cos c', 
cos C = cot a tan J' or = sin 5' cos c', 
sin V = cot 0' tan c or = sin a sin E. 

Therefore, substituting for a', h\ &c. their values, we get 

— cos A = cot b cot c or = cos B cos (7, 

— cos c = cot -4 tan -B or = — sin J cos C, 
sin J9 = cot c tan or = sin -4 sin 5 ; 

or, sin(^-90®)=:tan(90®-J) tan (90®-c) or = cos B cos 0, 
sin (90®-c) =tan(^~90®) tan B or = cos (90®-J) cos (7, 

sm 5 = tan (90® - c) tan (7 or = cos (-4-90®) cos(90®- b) ; 

which shew that if the complements of the two sides, the com- 
plement of the hypothenusal angle taken negatively, and the 
two other angles be taken for the circular parts, that is, 

90®-J, 90®-c, -(90®-^), -Band (7, 

the quadrantal triangle may be at once solved by Napier's 
Bules. 

33. If a triangle be isosceles, joining the vertex with the 
middle of the base by the arc of a circle, we divide it into two 
right-angled triangles equal in all respects ; if therefore any two 
parts of an isosceles triangle be given, (counting however the 
two equal sides as only one element and the two equal angles 
opposite to them only as one element,) all the parts of the 
triangle may be determined by the Kules for right-angled 
triangles. 

Also, if in a spherical triangle the sum of any two sides 
a + i = 180®, producing b and c till they intersect again in A' 
(fig. 7), we have J+CL4' = 180®; .-. CB=^A'C; hence the 
solution of the triangle ABC is reduced to that of the isosceles 
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triangle A CB. The condition a + J = 180® is evidently the 
same as ^ + 5= 180' ; for since A'G^ CB, z, CA'B=^ GBA^A, 
therefore A-vB^ GBA + GBA = 180^ 



SOLUTION OF OBLIQUE-ANGLED TRLAiNGLES. 

34. Oblique-angled triangles, in which there must always 
be given three of the six elements A^ -B, (7, a, J, c, present six 
distinct cases, the data in them being as follows : I. three sides ; 
II. two sides and an angle opposite to one of them ; III. two 
sides and the included angle ; IV. two angles and the side op- 
posite to one of them; V. two angles and the side adjacent to 
them both ; VI. three angles. All these cases are readily solved 
by means of the four fundamental relations expressed by the 
formulsB of Arts. 15 — 23 ; but as these formulaB require certain 
modifications to make them suitable for actual computation by 
means of logarithms, it is necessary to go through each case 
separately. 

35. Case I. Having given the three sides, to find the 
angles. 

-fxr 1 / A . ^ /»s A cos a — cos h cos c 

We have (Art. 16) cos-4 = . , . , 

^ sm 6 sm c 

which gives A^ the second member being entirely known ; and 
by similar formulae may B and G be determined; but this 
formula is not suited to logarithmic calculation, a defect in it 
that may be supplied as follows. First we have 

2 sin' \A = 1 — cos A, 

and substituting for cos A its value, we get successively 

. 91 ^ ^ cos a — cos J cos c cos J cose + sin J sine — cos a 

2 sm \A =1 . 7 . = ; — 7-^: — 

* sm sm c sin 6 sm c 

__ cos (J — c) — COS a _ 2 sin \ (a + i— c) sin^ (a— & + c) 
" sin 6 sin c "" sin J sin c 

To simplify this, let half the perimeter of the triangle be 
denoted by «, so that a + J + c = 25 ; .'. a + J — c = 2 (« — c). 
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a — J + c=2(«— J); hence, substituting and extracting the root, 
we find 



• 1 >! /si 
smi^=y- 



sin {s — b) sin {s — c) 



sin 2> sin c 



With equal facility may similar expressions for cos ^ A and 
taxL^A be found. For 

rt 2 1 vi 1 . >! ^ . cos a — cos J cos c cos a — cos (b + c) 

2 cos' A -4 = 1 + cos -4 = IH . , . = . , . ^ 

sm 6 sm c sin 6 sin c 

_ 2 sin J (a + i + c) sin J (i + c — a) _ 2 sin« sin (« — a) 
"" sin 5 sine "" sin i sine ' 



.'. cos 



I J _ /sin 8 sin {s — a) 
^ V sin i sin c * 



Also tani^ = sinA^-r cosA^ = a/^-^^4^ — i-?i5Ji_^, 

V sm « sm (« — a) 

These formulae determine the angle without ambiguity ; for 
since A is the angle of a spherical triangle, J -4 is less than 90^ 
The principles which must guide us in selecting a formula the 
best suited to obtain accuracy in any particular case, are the 
same as those explained in Plane Trigonometry, Art. 113. 

36. Takmg twice the product of the values of sin ^^ and 
cos ^Af we find 

O /— — — 

sin -4= -: — 7—= — Vsin 8 sin (s — a) sin (s — b) sin (s—c); 
sin^smc ^ ' ^ ^ ^ '' 

which, as it requires seven logarithms, is not an advantageous 
formula for the calculation of A. It is the form to which the 
expression for sin A in Art. 21 may be reduced. 

37. Case II. Having given two sides a, J, and the angle 
A opposite to one of them, to find c, B, G. 

The angle -B opposite to the side b may first of all be obtained 
from the relation 

sin A sin b 



sinjB = 



sma 
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Then C and c may be detennined by Napier's Analogies, 
which give 

■* cosi(o + 5) ^^ " 

1 cos i (-4 + 5) . , , ,. 
^°^'^ = cos|(^-Jg)^ ^^('^ + ^)- 

38. As the angle B is determined by its sine, it may be 
either greater or less than 90° ; this case, consequently, will often 
admit of two solutions ; but for certain values of the given ele- 
ments a, J, A there will be only one triangle, or none at all, 
under the usual restriction of having no side greater than 180®. 
To the examination of these circumstances, analogous to what 
happens in the second case of Plane Triangles (Art. 105), we 
shall afterwards recur. 

The ambiguity to a certain extent may be removed by 
observing that, as i (a + i) and \{A ■{■ B) are of the same 
affection (Art. 24), if a + J > 180', then ^ + J5 > 180° ; if there- 
fore A be less than 90°, B must be greater than 90°, and conse- 
quently there can be only one triangle having the given elements, 
although there may be none ; but if A be greater than 90°, then 
a value of B either greater or less than 90° will satisfy the con- 
dition A + B> 180°, and consequently there may be two tri- 
angles having the given elements, although there may be none. 
Again, if a + J < 180°, then ^ + 5 < 180° ; if therefore A be 
greater than 90°, B must be less than 90°, and there can be only 
one solution ; but if A be less than 90°, then a value of B either 
greater or less than 90° will satisfy the condition A + B < 180°, 
and there may be two solutions. 

39. We may determine C and c directly from the given 
quantities, without first finding B. From Art. 22, we get 

/ . cot-4\ 

cot a sin J = cot^ sin (7+ cos h cos (7= cos b ( cos G-\- sin C r 1 . 

\ cos h) 

Let ^ be a subsidiary angle determined by the equation 

. cot -4 

tan = T ; 

^ cos 6 ' 
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.'. cotatan6 = ^^ — 7-^^, or cos ((7 — A) = — ^, 

cos^ ' V r/ tana * 

from which (7— ^, and consequently (7, may be obtained. 

Again, we have cos a = cos b cos c + sin b sin c cos -4 

= cos b (coscH- sin c tan b cos -4). 

Let ^ be a subsidiary angle determined by the equation 
tan = tan b cos A ; 

, cos (c — ^) ' ^» COS a COS d 

/. cos a = cos J . ^ a 9 or cos (c — 0) = 5 — , 

cos^ ^ ' cos 6 

from which c — 0, and consequently c, may be obtained. 

40. With respect to such transformations as those just made, 

and which are of constant occurrence in this Subject, it may be 

observed that their object in every case is to change into a 

product a binomial of the form m sin a + w cos a ; this is done by 

first making one of the quantities m or n 3l factor of the whole 

ft 
expression, so that it becomes m (sin a -\ — cos a), and then 

Tt 

equating — to the tangent or cotangent of an angle {<f>), which 
7/4 

is always allowable as the tangent and cotangent are susceptible 

of all values ; by this substitution the expression is reduced to 

m sin (a + <^) m cos (a — <^) 
cos ^ sin <^ * 

41. It is also worth while remarking that the introduction of 
the subsidiary angles <^ and amounts to dividing the proposed 
triangle into two right-angled triangles. 

Thus, in the present case, if CD = h (fig. 13) be an arc of a 
circle drawn from the angle included by the given sides perpen- 
dicular to the opposite side, and if ^ ^ CD = <f), and the segment 
AD=0, then from the right-angled triangles -4 CZ>, BCD^ by 
Napier's Rules, we get 

cos b = cot ^ cot Ay cos A = cot b tan ^, 
which determine (f> and ; also we have 

cos ^ = tan h cot J, cos b = cos h cos ; 



199 

/. cos ((7— A) = tan Acot a = — -^ . cot a, 
^ ^^ cot 6 

and cos a = cos A cos (c — ^) = ^ . cos (c — ^) ; 

^ ' cos ^ ^ ' 

which are identical with the former results, and involve the same 
ambiguities. 

42. Case III. Having given two sides a, J, and the in- 
cluded angle (7, to find A, B, c. 

By Napier's Analogies we have 

tan i (^ + J5) =^^?i4^^cot i (7, 
^ ^ ^ cos i (a + J) ^ * 

tani(^-^)= ^!^f^;~S 'cot^g, 
^^ ^ sini(a + J) ^ ' 

which determine ^{A+B) and^(^— -B), and consequently 

A and B; and these being known, we obtain c from the 

sin O • 
equation, sin c = -; — ^ sin a, observing that the greater side is 

opposite to the greater angle. Or, c may be found by one of the 
formulas of Art. 25, and then only two additional logarithms will 
be wanted. 

43. If it be required to determine c independently of A and 
Bj we have 

cos c = COS a cos J + sin a sin J cos (7=cos a (cosi+sin Jtanacos C). 
Let <? be a snbsidiary angle determined by the equation 
tan d = tan a COS G; 

cos a cos (b — 0) 

.*. cosc = 75 -y 

cos ' 

which gives c without ambiguity. 

Also A may be independently determined from the formula 

, J cot a sin 5 — cos b cos C ^ ^ /cot a . , ,\ 

cot -ia = ; — 7= = cot (7 7v sm 6 — cos 6 , 

sm G Vcos (7 / 

which, upon introducing the same subsidiary angle d, becomes 

A — ^^ Gsm {b — 0) 

CO b -oL — ; /\ ■ 

sm^ 
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It is easily seen that these results may be obtained by dropping 
the arc BD' perpendicular to -40, and calling the segment 
CD' = 0. (fig. 13.) 

The side c and the angle B may, in a similar manner, be 
directly found from the given quantities, by dropping a per- 
pendicular from the angle A upon the opposite side. 

44. Case IV. Having given two angles A and -B, with 
the side c adjacent to both, to find a, J, (7. 

By Napier's Analogies we have 

X 1 / . z\ cos AM — -B) ^ . 

- , ,. sin A(.4 — -B) ^ - 
tan jtia — b) = -; — ^i-n — r»\ tan Ac, 

which determine J(a + J), i(« — i), and consequently a and J ; 
and these being known, we have G from the equation 

. ^ sin c . ^ 
sm C = -7 — sm A. 
sma 

observing that the greater side is opposite the greater angle. 

45. If it be required to determine C independently of a 
and J, we have 

cos O = — cos -4 cos -B + sin .4 sin -B cos c 

= cos-4 (— cos-B + sin-Btan-4cosc) ; 

and determining the subsidiary angle ^ by the equation 

cot ^ = tan A cos c, 

^ cos -4 sin (B — 6) 

we get cos C = ; — \ -^ . 

° sm9 

Also, a may be independently determined from the formula 

cot a sin c = cot -4 sin -B + cos c cos B 

cot -4' 



/ T^ . ^cot-4\ 

= cos c cos J5 + sm J5 ; 

\ cos c I 



which, upon introducing the same subsidiary angle ^, becomes 

cot c cos (B — 6) 

cot a = — —. ^ . 

cos 9 
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It is easily seen that these results may be obtained by dropping 
the arc BD' perpendicular to AC and calling z ABD' = <^. 

The side h and ^ C may, in a similar way, be determined 
directly from the given quantities, by dropping the perpendicular 
from the angle A. This case is analogous to the third, and 
gives rise to no ambiguity. 

46. Case V. Having given two angles A, B, and the side 
a opposite to one of them, to find J, c, C. 

This case, being exactly analogous to the second, is treated 
in the same way, and gives rise to the same ambiguities. 
The side b may be first of all obtained from the formula 

. , BinB . 
sm = -: — 3- sm a ; 
&mA 

and then C and c from the formulae 

tan ia= ^^^i^^J cot i(^ + 5), 
^ cosi(a + i) ^^ ^' 

- co&iiA-hB) ^ . . . , . 
*^°^" = cos|U-Jg) *^"^(^ + ^^- 

47. We may also determine C and c directly from the given 
quantities ; for we have 

cos -4 = — cos 5 cos (7 + sin B sin (7 cos a 

»/ xY . • i^i. T> \ cosj98in((7-i|r) 
= cosjB(— cos C/ + sm C/ tan J? cos a) = r— ^ 2-^; 

yfr being a subsidiary angle determined from the equation 

cot yfr = tan B cos a. 
Also the formula 

cot a sin = cot -4 sin-B + cos c cos 5, 

if we determine <f> by the equation cot (f> = ^ , becomes 

. . -, -./ . . cotaX cos5sin(c — 6) 

cot-4 sm J5 = cos 5 ( — cos c + sm c r, = r-^^ — i^ . 

V cos 2>/ sm <p 

These results may evidently be obtained by dropping the 
arc CD perpendicular on AB, and calling ^ BCD = y^, and the 
segment BD = ^. 

TRIG. 26 
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48. Case VI. Having given the three angles A, B, (7, 

to find the sides a, £, c. 

The formulaB of solution in this case are obtained by a pro- 
cess exactly similar to that in Case I. We have 

cos A + cos -g cos G ^ 

cos d ^ : S — '* 7t > 

sm B sin (J 

c os ^ + cos g cos __ _ cos A + cos {B + C) 
.-. 2sin«ia = l sin-fisinO ~ sinJ5sin(7 

2cosi(^-h^+g)cos^(^+(7~^) ^ 
"" ^ sin J5 sin (7 * 

Let -4 + 5+0=2/8; .-. 5+ (7-^ = 2 (5-^) ; 
hence, substituting and extracting the root, we get 



/— cos/Scos {8 — A) 

8in*a = A/ '* — w~^ — 7? 

* V sm -o sm 6 



«. M 1 1 /cos {8 -B) cos {8 "G) 
Similarly, cos Ja = ^y/ ^u^BsmG ' 

fo^l^- / -C08fi^C0S(^~^) 

tan ta - y ^^^ ^^__ ^^ ^^^ (fif- C) * 

These values, which might have been derived from the for- 
mula of Case I. by means of the Polar Triangle, are always 
real. In the first place, 8 is always greater than 90® and less 
than 270®, therefore cos 8 is always negative ; also because in 
the supplementary triangle, a <b'+c (Art. 9), 

.-. 180®-^<180®-5+180®-(7, or J5+(7-^<180®; 

consequently 8— A< 90®, and its cosine is positive ; and in like 
manner cos {8'-B)y cos {8— (7), are positive. 



AMBIGUOUS OASES IN THE SOLUTION OF OBLIQUE-ANGLED 

TRIANGLES. • 

49. It appears that the only Cases in which any doubt can 
arise as to the values of the computed elements, are the second 
and the fifth ; and it becomes necessary to investigate the con- 
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ditions to which the given elements are respectively subject, 
when they correspond to two triangles, or to only one, or to' 
none at all. We shall begin with the second Case, in which 
are given a, J, -4, two sides and an angle opposite to one of 
them. 

Let ADD', DGD\ (fig. 14) be two great circles at right 
angles to one another, and A GE a circle making an acute angle 
CAD with ADD) then (Art. 30) CD is less than 90' and is the 
least arc, and CD' is the greatest arc, that can be intercepted 
between C and the circle ADD' ; and of the arcs so intercepted, 
those which are equally inclined to CD or CD' are equal to one 
another, and the nearer any arc is to CD the less it is, and the 
nearer any arc is to CD' the greater it is. 

Suppose now the given angle -4, according as it is acute or 
obtuse, to be represented by CAD or CAD', and let A C repre- 
sent the given adjacent side h ; then if the given opposite side a 
be intermediate in magnitude to the perpendiculars CD and 02)', 
the small circle described with pole C and angular radius = a, 
will always cut ADD' in two points, and determine two admis- 
sible triangles having the proposed elements, A,h, a\ except in 
the cases in which one or both of the triangles become inadmis- 
sible on accoimt of having a side > 180**, or an angle = 180** — A 
instead of A. 

But if the side a be less than CD, or greater than CD', the 
small circle described from C as pole with angular radius = a, 
will never intersect ADD', but fall entirely above it in the 
former case, and below it in the latter; and the construction 
of a triangle with the proposed elements will be impossible. 
This also appears from the formula of solution (Art. 37) ; for 
if a < CD, then since CD < 90^ 

sin a < sin CD < sin ^4 sin J ; 

and if a > CD', then since CD' > 90^ 

sin a < sin CD' < sin -4 sin J ; 

so that in both cases the equation sin 5 = sin .4 sin J -r sin a for 
determining B, is impossible. 

Excluding therefore these impossible cases, and always sup- 
posing the circles to cut one another, we shall now examine in 
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what cases one or both of the triangles determined by their in- 
tersections, are inadmissible on account of having a side > 180^, 
or an angle = 180° — A instead of -4. 

60. Case I. Let the given angle A be less than 90® ; and 
first suppose h less than 90**, then AD must be also less than 90® 
(Art. 29) and consequently less than DE. If therefore a be less 
than J, it is evident that we may place an arc -B(7= a between 
A G and CD, and another GB = a between EG and CZ>, and so 
construct two triangles that have the given elements; but if 
a = J the triangle ABG disappears, and if a > J the triangle 
ABC has the angle 180° — -4 instead of -4, so that there only 
remains one triangle AGE' with the proposed elements, and that, 
only so long as a < 180* — J. 

Next suppose -4(7* or J > 90°, then if a < 180° — J we may 
place CB = OB' = a on each side of the perpendicular CD^ and 
so construct two triangles that have the given elements ; but if 
a = 180°— b the triangle A GB becomes a lune, and if a > 180*— h 
the triangle A GB has a side > 180°, so that there only remains 
one triangle A GB that satisfies the conditions, and that, only so 
long as a < J. 

Hence we conclude that there are, if 

!a <h two solutions, 

a = or > J one solution, 

a + J = or > 180° no solution ; 
I a < 180° — J two solutions, 

a = or > 180° - b one solution, 
a = or > J no solution. 

61. Case II. Let the given angle be greater than 90'; 
then in exactly the same way, using the triangle A GD\ instead 
of A GD, we may shew that there are, if 

!a > 180° — b two solutions, 
a = or < 180° — b one solution, 
a = or < J no solution ; 

ia>b two solutions, 

a = or < J one solution, 

a = or < 180°— b no solution. 

* The reader is requested to sapply the letters in this part of the diagram. 
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52. It is evident that bj means of the Polar Triangle, the 
discussion' of the 5th Case of the solution of oblique-angled 
triangles, in which the data are A, B, a, maj be reduced to 
the above ; and we may apply the results just obtained to that 
case, if we change a, b, A into A, B, a, and the sign > into < , 
and < into > . In those cases where the given elements cor- 
respond to only one solution, the calculation will still indicate 
two; but the one to be taken may be always discerned by 
means of the property that the greater side is opposite the 
greater angle. 



APPROXIMATE SOLUTION OF SPHERICAL TRIANGLES IN 

CERTAIN CASES. 

« 

63. We shall now give a few instances of the application 
of Spherical Trigonometry to cases which allow the exact for- 
mulas hitherto obtained, to be advantageously replaced by 
approximate ones of much greater simplicity. These instances 
chiefly occur in investigations having for their object the correct 
representation of a portion of the Earth's surface which is too 
large in extent to be considered as situated in one plane. 

64. Let a, 13, y be the arcs forming the sides of a spherical 
triangle situated on the surface of the terrestrial globe whose 
radius we shall denote by r. Now although the arcs a, /8, 7 
may be several miles in length, they are so small compared 
with r, that the angles subtended by them at the Earth's center 
are very small, usually considerably below 1°; and for angles of 
that magnitude, the logarithmic tables do not enable us to attain 
sufficient exactness. It consequently is attended with much 
less trouble, and with equal accuracy, to reduce the solution of 
such spherical triangles as we have described, to that of plane 
triangles, which may be effected by means of the following 
Proposition. 

65. If the arcs which form the sides of a spherical triangle 
be very small relative to the radius of the sphere, then each of 
its angles will exceed the corresponding angle of the plane 
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triangle whose sides axe of the same length as the arcs forming 
the sides, by one-third of the spherical excess. 

Let Aj By C denote the circular measures of the angles of 
the spherical triangle whose sides are the arcs a, ^, 7; and 
A', By C the circular measures of the angles of the plane 
triangle whose sides are of the same length as a, ^, 7 ; 

a y 

cos — COS — cos - 

then cos A = ^ ; 

. /^ . 7 

sm — sm - 

r r 

, a a' a* 

but cos - = 1 — r-o + 



r 2r* 2 . 3 . 4r* ' 



a a a' 



sm - = 



r r 2.3r' ' 

expanding the cosine and sine in terms of the circular measure 
of the angle, and neglecting powers above the fourth; and 

similarly for — , - ; 

= cos A'-^ sin' A'. (Art. 115, Plane Trig.) 

or 

Let A = A' + 0; /. cos .4 = cos A' — sin A'; 

. /? ^jBinA' _ 8 _ j_j..^ 
.. ff- — 6^— -37' or^-^ + ^^,, 

if 8 denote the area of the plane triangle ; hence, since 8 does 
not alter when A is interchanged with B or with G, 
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.'. A + B+C=ir + ^, = 'ir + E; .: ^ = E, 

T r 

66. Hence when three parts of the spherical triangle are 
given, we can always obtain with sufficient exactness three parts 
of the plane triangle ; and by means of these all the parts of the 
spherical triangle will become known. 

Suppose that the three arcs a, ^, 7 are given, then 8 the 
area of the plane triangle can be found at once, and therefore 

the number of seconds m E= -5—; — -r, ; if then the angles 

A\ B, C be computed in degrees, &c. from a, /S, 7, we shall, by 
adding to each one-third of E expressed as above in seconds, 
obtain the values of the angles -4, -B, (7: and thus the angles of 
the small spherical triangle become known as accurately as if 
they had been computed from the three given sides by exact 
formulsB. 

Next suppose that J, /S, 7 are given, then 

^= J^7 sin A' = \Py sin A nearly, 

therefore the number of seconds m E=^ -s— ; — -„ is known ; hence 

r* sm 1 

in the plane triangle,^, 7 and -4' = jil — Jj&, are known, and 
consequently its remaining parts, and therefore those of the 
spherical triangle, may be found. 
If Ay a, /S are given, then 

. -., B sin A' iS sin ^ , 
sm B = = nearly ; 

therefore C = 180* - ^ - ^ nearly ; 

.'. 8^ ioB sin C, and the number of seconds in E^-^—, — jr, 
^ r* sin 1 

If A, J5, 7 are given, then 8= . /^ . p\ nearly, and the 

number of seconds in E — ^rr^. — -77 . And if A, B, a are given, 

r sm 1 o > 

then C = C'^ 180*^ — A — B nearly, and we must proceed, as 
above, with the elements (7, 5, a. 
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57. To reduce an angle to the horizon. 

Let BDG (fig. 12) be an angle situated in an inclined plane, 
and having its vertex in the vertical line AD. Draw a hori- 
zontal plane meeting the lines BD, CD, AD in the points 
Ej Fy G; then the angle EGF is the horizontal projection of 
z BDG, or is the z BDG reduced to the horizon; and it is re- 
quired to compute z EOF, supposing the angles BDG, BDAy 
GDA, to have been determined by observation. Describe a 
sphere with center D and any radius, and let the planes EDF^ 
FDO, ODE meet its surface in the arcs BG, GA, AB, forming 
the spherical triangle ABG; then its three sides are known, and 
the ^ BAG =^ EOF is the angle sought, and may be computed 
from the formulae 

sin 1 i^. /^^~^)sin(^-c) 
^ V sin J sin c ' 

where zBDG=a, ^BDA = c, iGDA=^l, and« = i(a + J + c). 

58. In practice, the angles h and c usually differ so little 
from right angles, that an approximate formula will suffice. 

Let J=^— A, c=i7r— A', then making sinA=A, cosA=l— ^A*, 
and supposing -4 = a + ^, where 6 is very small, we have 

, y,. cos a — sin A sin A' cos a — AA' 
^'(* + ^)^ COS A cos A' i-^(A^+A") ' 

.'. cosa— ^sina=(cosa — AA') (l+iA^ + iA*^ 

s= cos a + i cos a (A* + A'^ — AA' ; 
.'. = AA' cosec a — ^ (A' + A'*) cot a. 

Let2> = i(A + A'), j = i(A-A'); 

.•./-2» = AA', />' + 2'=HA' + A'^; 

•'. 6— (^* -^ 2*) cosec a - (^' + 2*) cota = y tanja — j^cot Ja. 

With a Theodolite the horizontal angle A can be observed 
directly, and this correction becomes unnecessary. 

59. Given two sides and the included angle of a spherical 
triangle, to find the angle between the chords of those sides. 

Let ABG (fig. 15) be a spherical triangle, the center of 
the sphere, AB, A G, the chords of the arcs AB, -4 0, and a the 
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angle included by them. Let pqr^ be a spherical triangle de- 
scribed about A as center with any radius ; then 

cos 2>2^= cosjpr cos qr + sin pr sin qr cosprq. 

But zjrrq is the inclination of the planes A OB, AOC, and 
= ^-4; and^=i:5^O = 90'-i^OJ? = 90'-ic, 

.'. cos a = sin i J sin^ c + cos ^ b cos ^ c cos A. 

Let a = ^ — 5, where ^ is usually very small ; therefore, 
cos a = cos ^ + ^ sin -4 ; and the second member is the same as 

sin4(5 + c)-8in4(ft-c) + {cos4(i + c)-8in4(J~c)}co8A 

Hence, equating these values and reducing, we find 

^=sin'J (J + c) tani-4 — sin' J (J — c) cot J -4, nearly. 

60*. It frequently happens in Astronomical Calculations that 
some of the parts of a triangle undergo very small variations 
whilst the other parts remain unchanged ; it is therefore useful 
to be able to assign the relations that exist between these small 
corresponding variations : so as to determine the effect produced 
on one element of a triangle by a very small change in another. 

60. If in a spherical triangle the angle C and the opposite 
side c remain constant, to find the relations between the corre- 
sponding small variations of any two of the other parts. 

Here the variations of the two remaining sides must be com- 
pared with each other, as also the variations of the two remain- 
ing angles ; and the variation of either of the remaining angles 
must be compared with the variation both of the side opposite 
to it, and the side adjacent to it. These four relations may be 
obtained in the following manner. 

First, to compare Ba and Sb the variations of the sides a 
and b. Writing down, in this and all similar cases, the formula 
involving the two constant elements, and the two whose varia« 
tions are to be compared, we have 

cos c = cos a cos J 4- sin a sin J cos (7; 

.*. cose = cos {a + Ba) cos (J -f Sb) + sin {a-hBa) sin (J +SJ) cos (7; 
TRIG. 27 
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or, since Sa is very small, and therefore sin Sa = Sa, cos Sa = 1 , 
and the same for Sb, 

cos c = (cos a — sin aZa) (cos b — sin bBb) + (sin a + cos aZa) 

X (sin b + cos bBb) cos (7 ; 

therefore, subtracting, and neglecting terms involving SoSJ, 

= Sa (sinacosJ— cosasinJcos(7)+SJ(sinJcosa— cosJsinacos C), 
or, dividing by sin a sin J, we get (Art. 22), 

0=-: — cot J? sin C+ -. — 5-cot-4sin C; 
sm a sin b 

/. 8a cos J?+ 86 cos .4 = 0. 

Hence from the polar triangle, if &A, BB be the variations 
of the angles, whilst C and c remain unchanged, 

SA cos J + 85 cos a = 0, 
The above result may be also obtained geometrically, as follows. 

Let A GB (fig. 26) be the triangle, and (7a, 0&, the altered 
values of the sides, so that ah = AB\ draw the arcs oa, Bfi 
perpendicular to AO^ b 0, then ajS = Ba nearly, and therefore 
Aa = bfi, or, since the triangles Aaa^ Bbfi may be regarded 
as plane triangles, 

Aa . cos A = Bb, cos Bb0, or 8a cos J5+ 8J cos .4 = 0, nearly. 

Next to compare the variations of A and a, or of A and J, 
we must proceed in the same way with the equations 

sin -4 sin c = sin C sin a, 
cot (7sin w4 = cot c sin J — cos A cos b ; 

and we shall find 

cot ABA = cot aSa, cos BSA = — cot a sin ASb. 

61. To compare the corresponding small variations of any 
two of the other parts of a triangle, in which two angles -B, (7, 
or two sides b, c, remain constant. 

First suppose two angles to be constant ; then the variation 
of the third angle must be compared with the variation of the 
side opposite to it, and with the variation of a side adjacent to 
it; and the variation of the side intercepted by the constant 
angles must be compared with the variation of either of the 
other sides; and lastly the variations of the sides opposite to 
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the constant angles must be compared. Hence for these four 
relations, proceeding as above with the equations 

cos -4 = — cos -Bcos C+sinB sin C cos a, 

cos J5 = — cos -4 cos (7+ sin ^ sin C cos J, 

cot jB sin (7 = cot J sin a — cos C cos a, 

sinJsin (7 = sin c sin J?, 
we find 

BA = sin b sin OSa, sin ASb = cot cSA ; 

sin ASb = sin B cos cBa, cot bBb = cot cSc. 

Hence by the polar triangle, supposing the two sides b and c 
to remain constant, we have 

Sa = sin J5 sin cSAy sin aBB = — cot CBa ; 

sin aBB = — sin J cos CBA, cot BBB = cot CB G. 

62. To compare the corresponding small variations of any 
two of the other parts of a triangle, in which an angle and a side 
adjacent to it A, c, remain constant. 

Here the variations of the two remaining sides must be com- 
pared with each other, as also the variations of the two remaining 
angles ; and the variation of each of the remaining sides must 
be compared with that of each of the remaining angles : which 
leads, by the same process as before, to the six results. 

Sa = cos CBb, BC= — cos aBB; 
sin aBB= sin CBb, tan aS(7= — sin CBb ; 
sin aBB = tan CBa, tan oBC^ — tan CBa. 



ABEA OF A SPHERICAL TRIANGLE. RADII OF ITS INSCRIBED 
AND CIRCUMSCRIBED CIRCLES. REGULAR POLYHEDRON, 
PARALLELOPIPED, AND TETRAHEDRON. 

63. Given two sides and the included angle of a spherical 
triangle, to find the spherical excess. 
Since E^A^B^ (7-180* 

COS ^ (g + S) 



w^ — (^- ''^ 



COS J (a + b) 
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. , , V 1 + cos (7 , . , . , . 1 - cos (7 
cos iia — O) — ; — 77~ + cos i(a + o) — -, — 7=— 
^ ^ ^ sm (7 ^ ^ ^ sin (7 

"~ cos i (a + b) — cos i (a — J) 

_ 1 cos ^ a cos ^5 + sin ^a sin J 5 cos C 
sin (7* — sin^asin^ft ' 

.'. cot ^E= cot J a cot J J cosec (7+ cot C. 

Hence the area of tlie triangle, which equals Trr' x -— , is 

180 

known. 

64. Given three sides of a spherical triangle, to find the 
spherical excess. 

teni^= tani [\{A-\-B)-^ (180^- C)] 

_ sin^(^ + g)-sin^(180<>-0) 

" cos i (^ + J5) + cos \ (180' - (7) ^^^- -^"S- ^rt. 5ij; 

^ cos^(a-ft)-cos^c cos ^(7 ^^ 
cos ^ (a + 5) + COS |c 'sin I (7 ^ ' -^ 

_ sin ^ (g + c ~ ^) sin ^ (5 + c ~ a) I sin * sin (« — c) 
"" cos J (a + 6 + c) cos J (a + 6 — c) * V sin (« — a) 8in(« — &) 

= V{tan \8 tan ^ (« — a) tan | (« — i) tan i (« — c)}. 

65. To find the angular radius of a circle which passes 
through three points of intersection of the arcs forming the sides 
of a given triangle, in terms of the angles, or sides of the triangle. 

First let the circle pass through the angular points of the 
triangle, and let R denote its angular radius. Draw the arcs 
aOy hOy (fig. 22), perpendicular to the sides BC^ AG, through 
their middle points, and draw Oc perpendicular to AB. Join 
OA, OB, OC; then is evidently the pole of the circumscribed 
circle, and c the middle point of AB. Hence 

^a+z0^5=i(^+J?+C), or ^0AB=8-C; 
but from the right-angled triangle OAc, cos Ac =coi OAtaxiAc, 

• • xan St ^ / 1^ y-»\ • 
cos (/S- C) 
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If iS — C and c be invariable, R is invariable ; which shews 
that the locus of the vertex of a triangle upon a given base and 
whose vertical angle differs from the sum of the angles at the 
base by a constant quantity, is a circle. 

Also, cos {8- C)= cos i{A+B) cos i C+ sin ^{A+B) sin ^ (7, 

. , / . i\ w ,v, siniCcosAO cosiacosiJsinO 

= {cos i(a + b)+ cos i (a - i) } — - — . ^ = ^ r > 

^ '^ ' *^ '^ cos|c cos^c 

/ D sin ^c 

.-. tanJK= * 



cos ia cos ^i sin (7* 

But if the circle pass through A, B, and the point C in 
which the sides CA, CB again intersect, as it will be described 
about a triangle having for sides and angles (7, c, and the sup- 
plements of A, jB, a, h, we shall have, calling its angular 
radius jB*, 

tanjg'= tan|c ^ sin jc 

— cos fi^ sin^asin^isin C 

This result shews that if c and /S be invariable, then R' is 
invariable. Hence (fig. 6) if a circle be described about the 
triangle ABC, the intersection C will always be in it for any 
position of the triangle ACB consistent with the sum of its 
angles, or its area, remaining the same ; and since C traces out 
a circle on the sphere, C the opposite extremity of the diameter 
traces out an equal circle, which is the locus of the vertex of a 
triangle of constant area upon a given base ; and whose angular 
radius is given by the equation 

cot ^' = — cos /S . cot \c. 

If in these expressions we substitute for tan \ c, sin C, their 
values (Arts, 48 and 36), we get taujB, tan.B', expressed in 
terms of the angles, and sides, respectively of the given tri- 
angle. 

66. To find the angular radius of a circle which touches the 
three arcs forming the sides of a given triangle, in terms of the 
sides, or angles of the triangle. 

First let the circle be inscribed in the triangle and let r de- 
note its angular radius. 
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Bisect the angles A and 5, by the arcs AO, BOy (fig. 22), 
join CO, and from draw the arcs Oa, OJ, Oc perpendicular 
to the sides ; then these perpendiculars are evidently equal to 
one another, therefore is the pole of the required circle, and 
the angle C is bisected by 0(7; also Ac=^Ab, Ba = Bc and 
Ca^Cb. Hence, AB+ Cb = ^{a + b + c), or Cb^a-c) but 
from the right-angled triangle GbO^ 

sin Cb = tan Oi . cot J (7; 
.'. tan r = sin {a — c) tan ^ (7. 

If a + J — c and C be invariable, r is invariable; which 
shews that the bases of all triangles that have a fixed vertical 
angle contained by sides whose sum exceeds the base by a con- 
stant quantity, touch the same circle. 

Also tan r = {sin ^ (a + J) cos J c — cos J (a + i) sin ^ c] tan ^ (7, 

= {cos i (^ - 5) - cos i (^ + 5)} ?^2i£|^ (Art. 25), 

sin ^^ sin j^^ . 
cos-^C 

But if the circle touch the side c and the two others pro- 
duced, as it will be inscribed in a triangle having for sides and 
angles G, c, and the supplements of A, J5, a, i, we shall have, 
calling its angular radius /, 

, . X I i^ cosi^cosAjB . 

tan r = sm 5 . tan i G = — t-t^ — sm c. 

cos i G 

This result shews that if s and G be invariable, / is invari- 
able. Hence (fig. 6) if a circle be inscribed in the triangle 
ABG\ AB will still touch the circle when removed into any 
position consistent with the condition of the perimeter of the tri- 
angle A GB remaining the same ; in other words, the bases of all 
triangles that have the same fixed vertical angle and a perimeter 
of constant magnitude, will touch the same circle, whose angular 
radius is given by the equation 

tan r = sin s . tan ^ (7. 

If in these expressions we substitute for tan^O, and sine 
their values, we get tan r and tan r' expressed in terms of the 
sides, and angles, respectively of the given triangle. 
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67. If 5 be the number of the solid angles of a polyhedron, 
F the number of its faces, E the number of its edges, then 

8 + F=E'\-2. 

From any internal point as a center, suppose a sphere to 
be described with radius equal to unity; join the center with 
each of the angular points of the polyhedron, and then join all 
the points where these lines meet the surface of the sphere by 
arcs of great circles ; there will thus be formed as many polygons 
as there are faces. 

If therefore s be the sum of the angles of any one of these 
polygons, and n the number of its sides, (since it may be di- 
vided into as many triangles as it has sides, having a common 
vertex) its area=5 + 27r— utt; and therefore, adding the areas 
of all the polygons together of which the number is F, 

area of sphere = 47r = ]S {«) + 2 Fir — ttS (w). 

But 2 («) = sum of all the angles of all the polygons 
= 27r X number of solid angles = ^irS ; and "% {n) = number 
of all the sides of all the polygons = twice the number of 
edges = 2^, because each edge gives an arc common to two 
polygons ; 

.-. ^7r = 2ir8+2wF''2TrF, or 8+F=F+2. 

68. There can be only five regular polyhedrons. 

In the case of a regular polyhedron, every face has the same 
number n of sides, and every solid angle the same number m of 
faces ; and the entire number of plane angles in all the faces is 
equally expressed by nF or m8 or 2E; 

.-. nF=^m8=2E, and 8^F=^E-\-2', hence 

S^ K-/ \ > which must be a positive integer ; 

2 {m + n) — mn r o > 

.*. — h - > 7: ; but the greatest value both of — and - is - , 

therefore neither — nor - can be so small as -; therefore 

fn, n 6 

the only admissible values for m and n are 3, 4, 5 ; and those 
combinations of them must be taken which make 8^ Fy and E 
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integers. It will be found that if the faces are equilateral 
triangles, or n = 3, we may form each solid angle of the poly- 
hedron with 3, 4, or 5 angles of these triangles, and so form 
the tetrahedron, the octahedron, and the icosahedron, or the 
solids of four, eight, and twenty faces, respectively. If the 
faces are squares, or w = 4, we may form each solid angle with 
three plane angles, and so form the cube or hexahedron ; and 
if the faces are pentagons, or n = 5, by uniting three of their 
angles to form a solid angle, we obtain the dodecahedron ; and 
these are all the regular polyhedrons that can exist. 

69. To find the inclination of two adjacent faces of a 
regular polyhedron, and the radii of the inscribed and circum- 
scribed spheres. 

Let AB^a (fig. 25) represent an edge of the polyhedron 
common to two adjacent faces whose centers are C and J?; 
CO = r the radius of the inscribed, AO^B that of the circum- 
scribed sphere ; OD perpendicular to AB. Let the planes AOCy 
COD, A ODy meet the surface of a sphere whose center is 0, in 
the arcs^j, jr, rp ; then 

, 27r 27r J , 

/. cos p = COS gr . sin J ; 
but cos qr = cos COD = sin CZ)0 = sin /, if 7= z. CDE] 

.*. sm*i = cos — rsm — . 

m n 

Also cos pa = cot » . cot q. or — = tan — tan — , 

and jff = r' + la'cosec' — , 

from which equations R and r may be found. 

The area of each face = ^ a' cot - ; (PI. Trig. Art. 129) 

4 u 

/. area of surface of polyhedron = — a' cot — , 
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and volume = J area of surface x radius of inscribed sphere- 
Also the radius of the sphere to which the edges are tan- 
gents, OD = sJie-^a^ ; and the radius of that to which one 
face and the n adjacent ones produced, are tangents, 

= CD cot i/= ^a cot — cot ^L 

70. To find the volume of a parallelepiped in terms of its 
edges and their inclinations to one another. 

Let the edges be 8A = a, SB=^b, 8G=^c, (fig. 27), and 
the angles which they make with one another B8C=a, 
A8C = I3, A8B = y; drop the perpendicular GO firom Con 
the plane A8By and let the arc FG be the intersection of the 
plane C80 with the surface of a sphere whose center is 8, and 
2>j&, EFy FB, the intersections of the faces of the paral- 
lelepiped with the same sphere. Then the volume of the 
parallelepiped 

= area of base AB x altitude CO = oS sin 7 x c sin F(} 

= aic sin 7 X sin a sin E, from the right-angled triangle FEG^ 

= abc V 1 — cos* a — cos* fi — cos* 7 + 2 cos a cos ^ cos 7, 

where for sin E is substituted its value in terms of the sides of 
the triangle EDF by Art. 20. 

Moreover if 8, 8' denote the areas of the faces AB^ BC, which 
intersect in the edge 8B = b and are inclined to one another at an 
angle = Ey then the volume of the parallelopiped 

. . sin^ 88'&mE 
= a^ sin 7 . 6c sm a . — v — = t • 

71. To find the diagonal of a parallelopiped in terms of its 
edges, and their inclinations to one another. 

Let FHhe the intersection of the plane ^PTwith the sphere 
whose center is 8 ; then 

8r^8P'+Pr^' 28P. PT cos FH, 

or, substituting for /SP* and for cos FH their values (see Prob. 1), 

81^ = a*+S*+2a5cos7+c*+ 2c. -: — (cosa. siniCD+cosflsinflEl 

sm 7 ^ #^ J 

= a* + i* + c* + 2ab cos 7 + 2c {i cos a + a cos /8}, 

TRIG. 28 
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since from the triangles ASPj B8P we have SPmi HD = J sin 7, 
/SPsin HE =s a sin 7. 

72, Given the six edges of any tetrahedron, to find its 
volume. 

Let 8ABG (fig. 27) be the tetrahedron ; then it will evi- 
dently be one-third of the prism whose base is A8B and height 
COy and consequently one-sixth of the parallelopiped whose 
edges are 8Ay 8By 8G; and therefore its volume 

= J die Vl — cos* a — cos' fi — cos* 7 + 2 cos a cos /3coay; 

but if AB=^c\ AG=b\ BC=a, then 2aJcos7 = a* + &*-c'*, 
2accos)8 = a* + c*— i'*, 2Jccosa = J* + c* — a'*; and these values 
of the cosines being substituted, the expression for the volume 
of the tetrahedron becomes (where 8 denotes the sum of the 
squares of its six edges) 

4 {8 {a'a'^ + Vb*^ + cV*) - 2aV (a* + a'*) - 2i V (i* + 6'*) 

- 2c*c'* (c« + O - {abc'Y - {bca'y - {a6by - (a'J V)»} i. 

We may take notice that the volume of a Tetrahedron can 
also be expressed by the areas ;S^, 8' of any two of its faces, their 
angle of inclination E, and the length h of the edge in which 
they intersect : for it equals one-sixth of the parallelopiped. 
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PROBLEMS. 



1. In any triangle, to find the arc AD intercepted between 
a given point D in one of the sides, and the opposite angle, 
(fig. 8), 

cos AD = cos AB cos BD + sin AB sin BD cos J5, 

and substituting for cos B its value in terms of the three sides, 
we get 

cos .4i> sin J5(7 = cos .4J9 sin i) + cos ^ (7 sin 5i>. 

2. On the surface of a sphere to draw a great circle passing 
through a given point and touching a given small circle. 

Let B be the given point, (fig. 16), and P the pole of the 
given circle AC\ then if J?C^ be a great circle touching -4(7, 
and PC be joined, PCB is a right angle ; and therefore 

cos BPG = tan PC cot PB, 
which determines the point G^ and consequently the circle BC. 

3. If two arcs of great circles terminated by any circle, cut 
one another, the products of the tangents of the semi-segments 
are equal to one another. 

Let AB, CD (fig. 17) be the two arcs which intersect in F, 
Pthe pole of the circle in which they terminate; join PC, PA, 
PF, and draw the perpendiculars PH, PG to AB, CD. Then 

T^^ cos PF cos PA ^„ cos PF cos PC 

C0SPG= r^= rTii C0SPH= rTO^= TTfrl 

COS FG cos AG ^ cos FH cos GH^ 

cos GR cos AG cos CH- cos Fn _ cos AG — cos FG 
''' cos FH'^ cos FG' cos Gff+ cos FH" cos AG + cos FG ' 

or tan i^i^. tan iZB = tan iOi^. ten ii^i). 

4. The product of the sines of the semi-diagonals of a 
quadrilateral inscribed in a circle, is equal to the sum of the 
products of the sines of half the opposite sides. 
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Let the dotted lines (fig. 24) represent the chords of the 
arcs ; then they all lie in the plane of the circle circumscribing 
the quadrilateral, emd AD .BG=^AB.GD + AC .BD; 

/. sin ^AD . sin ^BG = sin i^AB , sin ^ GD + sin ^A G . sin ^BD. 

It is easily seen that the sums of the two opposite angles of the 
quadrilateral are equal to one another. 

5. If E and Fhe the middle points of the diagonals of any 
quadrilateral ABGD, then the sum of the cosines of its sides 
will equal 4 cos AE cos BF cos FE. 

From the triangles ABD, A GD^ (fig. 24) we get by Prob. 1 , 
2 cos AE. cos J5!S= cos AB + cos £Z>, 
2 cos AE. cos (IE? = cos -4 C+ cos GD ; 
but cos BE = cos BF. cos FE + sin BF. sm i^jE^cos BFE, 
cos GE = cos GF. cos FE - sin GF. sin FE cos BFE-, 
.'. sum of cosines of the sides = 4 cos AE cos BFcob FE. 

6. To prove that sin ^ (spherical excess) 

sin|asin|i . ^ 

= ^ — ; — ^- X sm C7. 

cos ^c 

sin i^= sin {i (^ + J?) - i (180* - C?)} 

= sin i(^ + 5) sin ^(7- cos i(J: + 5) cos^C?, 

r 1/ 7x 1/ . iM sini(7cosAC^ /A-x *^c\ 

= {cosi(a-i)-cosi(a + J)} — ^^^^^ (Art. 25) 

sin ia sin ^b . ^^ 
— gxn C/. 

cos^c 
Hence : (Art. 63) 

cos iE=^ {cos ^a cos Ji + sin ^a sin ^ J cos 0] sec ^c. 

1 + cos a 1 + cos 6 

Also since cot ia cot ^6 = , . .^ , > 

* sm a sm o 

, ^ cos c — cos a cos 5 

and cos C7= : -. — 7 > 

sm a sm 6 

^ - ^ 1 + cos a + cos 5 + cos <5 

.*. COt*jC/= ; ; — 7 — ; — 7y 5 

^ sm a sm 6 sm C7 
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where for the denominator its value furnished by the formula of 
Art. 36 may be substituted. 

It may be shewn, as in Art. 64, that 

7. K two arcs QBA, Qba, (fig. 18), be intersected by two 
others PaA, PbB, in the points A, J?, and a, J, then 

sin A Q sin Aa sinPJ 
sin BQ "" sin Pa am Bb' 

Tj, sin ^ Q sin A Q sin^a sinJ55 
sin BQ "" sin -4a ' sin Bb * sin BQ 

_ sin a sin Aa sin Q _ sin^a sin a 
sin ^* sin Bb ' sin i ~ sin Bb' aiab 

_sin^a sinPJ 
" sin jBi * sin Pa ' 

8. If two arcs ABC, ahc (fig. 18) be intersected by three 
others which pass through the same point P, in the points -4, 
By Oy and a, 5, c, then 

sin Pi . ,^ sin^a . ^^ sin Ck . . ^^ 
sm Pb sm Pa sm Pc 

We have (p. 142, Prob. 18) 

sin AG. am BQ = sin ^ ^ sin BG + sin AB sin GQ ; 

, sin^Q _ sin Pc sin Aa sin PQ _ sin Pc sinPi ^ 
sin CQ ~" sin Cb * sin Pa ' sin (7^ ~" sin Oc sm P6 ' 

hence, eliminating sin PQ and amAQ from the above equation, 
we get 

sinPJ . .^ sin^a . ^^ sin Ofe . .-n 
—. — rfT*^^T^AO=-, — y^smPc7 + -;^ — ^sm^^. 
sm Pb sm Pa sm Pc 

This may be written 

/sinPP -,_A . ,^ /sinP4 r>^\ • z>/v 

(- — TTT- cos PP smjl(7= (r — 5- -cosP4 smPC/ 
\tanPA / \tsinPa J 

+ (^~^- cos pa) sin^P; but (Prob. 1), 
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COB PB Bin AO = COS PA .smBO + COB PC Bin ABy 

sinPB . .^ Bin PA . „>^ sin PC . .^ 
.'. - — =rY.BmAC='- — 7r-.sin^C/+T — TT.BmAB. 
tanjPo tanjPa tanjrc 

If P be the pole of AC, then 

tan Bb,BmAC= tan ^a . sin B0+ tan Cc . sin AB, 

which expresses the relation between the latitudes and longi- 
tudes of three places situated in the same great circle. 

9. The arc passing through the middle points of the sides 
of any triangle upon a given base, will meet the base produced, 
in a fixed point whose distance from the middle point of the 
base is a quadrant. 

We have (fig. 18) 

BinAQ __ sin Aa sin Pc .p , . 
sin CQ "" sin Pa * sin Ofc ^ * ^' 
if therefore a and c be the middle points of -4P, CP, this be- 
comes 

BmAQ = BmCQ; .-. AQ-hCQ^lSO''; 

and if 5 be the middle point of AO, 

QB = ^{AQ + OQ) = 90\ 

10. If one side of any triangle upon a given base be bisected 
by a secondary to the -great circle which bisects the base at right 
angles, the other side will also be bisected by it. 

For if Q be the pole of the great circle bisecting the base at 
right angles, so that QB = 90°, then 

.AQ+QO==1SO\ and BmAQ^BinCQ; but 

sin A Q sin Aa sin Pc sin Aa sin Cc 

sin CQ sin Pa * sin Cc ' ' ' sin Pa sin Pc * 

and if Aa^Pa, then Cc=Pc. 

11. All triangles upon a given base, and which have the 
middle points of their other two sides in the same great circle, 
are equal in area. (Fig. 19.) 

Let AB be the given base, J9 its middle point, DK^ 90®, 
KFO any circle passing through K\ then if A CB be a triangle 
having one of its sides AG bisected in fl^, the other will be 
bisected in F (Prob. 10) ; and if E be its spherical excess. 
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X , rr cot la cot ic + COS -B ^ ^ , 

cot i±^ = ^ r-^ = cot A cosec Ac 

* Bin ^ * 

from the triangle KBF, in which since 

^jB=90°-ic, and /Z'J5JF'=180*-J5, 
cot ia cos ic = cot ^sin JB — sin ^o cos B (Art. 22) ; 
therefore E is invariable. 

Also cos FG = cos ^a cos ^5 + sin ^a sin ifi cos O 

= cos ^^cos ^c (Prob. 6) ; 

therefore the distance of the middle points of the sides of all the 
triangles is the same. 

12. To construct a triangle which shall be equal in area to 
a given triangle, and have an angle in common with it, and have 
one of the sides containing that angle of a given length. 

ACB the given triangle (fig. 21) and C the given angle. 
Take GB equal to the given side, bisect BB' in F, and AB in 
G ; produce FG to meet CA in F\ make F'A' = FA, and join 
A'B'; then AGB is the required triangle. For FG would 
meet AB produced, 90* from the middle point of AB\ therefore 
it bisects AB since it bisects AA \ therefore the triangles 
AAB\ ABB\ are equal to one another (Prob. 11), since they 
are on the same base and have the middle points of their other 
sides in the same great circle; therefore the triangles ACB, 
ACB are equal. 

13. Upon a given base to construct a triangle which shall 
have a given angle at the base, and shall be equal in area to a 
given triangle upon the same base. ^ 

AB (fig. 20) the given base, and A CB the given triangle, 
GF the axe joining the middle points of its sides. 

Make JS4G^'=the given angle, in GF produced take 
G'F=- GF, and produce BF' to meet^G^' in C; then ABC is 
the triangle required. (Prob. 11.) 

14. To find the locus of the vertex of a spherical triangle 
of given base and area. 

AB the given base (fig. 19), D its middle point, (^ an arc 
perpendicular to it, so that Dp = x, pG^y are the spherical 
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co-ordinates of the vertex of the triangle A CB whose spherical 
excess suppose to be ^9 and let a and /3 denote the spherical 
excess for the right-angled triangles AGp, BGp, respectively, 
so that E^ o^ + fi; 

then cot ^ a = cot (i c + i a;) cot ^y, (Art. 63), 

cot ^ /8 = cot (i c — i a;) cot iy ; 
.-. cot i a . cot i ^ = 'J^;:!:';^!; cof ^y, (Pl. Trig. Art. 53). 

cot i« + cot i^ = 33^^^-^cot iy; 

.^^^ ^^cotjoco^i^ 
' cot ^ a + cot ^ p 

_ cos i c cosec' Jy + cos a? (cot* iy — 1) 

2sin ic cot ^y 

= cot ^ c cosec y + cos x cosec ^ c cot y, 

or cos i c = sin I c cot ^ j& siny — cosa; cosy, 

the equation to the required locus. 

But if x', y', be the co-ordinates, reckoned from i), of the 
pole, and r the angular radius, of a circle of the sphere, the 
equation to its perimeter is evidently 

cos r = siny' siny + cosy' cosy cos (a;— a?'), 
which coincides with the above if 

cos T 

a;' = 0, — tany' = sin ic cot iE, j = cos Ac; 

' ^ s ' ' cosy ' 

and these three equations determine a?', y', r. 

The first shews that the center M of the locus lies in the 
secondary DD' to the base through its middle point ; the second 
that y'= ZjK'+90® = i>-B+90^ GEF being an arc joining the 
middle points of the sides AC, BG, {see Prob. 11, where it is 
shewn that cot .£'= — tan (90® + iT) = sin ^ c cot i jF} ; the third 
that a AC and BC be produced to meet the circle ABB in 
A\ J5', then A', B\ are points in the locus ; for 

cos MD' = — cos y', and A'D' = ^ c, 

therefore cos r = cos MB' cos A'B\ consequently r = MA = MB\ 
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As the direct investigation of the above, known as LexelFs 
Problem, is rather intricate, it may be worth while to give the 
following easy proof of its converse, 

15. If an arc be produced both ways till it equals the 
semi-circumference, and any small circle be described through 
the points to which it is produced ; then any triangle having 
that arc for base, and its vertex in the small circle, will have 
a constant area. 

Let AB (fig. 19) be the given arc produced to -4', B; 
M the pole of any small circle passing through A\ B'; C any 
point in the small circle; join AG, BG, which being produced, 
must pass through A\ B. Then the sum of the angles of the 
triangle ABG^AA!B^BBA^AGB 

==:MA'B^MBA, since MGA' == MA' G, MGB^MBG. 

Hence the sum of the angles, and consequently the area, of 
the triangle A GB, remains the same, for all positions of G in the 
small circle A!GB\ and the angular radius of that circle may be 
easily determined from the given base and area. 

For A!B = AB since the points A, A are the extremities of 
a diameter; and since ^ MAB^\ixiSi the sum of the angles 
of the triangle A GB, 

therefore i MAU = 180^ - /ff = 90^ - ^ JS^; 
hence from the right-angled triangle MAB, we get 

cos MAB = tan AB cot AM, or, aa in Art. 65, 
tan i c cot r = — cos /8^= sin i En 

16. If three arcs be drawn from the angles of a triangle 
through any point to meet the opposite sides, then the products 
of the sines of the alternate segments of the sides are equal to 
one another. 

Since the arcs A G, Aa (fig. 22) are intersected by the arcs 
BG, Bb, we have by Prob. 7, 

&mAC sin Ga &in BO 
sin Ab sin Ba ' sin Ob ' 
TRia. 29 
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again since the arcs CL4, Cc are intersected by the arcs BA^ Eby 

we have 

sin CA sin Ac sin 50 

sin Ch sin Be ' sin J ' 

hence dividing the former by the latter of these equations, we 

find 

sin Cb __ sin Ca . sin Be 

sin Ab ~" sin Ba . sin ^c ' 
or, sin CiJ • sin -4c . sin -B^ = sin Ab . sin (7a . sin Be, which is the 
result stated. 

Conversely, when three points a, 5, c in the sides of a triangle 
satisfy this condition, the arcs joining them with the opposite 
angles, intersect one another in the same point. The cases in 
which this condition is fulfilled, are exactly the same as for plane 
triangles, as we shall now shew. 

17. The three arcs drawn firom the angles of a triangle per- 
pendicular to the opposite sides, or bisecting the angles or opposite 
sides, or meeting the opposite sides in the points where they are 
touched by the inscribed circle, will intersect one another in a 
point. 

If a, b, c be the extremities of the perpendiculars dropped 

firom the angles upon the opposite sides, the above condition is 

fulfilled, since we have from the properties of right-angled 

triangles, 

cos Ab cos c tan Ab tan c • 

COS Cb "" cos a ' tan Ac "" tan b ' 
from which we easily deduce 

cos Ac cos Cb cos Ba = cos Be cos Ab cos Ca, 
tan Ac tan Cb tan Ba = tan Be tan Ab tan Ca, 
and consequently 

sin Ac . sin Cb . sin Ba = sin Be. sin Ab . sin Ca. 

If a, b, e be the extremities of the arcs bisecting the angles, 
then we have seen (Art. 66) that those arcs intersect in a point 
which is the pole of the inscribed circle ; and since 

sin Ab _ sin c 
sin Cb sin a ' 

it may be easily shewn that the condition of Prob. 16 is fulfilled. 
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The same condition is evidently fulfilled, if a, J, c be the middle 
points of the sides ; or if they be the points of contact with the 
sides, of the inscribed circle, or of circles touching one side and 
the two others produced; for in the former case 

Ca=Cb, Ba=Bc, Ab = Ac; 
and in the latter case 

Ab = Ba =is — c, Ac= Ga^s-^bf Bc= Cb = 8 — a^ 
where 2* is the perimeter of the triangle. 

18. If three arcs be drawn from the angles .4, B, (7 of a 
triangle through any point 0, to meet the opposite sides in a, J, c, 
then shall 

— — J— cos OA + -; — HT COS OB + —. — 7?- cos 0(7 = 1. 
sm Aa sm Bo sm (Jc 

For iix, y, z be the co-ordinates of referred to KA, KB, KG 
as axes, K being the center of the sphere, then 

X cos AKO + ycosBKO+z cos GKO=^ OK. (1). 

But drawing a line from parallel to Ka to meet KA in Q, 
we get 

X _ sin KOQ _ sin Oa 
'OK' sin KQO'"^^^' 

and similarly of the rest ; therefore by substituting in (1), we get 
the result stated. 

19. If three arcs be drawn from the angles of a triangle, 
through any point P to meet the opposite sides in A', B, G\ 
and Jlf be the pole, and B denote the angular radius of the cir- 
cumscribed circle, then 

sin PA sin PB sm PG' cos PM 
sin A A' "^ sm BB "^ sin GG' cos B ' 

Let (fig. 23) be the center of the sphere, and let the radii 
OP, OM, OB, OA, meet the plane of the circumscribed circle 
in^, m,b, a] then ^- Omp = ^(f, and 

pb __ Op sin PB Op Om sin PB _ coa BM sinPg , 
Bb OBsmBB" Om' OB' siRBB'" cos PM'amBB'' 
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. ££ .£^ .^» 
•• Aa^ Bb^ Cc 

9m PA sinPg sin PG\ coa BM 
^ " \mAA' "*" sin BB "*" sin CC] ' cos PM' 

20. To find the angular distance I) between the poles of the 
inscribed and circumscribed circles of a triangle. 

Suppose P (fig. 23) to be the pole of the inscribed circle ; 
then from the right-angled triangle PNB* 

sm r = sm PB sin B = -. — v»t>/ sm C sin a, 

sini>jD 

cosJD 111 sina+sini+sinc 



• _•_ /'>_• . "i _• 



cos^sinr sin^sinc ^ sin Csina ' siiL4sin6 M ' 

from Prob. 19, where if = sin 5 sin c sin A 

= Vl — cos* a — cos* b — cos* c + 2 cos a cos J cos c, 

xi_ x/A X /.I.N X 2sin5 ^ „ 4siniasinAJsin Ac 
•0 that (Art. 65) cot r = — ^ , tan5 = ^? — ^j~ S-.; 



Vcos M sm r/ 

2 

"* a7* (^ "^ ®^^ a sin 6 + sin a sin c + sin 6 sin c — cos a cos b cos c) 

= ^{2 sin |(a + J) cos ^c + 2 cos i (a — J) sin | c}* (p. 142) 

= -jj^ {2 sin tf + 4 sin i a sin ^ J sin J c}* 

*= {cot r + tan B]^ 

.•. sin* i) = sin' (J? — r) — cos" JB sin" r. 

If the circle touch the side c and the two other sides pro- 
duced, and its angular radius be denoted by r', then it will 
be similarly found that 

sin* jj) = sin* (S + /) - cos* B sin* r'. 

21. If be the pole of the circle circumscribing a triangle 
ABC, then 

cosi^O-B = cosiacos i Jcos C + siniasiniJ. 
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This results from Art. 59 ; for it is evident that the angle 
between the chords oi AC and BG is half the spherical angle 
A OB. 

22. If i/ be the pole of the circle circumscribing an equi- 
lateral triangle ABC, and P any point on the sphere, then 
(fig. 23) 

cosP^ + cos PB + cos PC = 3 cos -B cos PM. 
For cos PA = cos -ff cos 2> + sin -B sin D cos AMP, 

cos PB = cos jB cos i> + sin R sin D cos (120^ - AMP), 
cos PC = cos -B cos Z) + sin R sin D cos (120® + AMP) ; 

.'. cos PA + cos PB + cos PC = 3 cos iZ cos D. 

23. In a spherical triangle if the arcs bisecting two angles 
and terminated in the opposite sides be equal, then the bisected 
angles shall be equal provided their sum be less than two right 
angles. 

Let the angles C and B of the triangle ABC (fig. 13) be 
bisected by the arcs CD, BD\ and let CD = BD\ then lB^lC\ 
for if not, let B> C, then also, F being the intersection of CD 
and BD\ CF> BF and FD > FD, and consequently CD' > DB. 
Make therefore in FC, FD\ FH= FB and FO = FD, and join 
GH\ then the triangle i^^rfi" falls within FD'C, and therefore 
the sum of its angles is less than the sum of the angles of 
FD'C] 

.-. ^ G-^^ ir= < D-\-\B<^D'-\-^C] .\ lD>lD. 

Now conceive a triangle to be constructed on the other side 
of CB with sides BE, CE, respectively equal to CD, BD, and 
having consequently its angles equal to those of the triangle 
CDB, and join D'E. Then since BE=^ BU, z BD'E^ z BED' ; 
but z BD'Cis greater than z BEC or D ; therefore 

z CD'E> CED' and CE> CD', 

or BD > CD'. But BD has been shewn to be less than CD', 
which is absurd; consequently ^ B=: z C. It will be observed 
that ^ D' CE = ACB -\- ABC must be less than two right 
angles. 
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24. To find the radii r, R of the inscribed and circumscribed 
spheres of any tetrahedron. 

For the inscribed sphere we have J r x area of surface 
= volume. The center of the circumscribed sphere will evidently 
be the intersection of two lines at right angles to two faces pass- 
ing through the centers of their circumscribed circU s. Let JEDF 
(fig. 28) be a plane bisecting the edge 8G at right angles, and 
therefore containing the perpendiculars EO, FO, to the faces 
ACS, B8C, through the centers of the circles which circum- 
scribe them, and consequently the center of the circumscribed 
sphere. Then 

\&m I) J 

==8ir + -^(EI/ + DF^-2ED.DF.eoaD) 

Bin JJ ^ ' 

1 r/7^ 1 -nr. a — C COS ^ ^^ J — C COS tt 

where ;8i> = i c, JEZ> = -— -^— ^, DF=—r—. , 

* ' 2 sm p 2 sm a 

and cos D = — "^ — : — 7^ — - . Substituting these values, 

sin a sm p 

we get 

(2.B sin a sin /3 sin i>)» = (a sin a)' + (J smfiY + (c sin 7)' 

+ 2ah (cos a cos )8 — cos 7) + 2ac (cos a cos 7 — cos )8) 

+ 2bc (cos ^ cos 7 — cos a), 
and replacing cos a, cos )8, cos 7, by their values firom the 

equations 

2bc cos a = J' + c* — a^, 

2ac cos )8 = a" + c* — J**, 2ah cos 7 = a' + J" — c\ 

and reducing, we find 

{^Rahc sin a sin )8 sin Dy 
= 2 [ac^hVy+ 2 {aa'cc'Y + 2 {bb'ccy - {(m'Y - (Ji')* - (cc')* 

= 165 (5-aa') (5-JJ') (*-cc') if 25 = aa + J5' + cc' ; 

or, since V the volume of the tetrahedron 

= J abc sin a sin )8 sin D 

P _ Vg (5 — gg') (g — bb') {s — cc') 

^" 6F ' 

the expression for the radius of the circumscribed sphere in terms 
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of the volmne of the tetrahedron, and the products of every two 
of the opposite edges. 

Or, if the length of an edge, the inclination of the faces 
which intersect in it, and the angles which it subtends at the 
other vertices of the tetrahedron, be given, then 

/SO'=fiZ>' + -^^(cot»^ + cot»^-2cot^cot5cosi>). 

Bin D ^ * 

25. To determine the arc which joins the vertices of two 
given triangles upon the same base. 

Suppose the base bisected in- (fig. 20) ; then (Prob. 1) 

2 cos \ c cos CO = cos a + cos h ; 
and if ^ be the perpendicular from C on AB, 

sin c sin p = sin a sin h sin C\ 
and similarly for the triangle A C'B. Hence 

cos (7(7' = cos COcos (7'0 + sin (70 sin C cob {AOG'-AOC); 

but sin CO sin ^c cos A C= cos 5— cos^c cos C0=^ (cost— cosa), 

sin CO sin AOC= sinp ; 
.•. sin* c . cos CC = (cos a + cos b) (cos a + cos b') sin'^c 

+ (cos b — cos a) (cos b' —cos a') cos* ^c 
+ sin a sin b sin (7 sin a' sin b' sin C ; 
which will involve only the sides, if for sin C, sin C, their 
values be substituted. This is the Problem of finding the lati- 
tude from two altitudes of the Sun and the time between. 

26. Having given the latitudes and longitudes of two 
places on the Earth's surface, to find their distance. 

Let P be the pole (fig. 9), OQB the equator, A, B, the 

two places on the meridians PQ, PB; PQ the meridian of 

Greenwich ; then the difference of longitude = GB -• GQ= QB 

= zAPB= C suppose, and the colatitudes PA = b, PB = a, are 

known ; so that in the spherical triangle APB there are given 

two sides and the included angle to find the third side AB = c, 

which may be done by the formulge of Art. 43, 

^ ^ ^ cos a cos (b — 0) 

tan = tan a cos C7, cos c = ^ > 

cos a 

then if I) be the length of a quadrant of the meridian in miles, 

the distance of the places = -0 • Ha • 

"0 
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27. From any formula in Spherical Trigonometry involy- 
ing the parts of a triangle, one of them being a side, to deduce 
the corresponding formula in Plane Trigonometry. 

Since the quantities involved are the angles of inclination 
of the faces and edges of a solid angle expressed by their cir- 
cular measures, if we suppose a, )8, 7 to be the lengths of the 
arcs in which the planes of the faces cut the surface of a sphere 
described from the vertex of the solid angle with any radius r, 
we shall have a = ar, jS = Jr, 7 = cr ; and if we substitute for 
a, h, c these values in the proposed formula, and then suppose r 

ft fi rj 

to be very large so that -,-,-, become very small, and there- 
fore sin - , cos - , &c. may be replaced by one or two terms of 

their expansions, we obtain a nearly exact relation between the 

lengths of the arcs upon a sphere whose radius is r, and the 

angles of inclination of the planes in which the arcs lie ; and *if 

we now make r infinite, we obtain an exact relation between the 

sides and angles of 9 plane triangle. Thus, as at Art. 55, we 

have 

a By 

y cos COS — COS - 

J COS a — cos o cos c r r r 

COS A == ; — ^—i = 11 1 1 I 

smosmc ' p ' y 

sm — sm ~ 
r r 

r ' r 

" — ^ — + 24j8y ^^^' s^pp®s^°g »■ ^^T i"g« ; 

,'. making r infinite, we get for a plane triangle whose sides 
are o, ^, 7, 

/S' + t'-o' 



cos -4 = 
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EW WORKS and NEW EDITIONS 

PTTBLISHED BY 
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BBds Acton's Modem Cookery for Private 

Pamilies, reduced to a System of Easy Prac- 
tice in a Series of carefullj-tested Beceipts, 
in whicli the Principles of Baron Liebig and 
other eminent Writers haye been as much as 
possible applied and explained. Newlj-re- 
Tised and enlarged Edition ; with 8 Plates, 
comprisiDg 27 Figures, and 150 Woodcuts. 
Fcp. 8to. 7s. 6d. 

Acton's EngHsh Bread-Book for Do- 
mestic Use, adapted to Families of every 
grade: Containing the plainest and most 
minute Instructions to the Learner, and 
Practical Eeceipts for many varieties of 
Bread ; with Notices of the present System 
of Adulteration and its Consequences^ and 
of the Improved Baking Processes and 
Institutions established Abroad. Fop. 8vo. 
price 4s. 6d. cloth. 

Aikin.— Select Works of the British 

Poets, from Ben Jonson to Beattie. With 
Biographical and Critical Prefaces by Dr. 
Ajkis. New Edition, with Supplement by 
LiroY Aikin ; consisting of additional Selec- 
tions from more recent Poets. 8vo. price 18s. 

Arago (F.)— Biographies ofDistingnished 

Scientific Men. Translated by Admiral 
W. H. Smyth, D.CJL^ F.E.S^ &o. ; the Bev. 
Badbn Powell, M. A.; andBoBEBX Gsakt, 
M.A., F.R.A.S. 8vo. 18s* 

Arago' s Meteorological Essays. With an 
Introduction by BABOif Humboldt. Trans- 
lated under the superintendence of Lieut.- 
Colonel E. Sabhtb, BA^, CTreasurer and 
V.P.R.S. 8vo. 18s. 

Arago's Popular ABtronomy. Translated and 
edited by Admiral W. H. Smyth, D.C.L., 
F.B.S. ; and Bobebt Gbak t, MA., F.BA.S. 
In Two Volumes. VoL I. 8vo. with Plates 
and Woodcuts, 218. 

Arnold.— Poems. By Matthew Arnold. 

Third Edition of the First Series. Fcp. 
8vo. price 5s. 6d. 

Amold.'-Foems. IfyXatthflfw Arnold. Seeond 
Series, about one-third new ; the rest finally 
selected from the Yolumes of 1849 and 1852, 
now withdrawn. Fcp. 8yo. price 5b. 






Lord Bacon's WoriES, A New Edition, 

revised and elucidated ; and enlarged by the 
addition of many pieces not printed before 
Collected and Edited by Bobebt Lbslie 
Ems, MjL, Fellow of Trinity College, 
Cambridge; James SPEDDnro, M.A. of 
Trinity College, Cambridge ; and DotraLAS 
jyxsov B^ATH, Esq., Barrister-at-Law, and 
late Fellow of Trinity College, Cambridge. — 
The publication has commenced with the 
Division of the Philosophical Works, to be 
completed in 5 vols., of which Vols. I. to 
III. in 8vo., price 18s. each, are now ready. 
Vols. IV. and V. are in the press. 

Joanna Baillie's Dramatic and Poetical 

Works : Comprising the Flays of the Pas- 
sions, Miscellaneous Dramas, Metrical Le- 
gends, Fugitive Pieces, and Ahalya Baee. 
Second Edition, with a Life of Joanna 
Baillie> Portrait, and Vignette. Square 
crown 8vo. 21s. cloth ; or 42s. bound in 
morocco .by Hayday. 

Baker. — The Bifle and the Hound in 

Ceylon. By S. W. Baeeb, Esq. New 
Editi<»i, with 13 Illustrations engraved on 
Wood. Fcp. 8vo. 4e. 6d. 

Baker. ~ Eight Tears' Wanderings in Ceylon. 
By S. W. Bakeb, Esq. With 6 coloured 
Plates. Svo. price 15s. 

Barth. — Travels and Discoveries in 

North and Central Africa : Being the Jour- 
nal of an Expedition undertaken under 
the auspices of Her Britannic'Majesty's Q-o- 
vemment in the Years 1849 — 1855. By 
Heitey Baeth, Ph.D., D.C.L., Fellow of the 
Boyal Geographical and Asiatic Societies, 
&c. Vols. I. to ni., with 11 M^s, 100 
Engravings on Wood, and 86 Illustrations 
in tinted Lithography, price 63s. — ^Vols. IV. 
and v., completing the work, are in the press, 

Bayldon's Art of Valuing Rents and 

Tillages, and Claims of Tenants upon 
Quitting Farms, at both Michaelmas and 
Lady-Day ; as revised by Mr. Donaldson. 
Seventh A'ditiony enlarged and adapted to the 
Present Time: With the Principles and 
Mode of Valuing Land and other Property 
for Parochial Assessment and Enfranchise- 
ment of Copyholds, under the recent Acts of 
Parliament. By Bobebt Baeeb, Land- 
Agent and Valuer. 8vo. lOs. 6d. 
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A Hottth in the ForeBls of France. By 

the Hon. QbDfTLET F. Bbbxilby, Author 

of ReminiteoKet of a HtiiUiman. 8to. irlth 
2 Etchiugfl b; John Leech (1 coloured). 

\Nettrl3 ready. 

Black's Practical TreaUse on Brewing, 

based on Ohamicad and Economical Princi- 
ple> ; With Formuln for Public Breirers, and 
Ingtmctiona for PriTsto Families. New 
Edition, with Additioni, 8to. lOt. 6d. 

Blaine'B Encyclopeedia of Rnral Sports ; 

OT, a eaii^lete Account, Hiatorical, Fnu]> 
tiMl.uid DescriptiTe, of Hunting, Shooting, 
Fishing, Bacing, and odier Field Sport* and 
Athletic Amusemenls of tlie present da;. 
Bew Edition, rerised by Hibsx Hikotbb, 
Epbuxba, ondJO. A. Obahak. With 
upward* of 600 WoodevU. 8to. fiOi. 

Blair's Chronological and Bistorical 
Xablee, from tlie Creation to the Preient 
Time : With Additions and Correetioni &om 
the moat authentio Writen ; including the 
Computation of St. Paul, aa oonnecting the 
Period from the Biode to the Temple. 
Under the revision of Sm Hutbt Ellib, 
E.H. Imperial 8to. 3Ib. ed. half-morooco. 



Id. — The Greek Testament, 
with oopioQB Enriish Notes, Critical, Phi- 
lol<^ioal, and SiipUnatorj. Espeoiall; 
adapted to the use of Theologiool Students 
and Ministers. B7 the H«r. S. T. Biooh- 
TiBU), I}J).,F.BA. Ninth Edition, rented. 
2 Tok. 8to. with Uap, price £2, 8s. 

Dr. Bloomfield's College and Scbool 

Edition of the Oreek Tatamtnt : With 
brief English Notee, ehie% Philological and 
Ezplanatorj, eapetnallj formed for use in 
Colleges and the Fubho Schools. Serenth 
Edition, improTed j with Uap and Index. 
Fcp. Sto. 7b. 6d. 

Dr. Bloomfield's College and Bchool 

Lexiton to the Qreek Testament. New 
Edition, carefullj retised. Pep, 8to. price 
lOs. 6d. cloth. 

Bonme. — A Treatise on the Steam-En- 

gine, in its Application to Mines, Mills, 
Btesm-NaTigation, and Eailwajs. By the 
Artisun Club. Edited brJ'0HijBoi7BMB,C.E. 
New Edition ; with 83 Steel PUtes and S49 
Wood EngTBTings, iAo. price 2Ts. 

Bonme'i Cataehlam of the Bteam-Engine in 

ilB Tarioua Applications to Mines, Miiln, 
Stesm -Navigation, Railways, and .dfricul- 
ture ! With Practical Instruotions for the 
Hanutscture and Management of Engines 
of every class. Fourth Edition, eulaiged; 
. with S9 Woodcuts. Fcp, 8to. 6b. 



Boome.— A Treatise on the Screw Pro- 
peller: With TarioDB Suggestions of Im- 
SOTement. Bj JosK BovsNE, C.E. New 
dition, thoroughly reviaed and corrected. 
With 20 large IHatei and numerous Wood- 
cnta. 4[o. price 3Ss. 

Bofd. — A Mannal for Naval Cadets. 
Published with the sanction and approral 
of the Lords Commiaaionera of the Admi- 



Brande.— A Dictionary of Science,Litera- 

ture, aiid Art ; Comprising the History, 
Description, and Scientific Printnples of 
erery Brand) of Human Enowledge: witb 
the DeriTatioa and Definition of M the 
Terms in general use. Edited by W. T, 
Bkakdi, F.B.B.L. and E. ; assisted by Dx. 
J. Caittih. Third Edition, revised and cor- 
rected j wiUi numerous Woodcuts. 8to.60s. 

Professor Brande's LectnreB on Organic 

Chemistry, as applied to Manubotiim; 
including Dyeing. Bleaching, Calioo-Piint- 
ing, Sugar-MaQu&cture, the Preanration 
of Wood, Tanning, &c. ; delivered before the 
Membeniof theBoyallnstitution. Arranged 
by permission from the Lecturer'a Notes by 
i, SCOFPBXH, M.B. Fcp. 8to. with Wood- 
outs, price 7«. 6d, 

Brewer. — All Atlas of History and Geo- 
graphy, from the Comraeneemeut of tlie 
Christian Era to the Present Time : Com- 
prising a Series of Siiteea coloured Maps, 
arran^d in Chronological Order, with Illus- 
trative Uemoirs. BytheBev.J.a.BaxwiB, 
M.A., Professor of English History and 
Literature in King's College, London. 
Second Edition, revised and Corrected. 
Boyal 8to. IBs. 6d. half-bound. 

Brodie. — Psychological Inquiries, in a 

Series of Easaj* intended to illuitrate the 
Influence of the Physical Organisation on 
the Mental Faculties. By Sib Bbnjakih 0. 
BBOI>IE,Bart. ThirdEditbn. Fqi.Bvo.Gs. 

Boll. — The Maternal Management of 

Children in Health and Disease. By 
T. Bull, M.D., Member of the Bojd 
College of Physicians 1 formerly Phyaician- 
Acoouoheur to the Finabury Midwifeiy 
Institution. New Edition. Fcp, Bvo. 6*. 

Dr, T. Bull's Hint! to Motliert on the Manage- 
ment of their Health during the Period of 
Pregnoney and in the Lying-in Boom : With 
an Exposure of Popular BRors in oonneiion 
with thow subjects, &c.] and Hints upon 
Nursing. New Bditiou. Fcp. 8to. 6s. 
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Backmgham.— Autobiography of James 

Silk Buckingham : Including his Voyages, 
Trayels, Adyentures, Speculations, Suc- 
cesses and Failures, frankly and faithfully 
narrated; with Characteristic Sketches of 
Public Men. Vols. I. and 11. post 870. 21s. 

Bimsen. — Christianity and Mankind, 

their Beginnings and Prospects. By 

ChBISTIAK CHAEi;feS JOSIAS BUNSEK, D.D., 

D.C.L., D.Ph. Being a New Edition, cor- 
rected, remodelled, and extended, of Hip' 
polyius and hit Age, 7 toIs. 8to. £5. 5s. 

*** This Second Edition of the Hippolptu$ is composed 
of three distinct works, which may he had separately, as 
follows :— 

1. Hippolytas and his Age ; or, the Begfamin^s and 
Prospects of Christianity. 2 vols. 8vo. price £1 . 10s. 

S. Oatline of the Philosophy of Universal History ap- 
plied to Langoage and Religion: Contairdng an Ac- 
count of the Alphabetical Conferences. 2 vulo. 8vo. 
price £1. ISs. 

8. Analecta Ante-Nlcsena. 8 vols. 8vo . price ii. 28. 

Bnnsen.— LyraGermanica: Hymns for . 

the Sundays and chief Festivals of the 

Christian Year. Translated from the 

German by Cathebike WiNKWOETn. 

Third Edition. Fcp. Svo. 5a. 

%* This selection of German Hymna has been ^lade trova. 
a collection published in G ermany ny the C he valier B vsrsEir ; 
and forms a companion volume to 

Theologia Germanica: 'Which setleth forth 
many fiEiir lineaments of Divine Truth, and 
saith very lofty and lovely things touching 
a Perfect Lite. Translated Dy Susanna 
WiNKWOETH. With a Preface by the Kev. 
Chables KiNGSiiEF ; and a Letter by Cheva- 
Her Btjnsen. Third Edition. Fcp. Svo. 5s. 

Bunsen. — Egypt's Place in Universal 

History: An Historical Livestigation, in 
Five Books. By C. C. J. Bunsbn, D.D., 
D.C.L., D.Ph. Translated from the Ger- 
man by C. H. CoTTBELL, Esq., M.A. 
With many Illustrations. Vol. I. 8vo. 28». 5 
Vol. II. Svo. 80s. 

Burton (J. H.)— The History of Scotland 

from the Eevolution to the Extinction of the 
Last Jacobite Insurrection (1689-1748). By 
John HiiiL Bubton. 2 vols. Svo. 26s. 

Bishop S. Butler's General Atlas of 

Modem and Ancient Geography ; compris- 
ing Fifty-two full-coloured Maps; with 
complete Indices. New Edition, nearly all 
re-engraved, enlarged, and greatly improved. 
Edited by the Author's Son, Boyal 4ito. 
24s. half-bound. 

( The Modern Atlas of 28 ftdl-ooloored Haps. 
6Ar.oi>of/kiv J Royid 8vo. price 128. 
Separately < j^^ Aifdent Atlaa of 24 flill-cdlonred Map*. 

\ Royal Svo. price 128. 

Bishop S. Butler's Sketch of Hodem and 
Arcient Geography. New Edition, tho- 
roughly revised, with such Alterations intro- 
duced as continually projpessive Discoveries 
oud the latest Information have rendered 
necessary. Post Svo. price 78. 6d, 



Burton.— First Footsteps in East AMca ; 

or, an Exploration of Harar. By Biohabd 
F. BiTBTON, Captain, Bombay Army. With 
Maps and coloured Plates. Svo. 18s. 

Burton. — Personal Narrative of a Pil- 
grimage to El Medinah and Meccah. By 
BiOHABD F. Bubton, Captain, Bombay 
Army. Second 2CdiHon,reYi8ed; with coloured 
Plates and Woodcuts. 2 vols, crown Svo. 
price 24s. 

The Cabinet Lawyer : A Popular Digest 

of the Laws of England, Civil and Criminal ; 
with a Pictionary of Law Terms, Maxims. 
Statutes, and Judicial Antiquities ; Correct 
Tables of Assessed Taxes, Stamp Duties, 
Excise Licenses, and Post-Horse Duties; 
Post-Office Regulations ; and Prison Disci- 
pline. 17th Edition, comprising the PubUo 
Acts of the Session 1857. Fcp. Svo. lOs. 6d. 

The Cabinet Gaietteer: A Popular Expo* 
sition of All the Countries of the World : 
their Government, Population, Eevenues, 
Commerce, and Industries; Agricultural, 
Manufactmred, and Mineral Products ; Be- 
Ugion, Laws, Manners, and Social Stato; 
With brief Notices of their History and An- 
tiquities. By the Author of The Cabinet 
lawyer. Fcp. Svo. lOs. 6d. cloth $ or ISs. 
bound in calf. 

that it contains there is a 
vast amount of geographical 
and topographical Iniorma- 
tion pleasantly condensed. 
The CcMnet Qiizetteer, 
though not intended to 
supersede more elaborate 
works, will, to some extent, 
have that effect ; but it will 
be sure to find a large and 
permanent circulation of its 



*' The author has neglected 
no modem sources of inform- 
ation, and all his short, suc- 
cinct, and neat descriptions 
of the different places are 
quite conformable to present 
knowledge. Sarawak, for 
example, in Borneo, is not 
omitted, and of San Fran- 
cisco there is quite a detailed 
description. The work is 
compiled with considerable 
care, and in the 912 pages 
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Calendar of English State Papers, Do- 
mestic Series, of the Beigns of Edward VI., 
Mary, Elizabeth, 1547 — 1580, preserved in 
tlie State Paper Department of Her Ma- 
jesty's PubUo Record Office. Edited by 
RoBEBT Lemon, Esq., F.S.A., uilder the 
direction of the Master of the Bolls, and 
with the sanction of Her Majesty's Secre- 
tary of State for the Home Department. 
Imperial Svo. 15s. 

Calendar of English State Papers, Do- 
mestic Series, of the Beign of James I., 
1603 — 1610 (comprising the Papers relating 
to the Gunpowder Plot), preserved in the 
State Paper Department of H.M. Public 
Record Office. Edited by Mi.BY Anijb 
EvBEETT Gbeen, Author of The Lives of the 
Princesses of England, &c., under the direc- 
tion of the Master of the Rolls, and with 
the sanction of H.M. Secretary of State for 
the Home Department. Imperial Svo. 15s. 
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Calvert — The Wife's lEaimal ; or, 

Prayers, Thoughtt, and Songs on SeT^ral 
Occasiona of a Matron's Life. By the Bey. 
W. OALyBBT, M JL. Ornamented from De- 
signs bj the Author in the style of Queen 
Elizabeih*8 Pra^er-Book, Second Edition. 
Crown 8yo. lOs. 6d. 

Carlisle (Lord).— A Diary in Turkish and 

Greek Waters. By the Bight Hon. the 
Eablop Cablisle. Fifth Edition. PostSyo. 
price 10s. 6d. 

Catlow.— Popular Conchology; or, the 

Shdl Cabinet arranged according to the 
Modem System : With a detailed Account 
of the Animals, and a complete Descriptiye 
List of the Families and Ghenera of Becent 
and Fossil Shells. By Agkes Catlow. 
Second Edition, much improyed ; with 405 
Woodcat Illustrations. Post 8yo. price 14s. 

Cecil. — The Stud Farm ; or. Hints on 

Breeding Horses for the Turf^ the Chase, and 
the Bead. Addressed to Breeders of Bace- 
Horses and Hunters, Landed Proprietors, 
and especially to Tenant Farmers. By 
CxoiL. Fcp. 8yo. with Frontispiece, Ss. 

Ceen*i Stable Practice ; or, Hints on Training 
for the Turf, the Chase, and the Boad; 
with Obseryations on Bacing and Hunt- 
ing, Wasting, Bace-Biding, and Handi- 
capping : A<£lressed to Owners of Baeers, 
Hunters, and other Horses, and to aU who 
are concerned in Bacing, Steeple-Chasing, 
and Fox- Hunting. Fcp. 8yo. with Plate, 
price 5s. half-bound. 

Chapman. — History of GnstaTns Adol- 

phus,and of the Thu-ty Years* War up to the 
Sing's Death : With some Account of its 
Conclusion by the Peace of Westphalia, in 
1648. By B. Chapman, M.A., Vicar of 
Letherhead. Byo. with Plans, 12s. 6d. 

Chevrenl On the Harmony and Contrast 

of Colours, and their Applications to the 
Arts : Including Painting, Interior Decora- 
tion, Tapestries, Carpets, Mosaics, Coloured 
dazing, Paper-Staining, Calico-Printing, 
Letterpress-Printing, Ms^-Colouring,Dress, 
Landscape and Flower-GFardening, &c. &c. - 
Translated by Chasx^ib Mabtbl. Second 
Edition; with 4 Plates, Crown 8yo. 
price lOis. 6d. 

Connolly.— History of the Boyal Sappers 

and Miners : Including the S^yices of the 
Corps in the Crimea and at the Siege of 
Sebastopol. By T. W. J. Conkolly, Quar- 
termaster of the Boyal Engineers. Second 
Edition^ reyised and enlarged ; with 17 co- 
loured plates. 2 yols. 8yo. price 30s. 



Conyheare and Howsom.— The Lifb and 

Epistles of Saint Paul : Comprising a com- 
plete Biography of the Apostle, and a 
Translation of his Epistles inserted in 
Chronological Order. By the Rev. W. J. 
CoiTYBEAiiE, M.A. ; and the Bey. JT. S. 
Howsov, M.A. Second Edition, revised and 
corrected ; with several Maps and Wood- 
cuts, and 4 Plates. 2 vols, square crown 
8yo. 31s. 6d. cloth. 

%* The Original Edition, with more nnmeroofi ninatra- 
tlons, in 2 v(^. 4to. price 4ms.— may also be had. 

Ckmybeare.— Essays, Eecleaiaftiioal and flkidal : 
Beprinted, with Additions, from the 
Edinburgh Review. By the Bev. W. J. 
CoNYBEABE, M.A., late Fellow of Trinity 
College, Cambridge. Svo. 12s. 

Dr. Copland's Dictionary of Practical 

Medicine: Comprising General Pathology, 
the Nature and GDreatment of Diseases, 
Morbid Structures, and the Disorders es- 
pecially incidental to Climates, to Sex, and 
to the different Epochs of Life ; with nume- 
rous approved Formulse of the Medicines 
reooipmended. Yols. L and II. Svo. price 
£3 ; and Parts X. to XVIII. 4s. 6d. each. 
*** Part XIX., completing the work, is nearly ready. 

Cotton.— Instructions in the Doctrine 

and Practice of Christianity. Intended 
chiefly as an Introduction to Confirmation. 
By Cf. E. L. OoTTOir, M. A. 18mo. 2s. 6d. 

Cresy's Encyclopaedia of Civil Engi- 
neering, Historical, Theoretical, and Prac- 
tical. Illustrated by upwards of 3,000 
Woodcuts. Second Edidon, revised and 
brought down to the Present Time in a 
SnpplementjOomprisingMetropoliian Water- 
Snpplj, Drainage of Towns, Bailways, 
Cubical Proportion, Brick and Iron Con- 
struction, Iron Screw Piles, Tubular Bridges, 
Ac. Svo. 63s. doth. — The Buvflexsst 
separately, price lOs. 6d. doth. 

The Cricket-Field ; or, the Sdence and 

History of the Gbune of Cricket. By the 
Author of Principles of Scientific Batting. 
Second Edition, greatly improved; with 
Plates and Woodcuts. Fcp. Svo. price 5s. 

Crosse.'— MemoriaJfl, Scientific and Li- 
terary, of Andrew Crosse, the Electrician. 
Edited by Mrs. Ceos^e. Post Svo. 9s. 6d. 

Cniikshank. — The Life of Sir John 

Falstaff, illustrated by Q-eorge Cruikshank. 
With a Biography of the Knight, from au- 
thentic sources, by Kobebt B. BBoraH, 
Esq. Boyal Svo. — In course of publication 
monthly, and to be completed in 10 Num- 
bers, each containing 2 Plates, price Is. 
The first 6 Numbers are now ready. 
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laOj Cust'i Iiivalid'f Book.— The In- 

yalid'0 Own Book : A OoUectioii of Recipes 
from Twioiu Boobs and TtanouM Countnes. 
By the JOmioumbls I/ABT Oust. Second 
Hdition^ "Eep, 870« pfrioe 2t. 6d. 

Date.— The Domestic LSttirgy and Family 

Chaplain^ in Two Parts : Past I. Church 
Services adapted for Domestic Ube, with 
Prayers for Every Day of the Week, selected 
from the Book of Common Prayer; Pabt 
IL an appropriate Sermon for Every Sunday 
in the Year. By the Ber. Tho:ka8 Dale, 
M.A., Canon Besidentiary of St. Paul's. 
Second Edition. Post 4to. 2l8. cloth ; 
ais. 6d. calf ; or £2. lOs. morocco. 
r The Faktct Cttatlattt, 12b. 
Separately \ j^^ Dommxic Lixraar. 10b. 64. 

Davy (Dr. J.) ■— The Angler and his 

Friend ; or, Piscatory Colloquies and Fish- 
ing Excursions. By Johdt Dayy, M.D., 
F.B.S.J &c. Fcp. 8vo. price 6s. 

Ih« Angler ia the Lake Bistriot : Or, Piflcatory 

Colloquies and Fishing Excursions in West- 
moreland and Cumberland. By John 
DATr,K.D., F.E.S- Fcp- 8vo. 68. 6d. 

Delabeche.--Report on the Geology of 

Cornwall, Devon, and West Somerset. By 
Sm H. T. Delabeche,F.BuS. With Maps, 
Plates, and Woodcuts. 8vo. price 14s. 

l)e la Bive.--A Treatise on Electricity 

in Theory and Practice. By A. De IiA Biye, 
Professor in the Acaden^ of Q«nevai. Trans- 
lated for the Author by C. V. Waizeb, 
F.B.S. In Three Volumes; vnth numerous 
Woodcuts. ToL I. Svo. price 18a. ; VoL 11. 
prioe 286. — ^Yol. III. is in the press. 

De Vere.— May Carols, By Aubrey de 

Vebb, Author of The Search after Prosperine, 
Ac. Fcp. 8¥0. 5s. 

Discipline. By the Author of "Letters 

to my Unknown Friends," &c. Beamd 
Fldition, enlar^^ed. 18mo. price 29. 6d. 

Dodd.— The Food of London : A Sketch 

of the chief Varieties, Sources of Supply, 
probable Qoaniitiet, Modes of Arrival, Pro- 
cesses of ManufiKture, suspected Adultera. 
tion, and Machinery of Distribution of the 
Food for a Community of Two Millions and 
a Half. By Geoeqb Dodd, Author of 
JBritUA Memu/aetures, &q. Post Svo. lOs. 6d. 

Estconrt.— Music tiie Voice of Harmony 

in Creation. Selected and arranged by 
Mary Jane Estcourt. Fcp. Svo. 7s. 6d. 



Th« Eclipse of FMk', or, a Visit to a 

B^\pou§&eeptho. ^thEdUwn, Fep.8T0.6s. 

Defenee of The EeiipM of Faitli, t>T its 
Author: Being a Bejoinder to ProMssoi 
Newman's Reply : Including a fuB Ezami* 
nation of that Writer's CMticism on the 
Character of Christ ; and a Chapter on the 
Aspects and Pretensiont of Modern Deism. 
Secaud SdiMoti^ revised. "Boek 8to. fis. 6d. 

Th€ Englishman's Greek Concordanee of 

the New Testament : Being an Attempt at a 
Verbal Connexion between the Greek and 
the Englii^ Texts ; including a Concordance 
to the Proper Namee^ wit^ Indexes, Greek- 
En^sh and English-Greek. New Edition, 
with a new Ind^. Boyal 870. price 42s. 

The Englishman's Hebrew and Chaldee Con- 
cordance of the Old Testament : Being an 
Attempt at a Verbal Connexion between 
the Original and the English GDranslations ; 
with Indexes, a List of the Proper Nunes 
and their Occurrences, &c. 2 vols, royal 
Syo. £8. 13s. 6d. ; large paper, £4. 14s. 6d. 

Ephemera's Handbook of AngBng; 

teaching Fly-Fishings Trolling, Bottom- 
Fiahing, Salmon-Fishing : With the Natural 
History of Biver-Fish, and the best Modes 
of Catching them. Third Edition, corrected 
andimproyedj with Woodcuts. Fcp. Svo. 6s. 

E^emera.— Ilto Book <if the Salmon: Oon- 
prifiing the Theory, Principles, and Prac- 
tice of Fly-Fishing for Balmon; Lists of 
good Salmon Flies for every good Biver in 
the Empire ; the Natural History d the 
Salmon, its Habits described, and the best 
way of artificially Breeding it. By Efhe* 
MEBA. ; assisted by Andsew Young. Fcp. 
Svo. with coloured Plates, price 14s. 

Faiibaim.~nsefal Information fast En- 
gineers : Being a Series of Lectures deliveied 
to the Working Engineers of Yorkshire and 
Lancashire. With Appendices, oontaimng 
the Besults of Experimental lAqmries into 
the Strength of Materials, the Causes of 
Boiler Explosions, &c. By William 
FAiBBA.isir,F.ILS.,F.G.S. Second EdUum% 
with numerousPiatesand Woodcuts. Crown 
Svo. price lOs. 6d. 

The Fairy Family: A Series of Ballads 

and Metrical Taks illustrating the Fairy 
Mythology of Europe. With Frontispiece 
and Pictorial Gl^tle. Crown Svo. 10s. 6d. 

Flemish Interiors. By the Witter of 

A uflance behind the Gnllet of M^ujnous 
Houses in France, Fcp. Sro. 7b. 6d. 

B 4 
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NEW WORKS AHD NEW EDITIONS 



Forester.— Travels in the Islands of Cor- 
sica and Sardinia. By Tho3CAjs Fobesteb, 
Author of Rambles in Norway, With nume- 
rous coloured Illustrations and Woodcuts, 
from Sketches made during the Tour bj 
Lieutenant- Colonel M. A. Biddulph, B.A. 
Imperial Byo, [In the press, 

Garratt— Marvels and Mysteries of In- 
stinct ; or, Curiosities of Animal Life. By 
Gbobge G-abbatt. Second Edition, revised 
and improved ; with a Frontispiece. Fcp. 
8to. Aa, 6d. 

Gilbart— A Practical Treatise on Bank- 
ing. By James Wiluah Gilbabt, F.B.S., 
Q«neral Manager of the London and West- 
minster Bank. Sixth Edition^ revised 
and enlarged. 2 vols. 12mo. Portrait, IGs. 

Gilbart. — Logic for the Million: A 

Familiar Exposition of the Art of Beasoning. 
By J. W. GnaABT, F.R.S. 5th Edition ; 
with Portrait of the Author. 12mo. 3s. 6d. 

The Poetical Works of Oliver Goldsmith. 

Edited hy Bolton Cobkey, Esq. Illustrated 
by Wood EnCTavings, from Designs by 
Members of the Etching Club. Square 
crown 8to. cloth, 21s. ; morocco, £1. 16s. 

Gosse. — A Naturalist's Sojourn in 

Jamaica. By P. H. GossE, Esq. With 
Plates. Post 8vo. price 14s. 

Green.^Lives of the Princesses of Eng- 
land. By Mrs. Maby Akkb Eyebett 
Gbeek, Editor of the Letters of Royal and 
Illustrious Ladies, With numerous Por- 
traits. Complete in 6 vols, post 8vo; price 
lOs. 6d. each. — Any Volume may be had 
separately to complete sets. 

Mr. W. R. Greg's Essays on Political 

and Social Science, contributed chiefly to the 
Edinburgh Review, 2 vols. 8vo. price 24s. 

Greyson. — Selections from the Corre- 
spondence of E. E. H. Gbeyson, Esq. 
Edited by the Author of The Eclipse of 
Faith, 2 vols. fcp. 8vo. price 12s. 

Grove.— The Correlation of Physical 

Forces. By W. B. Gboyb, Q.C, M.A., 
F.B.S., &o. Third Edition. 8vo. price 78. 

Gumey.— St. Louis and Henri IV. : Being 

a Second Series of Historical Sketches. 
By the Rev, John H. Gtjbney, M. A., Bector 
of St. Mary's, Marylebone. Fcp. 8vo. 6s. 

Evening Secreations ; or, Samples from the 
Lecture-Room. Edited by the Eevji J. H. 
GuBNEY, M.A. Crown 8vo. 6s. 



Gwilt's Encyclopedia of Architecture, 

Historical, Theoretical, and Practical. By 
Joseph Gwilt. With more than 1,000 
Wood Engravings, from Designs by J". S. 
Gwilt. Third Edition. 8vo. 42s. 

Halloran.— Eight Months' Journal kept 

on board one of H.M. Sloops of War, during 

Visits to Loochoo, Japan, and Pootoo. By 

.Alpbed L. Halloban, Master, R.N. With 

Etchings and Woodcuts. Post 8vo. 7s. 6d. 

Hare (Archdeacon).— The Life of Luther, 

in Forty-eight Historical Engravings. By 
GusTAV K9NIG. With Expknations by 
Abohdeaoon Habe and Susanna Wnrx- 
WOBTH. Fcp. 4to. price 28s. 

Harford.— Life of Michael Angelo Buon- 
arroti: With Translations of many of his 
Poems and Letters ; also Memoirs of Savo- 
narola, Raphael, and Vittoria Colonna. By 
John S. Habfobd, Esq., D.O.L., F.B.S., 
Member of the Academy of Painting of 
St. Luke, at Rome, and of the Roman Arch- 
fiDological Society. With Portrait and 
Plates. 2 vols. 8vo. 25s. 

niustrations, Architectaral and Pictorial, of 
the Genius of Michael Angelo Buonarroti. 
With Descriptions of the Plates, by the 
Commendatore Canina ; C. R. Coobebell, 
Esq., RA. ; and J. S. Habfobd, Esq., 
D.O.L., F.R.S. FoUo, 73s. 6d. haif-bound. 

Harrison.— The Light of the Forge; or, 

Counsels drawn from the Sicb-Bed oi E. M. 
By the Rev. W. Habbibon, M.A., Domestio 
Chaplain to H.R.H. the Duchess of Cam- 
bridge. Fcp. 8vo. price 6s. 

Harry Hieover.— Stable Talk and Table 

Talk ; or, Spectacles for Young Sportsmen. 
By Habby Hieoyeb. New E^tion, 2 vols. 
8vo. with Portrait, price 24s. 

Harry Hieover.- The Hnnting-^eld. By Harry 
Hieoveb. With Two Plates. Fcp. 8vo. 
5s. half-bound. 

Harry Hleoyer. — Practical HorsemaxiBhip. 
By Habby Hieoyeb. Second Edition ; with 
2 Plates. Fcp. 8vo. 5s. half-bound. 

Harry Hieover.— The Pocket and the Stnd; or, 
Practical Hints on the Management of the 
Stable. By Habby Hieoyeb. Second 
Edition ; with Portrait of the Author. Fop. 
8vo. price 5s. half-bound. 

Harry Hieoyer.— The Stud, for Fractieal Fnr- 
poses and Practical Men: Being a Ghiide 
to the Choice of a Horse for use more than 
for show. By ILas&y Hieoyeb. With 2 
Plates. Fcp. 8vo. price 5s. half-bound. 
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—Adulterations Detected; or, 

Plain Initructions for tlie DiaooTcry of 
PmudBin Food and Medicine. BjAethdb 
Hiu. B.iSBkLL, M.D. Load., Analyst of TAe 
X^BCei Sanitary Commiaeion, and Author of 
the Kepoi'lB of that Commbsion published 
under the title of Food and ill AdalleraliOHt 
(nbich may also ba had, in 8vo, price 2S;.) 
With 225 Illustrations, engcayBd on Wood. 
Crown Svo, 17b. 6d. 

HaEBBll.— A Hietor; of the Britieh Fiesh 

Water AlgBO! Including Deacrmtiona of the 
DesmideiB and DiatomaceEe. With upwards 
of One Hundred PlateB of Figures, Ulua- 
trating the various Species. By Astucr 
HiLl: HlsaiLL, M.D., Author of Sliero- 
teopic Anatomy .f Ihe Hamaa Bod,/, Lc. 2 
TolB. 8io. Willi 103 Plates, price £1. l&s. 

CoL Hawker's InstrnctionB to Young 

Sportsmen in all Ihat relates to Guni and 
Shooting. 10th Edition, rerlsed and brought 
down to the Presfnt Time, by the Author's 
Son, Major P. W. L. Hawkbb. With a 
Portrait of the Author, and numerous 
Plates and Woodcuts. 8vo. aia. 

Haydn's Book of Dignities : Containing 

Bolls of the Official Personages of the British 
Empire, Civil, Ecclesiastical, Judicial, MiE- 
tary. Naval, and Municipal, from the Earliest 
Ferioda to the Present Time. Together 
iritb bhe Sovereigns of Europe, from the 
Foundation of their respective States i the 
Peerage and Nobility of Oreat Britain ; las. 
Being a New Edition, improved and conti- 
nued, of Beataon's Political Index. Svo. 
Ses. half-bound. 

Sir John HerscheL— Essays from the 

Hdinburgk and Quarlerlg RcvitKH, with Ad- 
dresses and other Pieces. By Sia Johh 
F. W. Hebechbl, Bort., K.H., M.A. Svo. 
price 18s. 

Sir John Herschel—Ontlines of Astro- 
nomy. By Sir Jobn F. W. Hbb£OBBI>, 
Bart., E,H., M.A. New Edition; nitb 
PUtCB and Woodcuts. Svo. price 18s. 

Hill.— Travels in Siberia. By S. S. Hill, 

Esq., Author of Tieveli on tie Shorn of 
ihe Baltic. With a large Map of European 
and Asiatio BosBia. Z vols, post Svo. 24a. 

Hinchliff.— Summer Months among the 
Alps : With the Ascent of Monte Rosa. 
By ThOmab W. HlMOllLlFF, of Lincoln's 
Inn, Barrister-at-Law. With 4 tinted 
Views and 3 Maps. Post Svo. price lOs, 6d. 

Hints on Etiquette and the Usages of 
Society : With a Gknc* at Bad Habits. 
New Edition, revised (with Additions) by a 
ladjofEank. Fcp. Svo. price Half-a-OToim. 



Holland.— Medical Notes and Refle 
tions. By Sib Uenbt Hollind, Bar 
M.D., F,R,a„ ic., Phyaioian in Ordina 
to the Queen and Prince Albert, Thij 
Edition, Bvo. 18s. 

Holland.- Clutpteri OQ Mental Fhyaiology. 1 
Sib EENsr Hoixuid, Bart., F.B.S., k 
Pounded chiefly on Chapters contained . 
the First and Second Editions of Medic 
fSoia and Refieeliota by the same Autho 
8to. price 10s. Cd. 

Eook.~Tho Last Days of Our Lord 

Ministry ! A Course of Lectures on tl 
principal Events of Passion Weet. I 
the Eev. W. F. Hook, D.D. New Edilio: 
Fcp. Svo, pricH Gs. 

Hooker.— Kew Gardens ; or, a PopulE 
Guide to the Royal Botanic Gsrdciui 
Eew, By Sib Wiluiu Jacebok Hooeb 
£.H., ka.. Director. New Edition \ wii 
many Woodcuts. 16mo. price Sixpence. 

Hooker. — Unaeum of Economie Botany ; or, 
Popular Guide to the Useful and Remsr 
able Yegetable Products of the Uusou 
in the Roysl Gardens of Kew, BySmW. 
HoosBB, E.H., Ac., Director, With 1 
Woodcuts. 16mo. price Is, 

Hooker and Amott -^The British FlorE 

comprising the Fhtenogamons or Plowerii 
Plants, and the Ferns. Seventh Editio 
with Additions and Corrections j and n 
merous Pigurea illnatrative of the Umbel 
ferouB PlHits, the Composite Plants, tl 
Grasses, and the Ferns. By SiB W. 
HoouB, B'.B.A. and L,8., 4c. ; and G. . 
WitKFB-ABj'OTr, LL.D., F.L.B. IZm 
with 12 Plates, price lie. ; with the Flat 
coloured, price 21g, 

Home's Introdnction to the Critic 

study and Knowledge of the Holy Beri 
tnres. Tenth Edition, revised, correct« 
and brought down to the present tin 
Edited by the Rev. T. HAaTWKii, Hobb 
B.D. (the Atithor) ; the Kev. Sinn: 
Dattdbon, D.D. of the University of Hal 
and LL.D. ; and S. Pbideattx TBEaBi.u 
LL.D. With 4 Maps and 23 Vignettes ai 
Faosimiles. 4 vols. Svo. £3, 18s. 6d. 
*■* Ths Four Volimus may hIbo be bkd tt^aratelf 

Vol. I.~ a Sududdt oT the Eridenu fw Ifae Oamdiicne 
Aulbenlldly. Cocorrnptsd IirenrTstlHi, andliwdnUliiT 
OnHofrScflpUitei. BrU«Bev.T.H.Hon«,B.Isrsvo.l 

Vot. 11.— TheTeitofUwOMIVfiaiwirtixinrtdareilr W. 
sTreatlMon SBOEedlnlerpreliitloQiindibriofliitKidi 
uwt touift CM TettamemtBodkt^vii^Atoervtlta. Bj 
DsvldHn, D.D. (Halle) and LL.D. Bvit.1 

Vm. III.— A SommBiyar Biblical Gsocruhy and Ai 
qoitlo. BjtlicBav.T.H.Hame,B.D....T.r,..aTa.l 

Vol.. IV.— AnlntrollucUontotheTeitDalCtllldoiici/l 
Crlllca] Put re.nrlEtdn, and the 'ram^nder 'mlud ■ 
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NEW WOBES lin> NEW EDITIONS 



Horne. — A Compendious Introdaction 

to the Study of the Bible. By the Bev. 
T. HabtwelIi Hobkb, B.D. New Edition, 
with Maps and lUuBtrations. ISmo. 9s. 

Hoskyns — Talpa ; or, the Chronicles of 

a Clay Farm : An Agricultural Fragment. 
By Chaitoos Wbek Hqsktns, Esq. Fourth 
Edition. With 24 Woodcuts from the 
original Designs by Qeobgb Cbttikshasx. 
16mo. price 5s. 6d. 

How to Norse Sick Children : Intended 

especially as a Help to the Nurses in the 
Hospital for Sick Children ; but containing 
Directions of serrice to all who hare the 
charge of the Young. Fcp. 8to. Is. 6d. 

Howitt (A. M.)— An Art-Student in 
Manich. By Ahva Mabt Howitt. 2 
Tob. poet Sto. price 14s, 

Howitt— The Children's Tear. By Mary 

Howitt. With Four Dlustrations, from 
Designs by A. M. Howitt. Square 16mo. 6s . 

Howitt— Tallangetta, the Sqoatter's 

Home: A Story of Australian Life. By 
WiixJAM Howitt, Author of Ikpo Tears in 
Vietoria, &c. 2 toIs. poet 8to. price 18e. 

Howitt. ~ Land, Labour, and Gold; 

or, Two Years in Tictoiia : With Tisit to 
Sydney and Van Piemen's Land. By 
WniJAic Howitt. 2 toIs. post 8to. 21s. 

Howitt— T^sits to Bemarkahle Places : 

Old Halls, Battle-Fi^ds, and Scenes illustra- 
tiye of Striking Passages in English Histoiy 
and Poetry. By William Howitt. With 
about 80 Wood Engravings. New Edition, 
2 Tols. square crown 8to. price 26t. 

William Hewitt's Boy's Country Book: Being 
the Seal Life of a Countnr Boy, written 
by himself; exhibiting all the Amusements, 
]nea8ureB, and Pursuits of Children in the 
CountiT. New Edition; with 40 Wood- 
cuts. Fcp. 8yo. price 6s. 

flowitt.— The Bural Lift of England. By 
WmiAX Howitt. New Edition, cor- 
rected and revised; with Woodcuts by 
Bewick and Williams. Medium 8vo. 21s. 

Hue.- Christianity in China, Tartary, 

and Thibet. By M. I'Abb^ Hue, formerly 
Missionary Apostolic in China ; Author of 
The Chinese Empire, &c. 2 vols. 8vo. 21s. 

Hnc— The Chinese Empire: A Sequel 

to Hue and Gbibet*s Journey through Tartary 
and Thibet, Bj the Abb^ Hue, formerly 
Missionary Apostolic in China. Second 
JSdition ; with Map. 2 vols. 8yo. 2i9« 



Hudson's Plain Directions for Making 

Wills in conformity with the Law : With a 
clear Exposition of the Law relating to Hie 
distribution of Personal Estate in. the case 
of Intestacy, two Forms of Wills, and much 
useful information. New and enlarged Edi- 
tion ; including the Provisions of the WiUs 
Act Amendment Act. Fcp. 8vo. 2s. ed. 

Hudson's Executor's Guide. New and 

improved Edition ; with the Statutes 
enacted, and the Judicial Decisions pro- 
nounced since the last Edition incorporated, 
comprising the Probate and Administration 
Acts for England and Ireland, passed in the 
first Session of the New Parliament. Fep. 
8vo. [Just reat^* 

Hudson and Kennedy.— Where there's 

a Will there *s a Way i An Ascent of Mont 
Blanc by a New Boute and Without Guides. 
By the Bev. C. Hudson, M.A., St. John's 
College, Cambridge ; and E. S. KsHinsDY, 
B.A., Caius College, Cambridge. Second 
Ediiiont with Two Ascents of Monte Rosa; a 
^late, and a coloured Map. Post 8to. 58. 6d. 

Humboldt's Cosmos. Translated, with 

the Author's authority, by Mbs. Sabihi. 
Vols. I. and II. 16mo. Half-a-C^wn each, 
sewed ; 8s. 6d. each, cloth : or in post 8f o. 
12s. each, cloth. YoL III. post 8vo. 
12s. 6d. doth: or in 16mo. Part I. 2a. ed. 
sewed, 8s. 6d. doth ; and Part II. 8a. aewed, 
4s. doth. 

Humboldt's Aspects of Nature. Translated, 
with the Author's authority, by Mbs.Sabdtx. 
16mo. price 6s. : or in 2 vols. 8s. 6d. each) 
oloth I 2s. 6d. each, sewed. 

Humphreys. — Parahles of Our Lord, 

illuminated and ornamented in the style of 
the Missals of the Benaissanoe by HjiiWT 
Noel Humphbets. Square fcp. 8vo. 2l8. 
in massive carved covers ; or dOs. bound in 
morocco by Hayday. 

Hunt. — Researches on Light in its 

Chemical Bdations ; embracing a Con- 
sideration of all the Photographic Processes. 
By BoBEBT HuKT, F.B.S. Second Edition, 
with Plate and Woodcuts. 8vo. 10s. 6d. 

Hutton.— A Hundred Tears Ago: An 

Historical Sketch, 1755 to 1756. By JjUCXS 
HuTTON. Post Svo. 

Idle.— Hints on Shooting, Fishing, ftc., 

both on Sea and Land, and in the Fresh* 
Water Lochs of Scotland : Being the Ei^ 
rienoea of C. Idlx, Esq. Fop. Svo. Sa. 
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Mrs. Jameson's Legends of the Saints 

^ and Martyrs, as represented in Christian 
' Art : Forming the First Series of Sacred and 
Legendary Art, Third Edition, revised and 
improved; with 17 Etchings and upwards 
of 180 Woodcuts, many of which are new 
in this Edition. 2 vols, square crown 8vo. 
31s. 6d. 

Ifrs. Jameson's Legends of the Honastic 
Orders, as represented in Christian Art. 
Forming the Second Series of Sacred and 
Legendary Art, Second Edition, enlarged ; 
with 11 Etchings by the Author, and 88 
Woodouts. Square orown Bro. price 28t. 

Ifrs. Jameson's Legends of the Kadonna, 
as represented in Christian Art : Forming 
the Third Series of Sacred and Legendary 
Art* Second Edition, revised and improved : 
with numerous Etchings from Drawings by 
the Author, and upwams of 150 Woodcuts. 
Square crown 8vo. [Nearly ready, 

Mrs. Jameson's Commonplace-Book of 

Thoughts, Memories, and Fancies, Original 
and Selected. Part I. Ethics and Character ; 
Part IL Literature and Art. Second Edit, 
revised and corrected; with Etchings and 
Woodcuts. Crown 8vo. 18s. 

Mrs. Jameson's Two Lectures on the Employ- 
ment of Women. 

l.SiSTBBS cf Chxbitt, CsflioUo and ProtoalMit, 
Abroad and at Hoomu SeoonA SdUiom» irith aew 
Preface. Fqp. 8vo. 4a. 

2. The CoMHUKios' of Laboub : A Seocmd Leoture on 
the Social Employments of Women. Fcp. 8vo. Ss. 

Jaquemet's Compendium of Chronology: 

Containing the most important Dates of 
General History, Political, Ecclesiastical, 
JEmd Literary, from the Chreation of the 
World to the end of the Year 1854. Edited 
i)y the Bev. J. Alcobv, M.A. Second 
Edition, Post 8vo. price 7s. 6d. 

Lord Jeffrey's Contributions to The 

Edinburgh Review. A New Edition, com- 
plete in One Volume, with a Portrait en- 
graved by Henry Bobinson, and a Yignette. 
Square crown 8vo. 21s. cloth ; or SOs. calf. 
— Or in 8 vols. 8vo. price 42s. 

Bishop Jeremy Taylor's Entire Works : 

With Life by Bishop Hebbb. Bevised and 
corrected by the Bev. Chaeles Paob Edbk, 
Fellow of Oriel College, Oxford. Now 
complete in 10 vols. 8vo. lOs. 6d. each. 

Johns.— The Land of Silence and the 

Land of Darkness. Being Two Essays on 
the Blind and on the Deaf and Dumb. By 
the Bev. B. G-. JoHirs, Chaplain of the 
BHnd School, St. George's Fields, South- 
wark. Fcp, 8vo, price 4e. Bd. 



Johnston.— A Dictionary of Geography, 

Descriptive, Physical, Statistical, and Histori- 
cal: Forming a complete G-eneral GkuEctteer 
of the World. By A. Keith Johnstoit, 
P.B.S.E., F.B.a.S., F.a.S., Geographer at 
Edinburgh in Ordinary to Her Majesty. 
Seeond Edition, thoroughly revised. In 1 
vol. of 1,860 pages, comprising about 50,000 
Names of Places. 8vo. d6e. oloih ; or half- 
bound in ruisia, 41s. 

Eemble.— The Saxons in England: A 

History of the English Commonwealth till 
the Norman Conquest. By JoHif M. ExiC- 
BLB, MA.., &c. 2 vols. 8vo. 28e. 

Eesteven.— A Manual of the Domestic 

Practice of Medicine. B v W. B . Ksbtetxit, 
Fellow of the Boyal College of Surgeons of 
England, &c. Square poet Svo. 7f. 6d. 

Eirby and Spence's Introduction to^ 

Entomology ; or, Elements of the Natural 
History oflnsects : Comprising an Account 
of Noxious and Useful Insects, ^ their Meta- 
morphoses, Food, Stratagems, Habitations, 
Societies, Motions, Noises, Hybernation, 
Instinct, &c. Seventh Edition, with an Ap- 
pendix relative to the Origin and Progress 
of the work. Crown 8vo« 5s. 

Mrs. R. Lee's Elements of Natural His- 
tory ; or, First Principles of 2iOology : Com- 
prising the Principles of Classification, inter- 
spersed with amusing and instmetive Ac- 
counts of the most remarkable Animals. 
New Edition; Woodcuts. Fcp. 8vo. 78. 6d. 

Letters to my Unknown Friends. By 

a Lady, Author of Lettert on Htqipinesi* 
Fourth Edition. Fcp. 8vo. 5s. 

Letters on Happiness, addressed to a Friend. 

By a Lady, Author of Letters io my Unknown 
Friends, Fcp. 8vo. 6s. 

L.E.L.— The Poetical Works of Letitia 

Elizabeth Landon ; comprising the Impro'^ 
visairice, the FeueOan BraceUt, the Gotden 
Violet, the Troubadour, and Poetical Bemains, 
New Edition ; with 2 Yignettes by B. Doyle. 
2 vols. 16mo. lOs. cloth ; moroooo, 21s. 

Dr. John Lindley's Theory and Practice 

of Horticulture ; or, an Attempt to explain 
the principal Operations of Gardening upon 
Physiological Grounds: Being the Second 
Edition of the The ory of Horticulture, much 
enlarged ; with 98 Woodcuts. 8vo. 2l8. 

Dr. John Lindley's Introduction to 

Botany. New Edition, with Coirections and 
copious Additions. 2 vols. 8vo. with Six 
Plates and numerous Woodcuts, price 24s. 

b6 



L2 



NEW WORKS IKD NEW EDITIONS 



LARDNER'S CABINET CYCLOP/EDIA 



Of Hifltory, Biography, Literature, the Arts and Sciences, Natural History, and Kanafiactare». 

A Series of Original Works by 

Thomas Keiohtlby, 
John Forster, 
Sir Waltrii Scott, 
Thomas Moorb, 

AND other Eminent Writers. 

Ck>inp1ete in 133 vols. fcp. 8vo. with Vigpaette Titles, price, in cloth, Nineteen Guineas. 

The Works separately, in Sets or Series, price Three Shilling's and Sixpence each Volume. 



Sir John Herschbl, 
Sir Jambs Mackintosh, 
RoBBRT Souths^, 
Sir Datio Brbwstbr, 



Bishop Thirlwall, 
Thb Rev. 6. R. Gleio, 
J. C. L. Db Sismondi, 
John Phillips, F.R.S., G.S. 



A LUi of the Works eompoaing the Cabinet Cyclopedia : — 



1. 
2. 

8. 
4. 
5. 

e. 

7. 

8. 

0. 
10. 
\\, 
12. 

18. 
U. 
15. 

6. 
17. 

18. 
19. 
20. 

21. 

22. 
28. 
24. 
26. 

26. 
27. 
28. 
20. 
80. 
81. 
82. 
83. 



Bell's History of Russia 8 vols. lOs. 6d. 

Bell's Lives of British Poets 2vol8. 78. 

Brewster's Optics 1 vol. 8s. 6d. 

Cooley's Maritime and Inland Discovery 3 vols. IDs. 6d. 

Crowe's History of France 3 vols. IDs. 6d. 

De Morgan on Probabilities 1 vol. 38. 6d. 

De Sismondi's History of the Italian 

RepuVUcs 1 vol. 8s. 6d. 

De Sismondi's Fall of the Roman Empire 2 vols. 7s. 

Donovan's Chemistry 1 vol. 88. 6d. 

Donovan's Domestic Economy 2 vols. 78. 

Dunham's Spain and Portugal 5 vols. 178. 6d. 

Dmiham's History of Denmark, Sweden, 

and Norway 8 vols. lOs. 6d. 

Donham's History of Poland 1 vol. 88. 6d. 

Dunham's Germanic Empire 8 vols. IDs. 6d. 

Donham's Europe during the Middle 

Ages 4 vols. 148. 

Dunham's British Dramatists 2 vols. 78. 

Dunham's Lives of Early Writers of 

Great Britidn 1 vol. 88. 6d. 

Fergus's History of the United States . . 2 vols. 7s. 
Foebroke's Grecian & Roman Antiquities 2 vols. 78. 
Forster's Lives of the Statesmen of the 

Commonwealth 5 vols. 178. 6d. 

Gleig'8 Lives of British Military Com- 

xoauders 8 vols. lOs. 6d. 

Grattan's History of the Netherlands ... 1 vol. 8s. 6d. 

Henslow's Botany 1 vol. 38. 6d. 

Herschel's Astronomy 1 vol. 8s. 6d. 

Hersehel's Discourse on Natural Philo- 

S(9^y 1 vol. 8s. 6d. 

History of Rome 2 vols. 78. 

History of Switzerland 1 vol. Ss. 6d. 

Holland's Manufactures in Metal 8 vols. IDs. 6d. 

James's Lives of Foreign Statesmen .... 5 vols. 178. 6d. 

Kater and Lardner's Mechanics 1 vol. 8s. 6d. 

Kdghtl^s Outlines of History 1 voU Ss. 6d. 

Lardner's Arithmetic 1 vol. Ss. 6d. 

Lardner's Geometry 1 vol. Ss. 6d. 



84. Lardner on Heat 

83. Lardner's Hydrostatics and Pneumatics 

86. Lardner and Walker's Electricity and 

Magnetism 

87. Mackintosh, Forster, and Courtenay's 

Lives of British Statesmen 

88. Mackintosh, Wallace, and Bell's History 

of England 

39. Montgomery and Shelley's eminent Ita- 

ILin, Spanish, and Portuguese Authors 

40. Moore's History of Ireland 

41. Niocdas's Chronology of History 

42. Phillips's Treatise on Geology 

43. Powell's History of Natural Philosophy 

44. Porter's Treatise on the Manufacture of 

Silk 

45. Porter's Manu&ctures of Porcelain and 

Glass 

46. RoBOoe's British Lawyers 

47. Scott's History of Scotland 

48. Shelley's Lives of eminent French 

Authors , , 

49. Shuckard and Swainson's Insects 

GO. Southey's Lives of British Admirals .... 

51. Stebbing's Church History 

52. Stebbing's History of the Reformation. . 

53. Swainson's Discourse on Natural History 

54. Swainson's Natural History and Classi- 

fication of Animals 

55. Swainson's Habits and Instincts of 

AnimalK , 

56. Swainson's Birds 

57. Swainson's Fish, Reptiles, &e 

58. Swadnson's Quadrupeds 

59. Swainson's Shells and Shell-Fish 

60. Swainson's Animals in Menageries 

61. Swainson's Taxidermy and Biography of 

Zoologists 

62. Thirlwall's History of Greece 



1 vol. 88. 6d. 

1 vol. 8s. 6d. 

2 vols. 7s. 

7 vols. 2is. 6d. 
10 vols. SGs. 

8 vols. 10s. 6d. 

4 vols. lis. 

1 vol. Ss. 6d. 

2 vols. 78. 
1 vol. 88. 6d. 

1 vol. 88. 6d. 

1 vol. 8s. 6d. 

1 voL 88. 6d. 

2 vols. 7s. 

2 VOl8. 78. 

1 vol. 8s. Cd. 

5 vols. 178. 0d. 

2 vols. 7s. 
2 vols. 78. 
1 vol. 8s. 6d. 

1 vol. Ss. 6d. 

1 vol. 8s. 6d. 

2 v(^. 7s. 
2 vols. 7s. 
1 vol. Ss. 6d. 
1 vol. 8s. 6d« 
1 \<A, Ss. Sd. 

1 vol. 8s. Od. 
8vols.2Bs. 



Linwood.— Anthologia Oxoniensis, sive 

Florilegium e Liisibus poeticis diyersoram 
Oxoniensium Greecis et Latinis deoerptum. 
Carante Gitlislmo Linwood, M.A., Mdis 
Ohristi Alimmo. Syo. price 14s. 

Lorimer's (C.) Letters to aTonng Master 

Manner on some Subjects connected with 
his Calling. New Edition. Fcp. 8to. 5s. 6d. 

Loudon's Encyclopsedia of Gardening: 

Comprising the Theory and Practice of Hor- 
ticulture, Floriculture, Arboriculture, and 
Landscape- Gardening. With many hundred 
Woodcuts. New Edition, corrected and 
improTed by Mbs. Loupon. 8to. BOs. 



London's Encyclopedia of Trees and 

Shrubs, or Arboretum et Fruticetum BrtiaH' 
nicum abridged : Containing the Hardy Trees 
and Shrubs of Great Britain, Native and 
Foreign, Scientifically and Popularly De- 
• scribed. With about 2,000 Woodcuts. 
8vo. 50s. 

Loudon's Encyclopsedia of Agriculture: 

Comprising the Theory and Practice of the 
Valuation, Transfer, Laying-out, Improre- 
ment, and Management of Landed Property, 
and of the Cultivation and Economy of the 
Animal and Vegetable Productions of Agri- 
culture. New and cheaper Edition; with 
1,100 Woodcuts. Sto. 31s. 6d. 
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Loudon's Encyclopedia of Plants: Com- 
prising the Specific Character, Description, 
Culture, History, Application in the Arts, 
and eyery other desirable Particular respect- 
ing all the Plants found in Great Britain. 
New Edition, corrected by Mas. Loimoir. 
With upwards of 12,000 Woodcuts. 8to. 
£3. 13s. 6d. — Second Supplement, 21s. 

London's Encyclopedia of Cottage, 

Farm, and Villa Architecture and Furniture. 
New Edition, edited by Mbs. Loitdon ; with 
more tlum 2,000 Woodcuts. Svo. OSs. 

London's Self-Instrnction for Tonng 

Gardeners, Foresters, Bailiffs, Land Stew- 
ards, and Farmers 3 in Arithmetic, Book- 
keeping, Geometry, Mensuration, Practical 
Trigonometry, Mechanics, Land-Surveying, 
Lerelling, Planning and Mapping, Architec- 
tural Drawing, and Isometrical Projection 
and Perspective. 8yo. Portrait, 7b. 6d. 

London's Hortns Britannicns; or, Cata- 
logue of all the Plants found in Ghreat 
Britain. New Edition, corrected by Mbs. 
LoiJPON. 8to. Sis. 6d. 

Mrs. London's Lady's Conntry Compa- 
nion; or. How to Enjoy a Country Life 
Bationally. Fourth Edition, with Plates 
and Woodcuts. Fcp. 8to. 5s. 

Mrs. London's Amatenr Gardener's 

Calendar, or Monthly Guide to what should 
be avoided and done in a Garden. 16mo. 
with Woodcuts, 7s. 6d. 

Low'sElements of Practical Agriculture; 

comprehending the Cultiyation of Plants, the 
Husbandry of the Domestic Animals, and 
the Economy of the Farm. New Edition ; 
with 200 Woodcuts. 8to. 2l8. 

Macanlay.— Speeches of the Right Hon. 

Lord Macaulay. Corrected by Himself. 
8to. price 12s. 

Macanlay. — The History of England 

from the Accession of James II. By 
the Bight Hon. Lobd Maoavlay. New 
Edition. Vols. I. and 11. 8to. price 82s. $ 
Vols III. and IV. price 36s. 

Lord Macanlay's Critical and Historical 

Essays contributed to The Edinburgh 
Beyiew. Four Editions, as follows : — 

1. A LiBSABT EsinoH (the EitfAth\ in 8 rols. 8ro. 

price 868. 

2. Complete in Oitb Voltjiob, with Portrait and Vig- 

nette. Square crown 8to. inrice 2l8. cloth; or 
80s. calf. 

8. Another New Esinoir, in 8 toIs. fcp. 8to. price 
21s. doth. 

4. The FaoFLs's Esxxioir, in 2 toIs. crown 8to. priee 
8s. cloth. 



Macanlay.—Lays of Ancient Rome, with 

Iviy and the Armada, By the Bight 
Hon. LoBB Maoatjlay. New Edition. 
lOmo. price ^. 6d. cloth; or lOs. 6d« 
bound in morocco. 

Lord Macanlay's Lays of Ancient Rome. 

With numerous Illustrations, O rigi nal and 
from the Antique, drawn on Wood by 
George Scharf, jun., and engrayed by Samuel 
Williams. New Edition. Fcp. 4ito. price 
21s. boards ; or 42s. bound in morocco. 

Mac Donald. — Poems. By George 

Mao Donald, Author of WitUn and With'' 
out, Fcp. Svo. 7s. 

Mac Donald.— Within and Without : A 

Dramatic Poem. By Geobgb Mao Donaij). 
Second Edition^ rerised ; fcp. 8to. 4s. 6d, 

Macdonald. — Villa Verocchio; or, the 

Youth of Leonardo da Vinci : A Tale. By 
the late Miss D. L. Macdovald. Fcp. 8to. 
price 6s. 

MacDongall.— The Theory of War illns- 

trated by numerous Examples from His- 
tory. By Lieutenant -Colonel MAoDorGAiJD, 
Superintendent of Studies in the Koyal 
Military College, Sandhurst. Post 8to. with 
10 Plans of Battles, price lOs. 6d. 

M'Dougall.— The Eventful Voyage of 

H.M, Discovery S/iip Besolute to the Jrctie 
Regions in Search of Sir John Franklin and 
the Missing Crews of H,M, IHscovery Ships 
Erebus and Terror, 1852, 1853, 1854. To 
which is added an Account of her being 
fallen in with by an American Whaler, after 
her abandonment in Barrow Straits, and of 
her presentation to Queen Victoria by the 
Government of the United States. By 
Gbobge F. M^Dougall, Master. With a 
coloured Chart ; 8 Illustrations in tinted 
Lithography ; and 22 Woodcuts. 8vo. price 
21s. cloth. 

Sir James Mackintosh's Miscellaneons 

Works : Including his Contributions to The 
Edinburgh Beview. Complete in One 
Volume ; with Portrait and Vignette. 
Square crown 8to. 21s. cloth ; or 80s. bound 
in calf: or in 8 Yols. fcp. 8to. 2l8. 

Sir James Hackintosli's History of England 
from the Earliest Times to the final Esta- 
blishment of the Beformation. Library Edi- 
tion, revised. 2 yols. Svo. 21s. 

Macleod.— The Theory and Practice of 

Banking: With the Elementary Principles 
of Currency, Prices, Credit, and Exchanges. 
By Henbt Dxrsvijsfa Maoleob, of the 
Liner Temple,Esq., Barrister-at-Law. 2 yols. 
royal Svo. price SOIb. 
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Macnaught— Tlie Doctrine of Inspira- 
tion : Being an Inquiiy concerning the In- 
fallibility, Inspiration, and Authority of 
Holy Writ. By the Eer. John Mac- 
naught, M.A. Second Edition^ rerised. 
Crown 8vo. price 4s. 6d. 

M'Golloch's Dictioxiary, Practical, Theo- 
retical, and Historical, of Commerce and 
Commercial Navigation. Illustrated with 
Kapg and Flans. New Edition, oorrected 
to the Present Time ; with a Supplement. 
8vo. price 50s. cloth ; half-russia, 55s. 

Iff^Culloch's Dictionaiy, Geographical, 

Statistical, and Historical, of the various 
Countries, Places, and principal Natural 
Objects in the World. Ilhistrated with Six 
large Maps. New Edition, revised; with a 
Supplement. 2 vols. 8to. price 68s. 

Maguire.— Rome; its Rnler and its In- 
stitutions. By JoHir Fhancis Magctibe, 
M.P. With a Portrait of Pope Pius IX. 
Post Svo. price IDs. 6d. 

MaitlancL— The Church in the Cata- 
combs : A Description of the Primitive 
Church of Home. Illustrated by its Sepul- 
chral Remains. By the Rev. Chasles 
KAiTitAin). New Edition ; with several 
Woodcuts. Svo. price 14b. 

Out-of-Doors Drawing.— Aphorisms on 

Drawing. By the Rev. S. C. Malan, MA.. 
of Balliol College, Oxford j Vicar of Broad- 
Windsor, Dorset. Post Svo. Ss. 6d. 

Mrs. Marcef 8 Conversations on Chemis- 
try, in which the Elements of that Science 
are familiarly explained and illustrated by 
Experiments. New Edition, enlarged and 
improved. 2 vols. fcp. Svo. price l£. 

Kn. Haroef Con^BrsationB on Vatiinl Phi- 
losophy, in which the Elements of that 
Science are feoniliarly explained. New Edi- 
tion, enlarged and corrected ; with 28 Plates. 
Ecp. Svo. price lOs. 6d. 

Martinean.— EndeaYonrs afterthe Chris- 
tian Life: Discourses. By James Mab- 
TINSAU. 2 vols, post Svo. 7s. 6d. each. 

Hartineau.— Hsmma for the Christian Church 

and Home. Collected and edited by Jakes 
Mabtineait. Eleventh Edition, 32mo. 3». 6d. 
doth, or 5s. calf j Fifth Edition^ 32mo. Is. 4d. 
cloth, or Is. 8d. roan. 

Hartineau.— Miscellanies : Comprising Essays 
on Dr. Priestley, Arnold's Life amd Corre- 
spondence. Church and State, Theodore 
Parker's Discourse of Religion, ''Phases of 
Eaith," the Church of Enghmd, and the 
Battle of the Churches. By James Mab- 

TINBAF. Post Svo. 98. 



Mannder'B Scientific and Literary Trea- 
sury : A new and popular Encyclopssdia of 
Science and the Belles-Lettres ; including 
all branches of Science, and every subject 
connected with Literature and Art, New 
Edition. Fcp. Svo. price IDs. cloth ; bound 
in roan, 12s. ; calf, 12s. 6d. 

Maunder's Biographical Treasury ; con- 
sisting of Memoirs, Sketches, and brief 
Notices of above 12,000 Eminent Persons of 
All Ages and Nations, from the Earliest 
Period of Hist(^ : Forming a new and com- 
plete Dictionary of Universal Biography. 
Ninth Edition, revised throughout. Fep.8vo. 
lOs. cloth ; boundin roan, 1^. ; calf, 12s. 6d. 

Maunder's Treasury of Knowledge, and 

libiaiy of Beference. Comprising an Eng- 
lish Dictionary and Grammar, a Universal 
Gazetteer, a Classical Dictionary, a Chrono- 
logy, a Law Dictionary, a Synopsis of the 
Peerage, numerous useful Tables, &c. New 
Edition, carefully revised and corrected 
throughout : With Additions. Fcp. Svo. 
lOs. cloth i bound in roan, 12s. ; cal^ 12s. 6d. 

Maunder's Treasury of Natural ffistory; 

or, a Popular Dictionary of Animated 
Nature : In which the Zoological Character- 
istics that distinguish the deferent dasses, 
G«nera, and Species, are combined with a 
variety of interesting Information illustrative 
of the Habits, Instincts, and General Eco- 
nomy of the Animal Kingdom. With 900 
Woodcuts. New Edition. Fcp. Svo. price 
lOs. cloth ; roan, 12s. ; oal^ 12e. 6d. 

« 

Maunder's Historical Treasury; com- 
prising a General Introductory Outtime of 
Univemal History, Ancient and Modem, 
and a Series of s^>arate Histories of every 

Principal Nation that exists; their Bise, 
^regress, and Present Condition, the Moral 
and Social Character of their respective In- 
habitants, their BeUgion, Manners and Cus- 
toms, &c. New Edition ; revised through- 
out, with a new Genebal Index. Fop. Svo. 
lOs. cloth } roan, 12s. ; calf, 12s. 6d. 

Maunder's GeograpMcal Treasury.— 

The Treasury of Geography, Physical, His- 
torical, Descriptive^ and Political ; contain- 
ing a succinct Account of Every Country in 
the World : Preceded by an Introductory 
Outline of the History of G«(^rraphT ; a 
Familiar Inquiry into the Varieties of SUce 
and Ijanguage exhibited by different Nations; 
and a View of the Relations of Geography 
to Astronomy and the Physical Sciences. 
Commenced by the late Sahttbl Mauvdeb ; 
completed by William Huohes, F.B.G.S., 
late Professor of Geography in the College 
for Civil Engineers. New Edition ; with 7 
Maps and 16 Steel Plates. Fcp, Svo. 10s. 
clotn ; roan, 12s. $ calf, 12s. 6d, 
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Melville. — The Confidence-Man: His 

Masquerade. By Hbbhan Melyillb, Au- 
thor of TypeCf Omoo, &c. Fop. 870. 5s. 

Merivale. — A History of the Romans 

under the Empire. Bj the Bey. Chables 

Mbbitalb, B.D., late Fellow of St. John's 

College, Cambridge. 8to. with Maps. 

Vols. I. and IT. comwMng the HistoiT to the Fall of 
JnUut Cco$ar, Second Edition SSs. 

Vol. III. to the establishment of the Monarchy hy Au- 
ffutttu. Second Edition lis. 

Vols. rv. and Y. from AuffUftui to Claudius, B.C. 27 to 
A.D. 54 828. 

Merivale.--The Fallof theRomanBepnh- 

lio : A Short History of the Last Centuiy of 
the Commonwealth. By the Ber. C. Mbbi- 
TAiiB, B.D., late Fellow of St. John's College, 
Cambridge. New Edition. 12mo. 7s. 6d. 

Mtrivale.— An Aeooiint of the Life and Letters 
of Cicero. Translated from the GTerman of 
Abbe:en ; and Edited by the Ber. Chables 
Mbbiyalb, B.D. 12mo. 9s. 6d. 

Merivale (L. A.)— Christian Records: A 

Short History of Apostolic Age. By L. A. 
Mbbiyale* Fop. 8to. 78. 6d. 

Miles.— The Horse's Foot, and How to 

Keep it Sound. Eighth Edition ; with an 
Appendix on Shoeing in general, and Hunters 
in particular, 12 Plates and 12 Woodcuts. 
By W. Miles, Esq. Imperial 8yo. 128. 6d. 

%* Two Casts or Models of Off Fore Feet, 2lo. 1. Shodfar 
AU Purpogeg, No. 2, Shod with Leather^ on Sr. Miln's pum, 
nu^ he had, price 88. eadi. 

fllles.— A Plain Treatise on Horse-Sho«ing. 
By WiLLLiM Miles, Esq. With Plates and 
Woodcuts. Small 4ito. price 60. 

Mihaer's History of the Church of Christ. 

With Additions by the late Bey. Isaac 
Milneb, D.D., FJl.a A New Edition, 
revised, with additional Notes by the Rey. 
T. O^BANTHAX, B.D. 4 VOI0. Syo. prioe 52s. 

Montgomery.— Memoirs of the Life and 

Writings of James Montgomery : Including 
Selections from his Correspondence, Bemains 
in Prose and Yerse, and Conversations. By 
John Holland and Jambs EvBBBTT. With 
Portraits and Vignettes. 7 vols, post 8yo. 
price £3. 13s. 6d. 

James Montgomery's Poetical Works: 

CoUectiye Edition ; with the Author^s Auto- 
biographical PrefiEKses, oomplete in One 
Volume; with Portrait and Vignette. Square 
crown 8yo. price lOs. 6d. oloth; morooco, 
21s. — Or, in 4 vols. fcp. 8yo. witli Porirait, 
and 7 other Plates, price 14s. 



Moore.— The Power of the Soul o^r the 

Body, considered in relation to Health and 
Morals. By G-bobge Moobb, M.D. Fyth 
Editum, Fcp. 8yo. 6s. 

"It shows that unless 
the inward principle be 
disciplined, purified, and 
enlightened, vainly must 
we look for that harmony 



between mind and body 
so necessary to bvnian 

ei^yment We wodld 

say, Read the book." 
Athenjbum. 



Hoore.~Man and his Uetives. By Qwq^ 
Moobb, M.D. Third EdUiou, Fop. 8to. 6s. 

Hoore.—The Use of the Body in rtiation to the 
Mind. By Gbobgb Moobb, MJ). JMrd 
Edition. Fcp. 8vo. 6s. 

Moore.— Memoirs, Joamal, and Corre- 
spondence of Thomas Moore. Edited by 
the Bight Hon. Lobd John Busseli^ M.P. 
With Portraits and Vignette Dhistrations. 
8 vols, post 8to. price 10s. 6d. eaoli. 

Thomas Moore's Poetical Works : Com- 
prising the Author's recent Introdoctions 
and Notes. The Traveller's Edition^ com- 
plete in One Volume, printed in Buby l^pe ; 
with a Portrait. Crown 8yo. 12s. 6a. cloth $ 
morocco by Hayday, 21s. — ^Also the Idbrary 
Edition complete in 1 vol. medium 8yo. with 
Portrait ana Vignette, 21s. cloth ; morooco 
by Hayday, 428. — And the First collected 
Edition, in 10 Tols. fcp. 8to. with Portrait 
and 19 Plates, price 35s. 

Moore. — Poetry and Pictures from 

Thomas Moore: Being Selections of the 
most popular and admired of Moore's Poems, 
copiously illustrated with highly-finished 
Wood Engravings from original Designs by 

C. W. COPB, II.A. F. B. PiCKBESOILL, B.A. 

E. C. CoBBOTTiii), S. Bbad, 

J. Cbopsxt, 6. Thomas. 

B. DtnrcAir, F. Tophait, 

BntxxT FosTES, H. Wabrbit. 

J. C. HoBSLBT, A.B.A. Habbisok weib, and 

H. Lb JBinrB, F. Wtbttbd. 

Fcp. 4to., printed on toned paper, and ele- 
gantly bound. {Nearly ready, 

Moore's Epicurean. New Edition, with 

the Notes from the collective edition of 
Moore's Poetical Works ; and a Vignette en- 
graved on Wood from an original Design by 
D. Macoijse, B.A. 16mo. Ss. cloth; or 
12s. 6d. morocco by Hayday. 

Moore's Songs, Ballads, and Sacred 

Songs. Now Edition, printed in Buby 
Type; with the Notes £rom the eoUective 
edition of Moore'* FoeHeal Works, and a 
Vignette from a Design by T. Oreewiok, B. A. 
SSmo. 28. 6d. — An Edition in 16mo. with 
Vignette by B. Doyle, prioe 6s. $ or 128. 6d. 
morocco by Hayday. 
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NEW WOKKS ATO NEW EDITIONS 



Moore's Lalla Rookh: An Oriental 

Somuice. With 13 highly.finiBhed Steel 
Plates from Original Designs by Corbould, 
Meadows, and Stephanoff, engrayed under 
the superintendence of the late Charies 
Heath. New Edition. Square crown 8yo. 
price 16s. cloth ; morocco, 28s. 

Moore's Lalla Bookh. New Edition, printed 
in Ruby Tvpe ; with the Preface and 
Notes from the collective edition of Moor^s 
PoeHeal JTork*, and a Frontispiece from a 
Design by Kenny Meadows. 32mo. 28. 6d. 
— ^An Ecution in 16mo. with Vignette, 5s. j 
or 12s. 6d. morocco by Hayday. 

Moore's Irish Melodies. A New Edi- 
tion, with 18 highly-finished Steel Plates, 
fitnn Original Designs by 



C. W. Cops. R.A. 
T. Cbxswicx^ JL. 
A. L. Ego. A.B.A. 
W. P. FsiTH, R.A. 
W. E. Fbost, A.RJL 

J. C. HOBSLXY, 



D. MAOLin, B.A. 
J. E. MiLi^is. A.RJL 
W. MULKXADT, B.A. 

J. Sakt, 

F. Stokx, A.R.A.; and 

£. M. Wabd, B.A. 



Square crown 8vo.prioe21s. cloth ; or 31s.6d. 
handsomely bound in morocco. 

Hoor^s Irish Helodiei, printed in Bnby Type ; 
with the Preface and Notes from the col- 
lectiye edition of Maoris Poetical Works, the 
Advertisements originally prefixed, and a 
Portrait of the Author. 82mo. 2s. 6d. — 
An Edition in 16mo. with Vignette, 68.; 
or 12s. 6d. morocco by Hayday. 

Xoore'f Irish Helodies. ninstrated by D. 
Madise, K.A. New Edition; with 161 
Designs, and the whole of the Letterpress 
engrayed on Steel, by F. P. Becker. Super- 
royal Svo. 81s. 6d. boards ; £2. 12s. 6d. 
morocco by Hayday. 

Moore's Irish Melodies, the Mnsic with 

the Words; the Symphonies and Accom- 
paniments by Sir John Stevenson, Mus. Doc. 
Complete in* One Volume, small Music size, 
convenient and legible at the pianoforte, but 
more portable than the usual form of Mu- 
sical publications. Imperial Svo. Sis. 6d. 
cloth ; or 42s. half-bound in morocco. 

Moore.— The Crosses, Altar, and Orna- 
ments in the Churches of St. Paul's, Enights- 
bridge, and St. Barnabas, PimUco : A con- 
cise Beport of the Proceedings and Judg- 
ments in the Cases of Westertofi r. Liddell, 
Home, and others, and Beal v. Liddell, 
Parke, and Evans ; as heard and determined 
by the Consistory Court of London, the 
Arches Court of Canterbury, and the Ju- 
dicial Committee of H.M. Most Hon. Privy 
CounoU. By Edicund F. Moobb, Esq., 
MA., Barrister-at-Law. Boyal Svo. price 
12s. cloth. 



MorelL— Elements of Psychology : Part 

I., containing the Analysis of the Intellectual 
Powers. By J. D. Mobell, M.A., One of 
Her Majesty's Inspectors of Schools. Post 
Svo. 7b. 6d. 

Morning Clouds. [A book of practical 

. ethics, in form of letters of counsel, en- 
couragement, and sympathy, specially ad- 
dressed to young women on their entrance 
into Ufe.] Post Svo. price 7s. 

Moseley.— The Mechanical Principles of 

Engineering and Architecture. By H. 
MosBLEY, M.A., F.B.S., Canon of Bristol, 
&c. Second Edition, enlarged; with nu- 
merous Corrections and Woodcuts. Svo. 248. 

Memoirs and Letters of the late Colonel 

Abmine S. H. Mountain, C.B., Aide-de- 
Camp to the Qneen, and Adjutant-Ghneral 
of Her Majesty's Forces in India. Edited 
by Mrs. Moitntain. With a Portrait drawn 
on Stone by E. J. Lane, A.E.B.A. Post 
Svo. Ss. 6d. 

Mure.—- A Criticd History of the Lan- 
guage and Literature of Ancient G-reece. 
By WiLLiAH MuBB, M.P. of Caldwell. 
Second Edition. Yols. I. to III. Svo. price 
86s. J Vol. IV. price 15s. j Vol. Y. price 188. 

Murray's Encyclopedia of Geography; 

comprising a complete Description of the 
Earth : Exhibiting its Eolation to the 
Heavenly Bodies, its Physical Structure, the 
Natural History of each Country, and the 
Industry, Commerce, Political Institutions, 
and Civil and Social State of All Nations. 
Second Edition ; with 82 Maps, and upwards 
of 1,000 other Woodcuts. Svo. price GOs. 

Neale. — The Closing Scene ; or, Chris- 
tianity and Infidelity contrasted in the Last 
Hours of Remarkable Persons. By the 
Bev. Ebskinb Nbalb, M.A. New Editions. 
2 vols. fcp. Svo. price 6s. each. 

Oldacre.— The Last of the Old Squires. 

A Sketch. By Cedbio Oldaobb, Esq., of 
Sax - Normanbury, sometime of Christ 
Church, Oxon. Crown Svo. prioe 9s. 6d. 

Osbom. — Quedah ; or, Stray Leaves 

from a Journal in Malayan Waters. By 
Captain Shebabd Osbobit, R.N., C.B., 
Author of Strajf Leaves from an Arctic Jouf 
nal, and of the Narrative of the Discovery of 
the North' West Passage. With a coloured 
Chart and tinted Illustrations. Post Svo. 
price 10s. 6d. 
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Osborn.— The Discovery of the North- 
West Passage by H.M.S. Investigator^ Cap- 
tain R M'Clubb, 1850-1854. Edited by 
Captain Shebabd Osbobn, C.B., from the 
Logs and Journals of Captain B. M'Clure. 
Second Edition, rerised ; 'with Additions to 
the Chapter on the Hybernation of Animals 
in the Arctic Begions, a Geological Paper 
by Sir Bodebick I. Mvbohison, a Portrait 
of Captain M'Clure, a coloured Chart and 
tinted Illustrations. 8to. price 15s. 

Owen.— Lectures on the Comparative 

Anatomy and Physiology of the Invertebrate 
Animals, delivered at the Boval College of 
Surgeons. By Bichabd Owen, E.B.S., 
Hunterian Professor to the College. Second 
Edition, with 235 Woodcuts. 8vo. 21s. 

Professor Owen's Lectures on the Comparstiye 
Anatomy and Physiology of the Yertebrate 
Animab, delivered at the Boyal College of 
Surgeons in 1844 and 1846. With numerous 
Woodcuts. Vol. I. 8vo. price 14s. 

Memoirs of Admiral Parry, the Arctic 

Navigator. By his Son, the Bev. E. Paret, 
M.A. of Balliol College, Oxford ; Domestic 
Chaplain to the Lord Bishop of London. 
Third Edition ; with a Portrait and coloured 
Chart of the North-West Passage. Ecp. 
8vo. price 5s. 

Dr. Pereira's Elements of Materia 

Medica and Therapeutics. Third Edition^ 
enlarged and improved from the Author's 
Materials, by A. S. Tatlob, M.D., and 
G. O. Bees, M.D. : With numerous Wood- 
cuts. Vol. 1. 8vo. 28s. ; Vol. II. Part 1. 21s. ; 
Vol. II. Part II. 24fi. 

Dr. Pereira's Lectures on Polarised Light, 
together with a Lecture on the Microscope. 
2d Edition, enlarged from Materials left by 
the Author, by the Bev. B. Powell, M.A., 
&c. Fcp. 8vo. with Woodcuts, 7s. 

Perry.— The Franks, from their First 

Appearance in History to the Death of King 
Pepin. By Walteb C. Pbbbt, Barrister- 
at-Law, Doctor in Philosophy and Master 
of Arts in the University of Gottingen. 
8vo. price 12s. 6d. 

Peschel's Elements of Physics. Trans- 
lated from the German, with Notes, by 
E. West. With Diagrams and Woodcuts. 
3 vols. fcp. 8vo. 21s. 

Ida Pfeiffer's Lady's Second Journey 

round the World: From London to the 
Cape of Good Hope, Borneo, Java, Sumatra, 
Celebes, Ceram, the Moluccas &c., Califomia, 
Panama, Peru, Ecuador, and the United 
States. 2 vols, post 8vo. 21s. 



Phillips's Elementary Introduction to 

Mineralogy. A New Edition, vnth extensive 
Alterations and Additions, by H. J. BboobE| 
F.B.S., r.G.S. J and W. H. Milleb, M.A., 
F.G.S. With numerous Wood Engravings. 
Post 8vo. 188. 

Fhillips.^A Guide to Geology. By John 

Phillips, M.A., F.B.S., F.G.S., &c. Fourth 
Edition, corrected to the Present Time; 
with 4 Plates. Fcp. 8vo. 5s. 

Phillips.— Figures and Descriptions of the 
PalsBOzoic Fossils of Cornwall, Devon, and 
West Somerset ; observed in the course 
of the Ordnance Geological Survey of that 
District. By John Phillips, F.B.S., F.G.S., 
&c. 8vo. with 60 Plates, price 9s. 

Piesse's Art of Perfumery, and Methods 

of Obtaining the Odours of Plants : With 
Instructions for the Manufacture of Perfumes 
for the Handkerchief, Scented Powders, 
Odorous Vinegars, Dentifrices, Pomatums, 
Cosm^tiques, Perfumed Soap, &c. ; and an 
Appendix on the Colours of Flowers, Arti- 
ficial Fruit Essences, &c. Second Edition^ 
revised and improved ; with 46 Woodcuts. 
Crown 8vo. 8s. 6d. 

Captain Portlock's Report on the Geology 

of the County of Londonderry, and of Parts 
of Tyrone and Fermanagh, examined and 
described under the Authority of the Master* 
General and Board of Ordnance. 8vo. with 
48 Plates, price 24s. 

Powell.— Essays on the Spirit of the 

Inductive Philosophy, the Unity of Worlds, 
and the Philosophy of Creation. By the 
Bev. Baden Powbll, M.A.,F.B.S.,F.B.A.S., 
F.G.S., Savilian Professor of Gheometry in the 
University of Oxford. Second Edition, re- 
vised. Crown 8vo. with Woodcuts, 12s. 6d. 

Pycroft's Course of English Reading, 

adapted to every taste and capacity : With 
Literary Anecdotes. New and cheaper 
Edition. Fcp. 8vo. price Ss. 

Eaikes.— A Portion of the Joomal kept 

by Thoicas Baiees, Esq., froml831 to 1847: 
Comprising Beminiscences of Social and 
PoUtical Life in London and Paris during 
that period. Yols. 1. and II. {Second Edi' 
tion)f post 8vo. 21s.; Vols. III. and IV. 
with IndeXi completing the work, price 2l8. 

Reade. — The Poetical Works of John 

Edmund Beade. New Edition, revised and 
corrected ; with Additional Poems. 4 vols, 
fcp. 8vo. price 20s. 



SSVf WOBMB am VXW EDITIONS 



Dr. Beece's Medical Guide : Comprising 

k 0(na[ilBte Modem DiipeiuatoiT, and a 
Prutkal TrealiM onthediitiiieuiahuu! 5;mp- 
toau, Cmuw, Pwrantioii, Cure, and Fallis> 
tion ot the Diaaaui iiu^mt to the Euaun 
Frame. Seieateenth Edition, ooireoted and 
enlu^ bj the Author*! Sou, Dr. H. BiKCB, 
M.B,aS., &c. 8to. 12i. 

Bleb's niustrated Compaidoii to tiie 
LfttinDictioiiuyBiid Qreeklieiioan: Form- 
ing a QIdbbstj of an the Words repreamtiDg 
Tuible Object! connected with the Arte, 
ManufsctiirM, and Brerj-Da; life of t^e 
Ancieoti. With about 2,000 WoodentB 
trom the Antique. Post 8to. 21i. 

KcliardSOtU—FoTUteen Tears' Expe- 
rience of Cold Water: Il« Use* and Abuaee. 
Bj CnptainM. RiCHABDBOK, lale oE the 
4th Light Dragoone. Fo»t 8to. irith 
WoodiTutfl, price 6fl. 

"The flnt object of Mn KJctwrCUoBeensiden 
Captain RichmUoii'i thebandagenotanlyinorB 
book ia to ntead tb; ate beneacinl mnlic^ly than 



ilaCH cowred by dry han- (Onowrf bj <Hr«tioiii (or 
dagearortbeviFtttiHtand Ihe treatment of diHuei 

listed 6 ydropalhT- Cap- Um." SPKCTiTOK. 

Horsamanshlp ; or, the Art of Biding 
and U anigiog b Horse, adapted to the Quid- 
•noe of liSdie* and Qentlemen on tbe Road 
and in the sidd: With InstrvctioQe for 
Bieakiag-in Oolts and Young Horaeo. By 
Caftaih BioaASDBOV, late of the 4th Light 
Snpxms. With 5 f latea. Square crom 
8to. Ua. 

Homahold Tn^ffl^ for Fonr Weeks; 

With additimtal Praj en for Special Ooca- 
aiona. To vliioh ii added a Course of 
flcriptn™ Beadkg for Bvary Day in the 
Tear. By the TLey. J. B. Bidqlb, M.A, 
Inoumbent of 9t. Philip's, Leckhamptoil. 
Crown 8to. price 9b. 6d. 

BitUk's Complete Irfitin-EngU^ aod 
Enelish-Lstin Diotioniiy, for the use of 
Cofleges and Sohools. Nem and cheaper 
JWtim, revised and oorreot«d. Sro. Slj, 
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BddlB's IKam«Bd I«Ua-EngIi«)L KetioMr;. 
A Guide to the UeBiing, Qnalitr, and 
right Aoceotuation of Latin Clanioal Words. 
Boyal tamo, price 4a. 

Biddle'i Copions and Critioal Idtin- 



HewanJcAfOfwrBdition. Fott4to.SU.6d. 



bitch's Bose-Aautew'* Guide ; contiun- 

ing ample Deaor^lionsafalltliafiitebadiiig 
nrifltiM of Bcaea, reguhrijr olassed in their 
tespeetiTe FamilicBj thcar Mutotf and 
Uode of Culture. FifUi EcUtiom, oaneeted 
•ud improrad. F^ Sro, St. Gd. 

Dr. E. BobiuBon's Greek and En^ish 

Leii«oa to tbe Greek IctwBieDt, A Sew 
Edition, rariaed and in F o a t part w -i w ' iU ffli. 
8to. pcioe IBs. 

Mr. Hem; Bogers's Essays selected from 

Contributions to the Ediniurffi Bmitv. 
Second aad cieaper Edition, with AdditioDi. 
S Tols. fop. Sto. 21b. 

Dr. Bogef B ThesanraB of Engiish Words 
and Phraaes olaaaified and arranged to as to 
facilitate the Eipression of Ideas and assist 
in Literary CowpOHtion. Sixth BditeM, 
reriaed and imprcnrad. Crown Sro. 10s. 6d. 

Bonalds'B Fly-Fisher's Entomology : 

With coloured Bepresentationa of the 
Natural and Artificial Insect, and a few Ob- 
serrations and Instructions On Trout and 



Boston's Debater: A Series of complete 

Debates, Outlines of Debates, and QuestiooB 
for Discussion; with ample Beferonoes to the 
beet Sources of Information, KewBditiou. 
Fop, Syo. 6s. 

Hie Saints OUT Example. Bythe^thor 

of Zeiigrt la mg Unhtoan Friendt, Ac. Fcp. 
Sto. price Vs. 

Scherzer.— Travels in the Free States of 

Central America : Nicaragua, Hoodurai^ 
and San Salvador. By Dr. Oahi. Soherzkb. 
Witha coloured Map. 2 rola. postBro. 1Gb. 












suidui of dsubtfid fidoU^ braver toiidlw aaldsm hu 
wnifcreedCskwiilililiwd' nada lit* ni tanOBidlfli 
IB ba goB HBd nuDlK . tncki Hi Wond On VaUt 




Dr. L. Schmitz's History of Greece, from 

the Earliest Times to the Taiing of Corinth 
by tbe Bomans, B.C. 146, mainly based upon 
Bishop ThirlwaU's Hietoty. Fourth EdiHon, 
with Sapplementsiy Chapters on tiie lite- 
ratareaod the Arte of Anelent Clreece i and 
illnrtrated with a Hap of Athens and 137 
Woodouts, designed from the Antique by 
G. Sohar^ jun., F.8.A. 18mo. 7». 6d. 
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ScrlTsnoi's ffistory of the Iron Trade, 
from the !Eu4ieat Scconb to tbe PiMeiit 
Fsriod. New Bditioii, eorrsol«d. Bto. 
price 10b. ed. 

Sir Edward Seaward's Narrative of his 

Shipwreck, and oi)n>eqnent I>i»0OT«Ty of 
eertain Islands in the Oaribbean Sea. 
ISiird Edidon. 3 toIs. port 8to. Sis.— An 
ikasicaiiEMX, in ISmo. ptiee 2s, Gd. 

The Sennoa ii^the Monnt. Printed by 
0. Wfaittingham, unifonn^ with Om DtMti 
Siile ; boimd and clawed. 6laao. 1*. 6d. 

Sewell.— Amy Herbert. By a Lady. 

Edited b; theSev, WiLLUnSEWXXibB.I)., 
Fellow and Tutor of Exeter CoUf ge, Oxford. 
New Edition. Fcp. Bto. price 6a. 

SeweU.-The Earl'B Danghter. By the 

Author of Amy Rerbert. Edited bj the EoT. 
W. Sbweix, B.D. 3 ¥Ola. fcp. 8vo. 9b. 

Sewell. — Gertmde : A Tale. By the 

AMtlioT ot Amg Herbert. Edited by the Ber. 
W. Sbwbll, B.D. Pep. 8to. price 63. 

SewelL — Margaxet PercivaL By the 

Xathm oi Jnig Herbert. Edited bj the Ear. 
W. &SWSLL, B.D. 2 vols. %>. Bto. price 12a. 

By the tame Author, Net) SdUione, 
Itotb. 2 toIb. fep. 8to. price 12a. 
ClBTeHall. 2 vols. fcp. Svo, price 12a, 
Xatharina Ajhton. 2 toIi. fop. Bto. 12s, 
The Experience of lifc. "Btsf. Bto. price Tc 6d. 
laneton Fananage : A Tale Sir Chilkm, on 

the FractictJ Use of a portian of the Obuicb 

Catediism. 2 vols. fop. 8to. price 12s. 
Beadingg tax Ever]' Day in Leat : Oooiplled 

from the Wriling) of Bishop Jbbbxx 

TaXWB. Fop. Sm. price Sa. 
Beadisfs for aKonth prepsnttoiT to Oonflmo- 

tion : Compiled from the Works of Writers 

of the Earlj and of Uie English CRmreh. 

New and cheaper Edition. Fcp. Sto, 4a. 



Bowdler's Family ShakEpeare; Ir which 

nothing is oifiW to the Original Text ; bat 
thoae words and eipresBions are omitted 
which cannot with propiiety be read alond. 
ILuBtrated with Xhirtj-eu Tigncttea en- 
gtsTod on Wood from originaL Desigai bj 



ITeiB Edition, printed ia a more coiTenient 
' — " Tols. fcp. 8to. price 80b. olothj 



BCpflraf cly, Bb. 



Btsuye Mew BiiliBhGBZettMr,«rT«p 

graphical Dictionary of the British lalan 
and Harrow 9eae : Comprising concise I 
■criptions of about Sixty iniomand Flao 
Seats, Natural Features, and Objectg of No 
founded on the best aatlua^iea. 2 to 
8vo. prioe£2.168. 





Short Whiot ; its Bite, Pro^esB, ai 
Laws ; With ObaerTHtiODS to make anj on 
Whist-Flajer. Containing also the Laws 
Fiquat, Oaaaino, Eoart^ Oribbage, Bai 



Un.B. Fcp. 8ro.Sa. 

Sinclair. — The Joiiniey of Life. 1 
CATSBBtiTE SiNOiojB, Author of 3X« Bu 
nettofL^e. New Edition. Fop.STO. E 

Sir Boger De Coverley. EVom the ^ 

tatw. With Notea and mmlntieni, 
W. Hbvky Wiub; and 12 Wood Engn 
ings from Desigris fa; F. Tatub. Beam 
»mi eheaper Edition. Grown 8to. 10b. Ad 
-or^ls. in morooeo by Hajdaj. — AnBdili 
witbont Woodcuts, in 16mo. prioe la. 



By t] 



The Sketches: Three Tales. 

Ant^re of Jmj Sertai, TXe i 
Heme, and Bamtrlme. The Tkird Edilm 
with S mnstntions in 
prioe 4«. Sd. boardi. 

Smee's Elements U Electro-Uetallnig 
Third Edition, revised, correct«d, and m 
uder&blj enluged ; with Electrotypes a: 
nnmeroua Woodoota. Foat 8to. 10s, 6d. 

BiniOi (G,) — Histoiy of Wesleyan M 

thodism ! Vol, I. WeslBy and his Tin* 
By QsoBOB Smith, F.A.8., Member of t 
EojalAHiftticaoeiety.ic.; Author of &«» 
AmuU, or Seeimrekei info tie Bhtory m 
BdigioH of Maukmd, ie. Crown Si 
-with 8 Faenmilee of Hrth ~ 
Ticket!, prise 10a. 6d. obith. 



a NEW EDITIONS 



Smith (O.V.)— The Fropliecies relating 

to Nineveh and the ABajriaos. TrsnslBled 
from the Eebreir, irilh Historical Intro- 
ductions and Notes, exhibiting the iirincipat 
lUinlts of the recent Discorencs. B; 
Gbobob TurcB Smith, B,A. Fast 8to. 
viith B Slap, price 10s. 6d. cloth. 



NsTigatian of the Ancients. B; 
Sima, of Jordanhill, Esq., F.B.S. Seeand 
Ediiim ; with Charts, Views, and Wood- 
cuts. Crown Sto. 8b. 6d. 

A Hemoir of the Rev. Sydney Smith, 
Bj his UwighteT, Lu>t HoLiiAjn). With 
a BdactioD from liia Letters, edited fay 
MBS.AnsTiH. SaeBdiiioB. 2to1b.8to. 28s. 

The Rev. Sydney Smith's Miscelkneons 

Works 1 Including his Contributioni to The 
Edinburgh Beview. Three Editions :— 
I. X Lnun Eninoir »tae FnurtH), In S toU. «td, 



I. Another Hnr Eduiov. In S Tab. bp. Bio. pri» Hb. 

The Rev. Sydney Smith's Elementary 
Sketches of Moral Philosophj, delivered at 
the Bojal Institution in the Years 1804, 
1803, and 1806. Tlurd Edition. Fcp.8T0.7B. 

Snow.— A Two-Years' Crniae off Tierra 
del Fuego, th« Falkland Islands, Fatagonis, 
and the River Plate. A Narrntive <^ Life 
in the Southern Seas. By W. Pabkeb 
Syow, late Commander of the Mission 
Yacht J/lfn Gardineri Author of "Voyage 
of the Prince Jlbrrt in Search of Six John 
Franklin." With 3 coloured Charts and 6 
tinted lUuatrationB. 2 toIs. po»t Bto. 24s. 

u dunMHof 
ni^idfbapf 
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Robert Sonthey's Complete Poetical 

Works ; containing all the Aathor's last In- 
troductions and Notes. The Library Edi- 
tion, comriete in One Volume, with Por- 
trait and Vignette. Medium 8to, price 21s. 
cloth ; 42s. bound in morocco. — Also, th« 
Firit collected Edition, in 10 ¥ola, fcp. 8to. 
with Portrait and 19 Vignettes, price 35s. 

Select Works ofthe British Poets; from 
Chaucer to Lovelace inclusive. With 
Biographical Sketches by the lata Bobbbt 
fiotriEEr. Medium 8vo. price SOs. 



Bonthey'a Correspondence. — Belectloiu 

&om the Letters of Robert Southey, ie. 
Edited by his Son.in-Law, the Rev, Joss 
Wood WAatKB, B.D., Vicar of Wtet 
Tarring, Sussei, 4 vols. p09t8vo. price 42i. 

nie life and Correfpandence of the late Bobart 

Southey. Edited by his Son, the Ber. 
C. C. SotTTiure, M.A., Vioar of Ardleigh. 
With Portraits and Landscape Illuitn- 
tions. 6 vols, post Sio. price 638. 

SoQthey'i Doctor, complete in One 

Volume. Edited bythcBev. J. W. Wabtsi, 
B.D. With Portrait, Vignette, Bust, and 
coloured Plate. Square crown Sro. 21s. 

8oz.Qtaf» Commoiiplaes-Booka, eemplete in 
Four Volwnea. Bdit«d by the H«v. J, W. 
Wabibb, B.D. 4 vols, square crown 870. 
price £3. ISs. 

E>^ CHHUDivIafi-Suft. eomiilets In iUelf, ami ba 
had ugqiratfly, u fiiUDwa ;— 



Soathey's Life of Wesley ; and Rise and 

Progress of Methodism. New Edition, with 
Notes and Additions. Edited by the Rei. 
C. C. SotriEXY, M.A. 2 vols. 8to. with 
i Portraits, price 28e. 

Spottiswoode. — A Tarantasse Journey 

through Eastern Eusaia, in the Autumn of 
1856. By WrtLiAK Seottibwoodb, M J.., 
F.B.8. With a Map of Russia, several 
Wood Engravings, and Seven lUnatrationa 
in tinted Lithography from Sketches by the 
Author. Post 8vo. price 10s. 6d. 

Stephen.— Lectures on the Histoi; of 

Franca. By the Righl Hon. Sm Jamu 
STipaiN,E.C.B.,LL.D.,Profestor of Modem 
Histonr in the University of Cambridge. 
Tlurd Bditiou. 2 vob. Bvo. price 24e. 

Stephen.— Essays in Ecclesiastical Bio- 

grai^y ; &om The Edinburgh Review. By 
theBightHon.SiB Jaubs Stbfhbh, K.C.B., 
LL.D,, Professor of Modem History in 
the University of Cambridge. Third Bdi- 
tiOD. 2 vols. 6vo. 24s. 

Stonehenge.— The Greyhound : Behig a 
Iteatise on the Art of Breeding, Bearing, 
and Training Qreyhounda for Public Run- 
ning J their Diaeaaes and Treatment : Con- 
taining also Rules tor the Management of 
Coursmg Meetings, and for the Decision of 
Courses. By Siokxhihqb. With Frontis- 
piece and Woodcuts. Square crown 8vo. 
price 21s. half-bound. 
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Stow. — The Trwning SyBtem, Moral 
Tniniug Scbool, uid Normal Seminaij for 
Nepiuiiig SchooImoaterB and GoTemeaaes, 
Bj DiTiD Stow, Bsq., Honorarj Secretary 
to th« Qlaagoir Hormal Free Semiiui;. 
Tentb Edition ; with Plate* ftnd Woodouti. 
Post 8io, price 61. 

Strickland. — Lives of the Queens of 

England. Sj Aasxg STUidCLAiJii. Pedi- 
o&ted, bj eipreBs permisBuin, to Her Ma- 
jesty. Embellished with Portrait* of erery 
Queen, engraved from the most authentic 
Bourcei, Complete in fi Tola, poit 8to. price 
7b. 6d. each. — Any Tolume may b« had 
ttparatefy to complete Seta, 

Hemoirs of Bear-Admlrol Sir WiUlam 
Symonda, Ent., C.B., F.R.S., late SurreyoF 
of the Kavy. Publiahed with the aanction 
of hie Ezecntora, u directed by hia Will ; 
Mid edited by J. A. Dsabf. 8to. with 
Platea uid Wood Engraringa. 

[In lie freti. 

Taylor.— Loyola; and Jesuitism in its 
Budiments. By Iui.a Iatlob. Post 8vo. 

price 10a. 6d. 

Taylor,— Wesley and Methodism. By 
iBAic Tatx:Ob. Poet 8ro. Portrut, 10s. Gd. 

Thacker's Courser's Annual Bemem- 
brancer and Stad-Book : Being an Alpha- 
betical Betum of the BuDning at all the 
Tnblic Coursing Clubs in England, Irdand, 
and Scotland, for the Season 1856-67 1 with 
the Ftd^eei (a8 &r ai reeeiTed) of the 
Doss. By BoBBBT Abuax Weuib, Lirer- 
pool. 8ro. aia. 

•.• PuUlibed UDDiUjln (MoAir. 

Thirlwall— The History of Greece. By 
the Bight Ber. the Lobd Bishop of Bi. 
Datd>'b (the Ber. Connop Thirlwall). An 
improved Libraty Sdition 1 with Maps. 8 
vola. 8to. price £3.— An Edition in 8 Tola, 
fcp. 6to. with Yignette Titles, price 2Sa. 

Thomas.— HistoricEil Notes relative to 

the History of Englaud; embracing the 
Period from the Acoeaaion of Zing Henry 
Vm. to the Death of Queen Anne inclusive 
(1509 to 1714) : Designed aa a Boot of in- 
stant Beference for the purpose of aaeer- 
taining the Dates of Erents mentioned in 
Hiatory and in Maiioaoripta. The Names 
of Persons and Erenta mentioned in History 
within the above period placed in Alpha- 
betical and Chronological Order, with Dates ; 
and the Authority from whence taken 
giTen in each caae, whether from Printed 
Hiatoiy or from Manuscripts. By F. 8. 
Thouas, Secretary of the Public Beoord 
Department. 3 Tota. royal Svo. price £2. 



Thomson's Seasons. Edited by Bolton 
COBKBI, Esq. Illuatra(«d with 77 fine 
Wood Engravings from Designs by Mem- 
bers of the Etching Club. Square crownSvo. 
Sis. cloth J or 86s. bound in morocco. 

Thomson (the Rev. I}r.>—An Outline of 

the neoessaiT Laws of Tliought : A Treatise 
on Pure and Applied Logic. By WiLLUlc 
Thoxbon, D.D., FroTOst of Queen's Col- 
lege, Oxford. Faurlh Edition, carefully re- 
. Tised. Fop. 8to. price 7h. 6d. 

Thomson's Tables of Interest, at Three, 

Four, Pour-ond-B-Half, and Five per Cent., 
from One Pound to Ten Thoussnd.and from 
1 to S6B Days, in a regolar progression of 
single Days g with Interaat at all the abore 
Bates, fiom One to Twelve Months, and 
from One to Ten Years. Alao, numerous 
other Tables of Exchanges, Time, and Dii- 
oocnts. New Edition. ISmo, prioe 8f. 

Thombory.- Shakspeare's England ; or, 

Sketchee of Social Hiatory during the Beign 
of Eliiabeth. By G. W. Thobsbdkt, 
Author of Hitlorf of Ike Bueeaaeert, tas. 
t Tola, crown 8to. 21». 

"A work which stands unrivalled for the variety 
uid mterUining cbmruiUr of Itii unUnU, uid which mU 
dHBrvH ■ piMOe on the libmry-theirp V ttw Bide eltliflr ot 
the hliUrlani of En^lAud or the prlacs of dTKmatifttA." 



The Thumb Bible; or, Verbum Sempi- 
temum. By J. TATT.0B. Being an Epi* 
tome of the Old and New Teatamenta in 
English Terse. Beprinted &om theKditbn 
oflS99; bound and claiped. 64mo. Is. 6d. 

Bishop Tomline's Introdnction to the 

study of the Bible 1 ContaininK Proofs of 
the Authenticity and Inspiration of tbe 
Scriptures ) a Summary of the Eistoiy of 
the Jews ; an Acooant of the Jevriah Sects ; 
and a brief Statement of Contents of seve- 
ral Book* of the Old Teilaaenl. New Edi- 
tion. Fcp. 8to. 5s. 6d. 

Tooke.--HistoTy of Prices/ and of the 
state of the Circulation, during the Nine 
Years from 1848 to 1856 inclueiTC. Form. 
ing Yola. T. and YI. of Tooke'a Hulory of 
Frice* from 1792 la Ike Fretent lime; and 
comprising a copious lnde» to the whole of 
the Six Yolumes. By Tkohas Tooks, 
F.B.S. Buil William Hiwkabck. 2 vols. 
8to. price E2a. 6d. 

Tovmsend.— Modem State Trials revised 

and illustrated with Eaaays and Notes. By 
W. 0. TowsBBKD, Esq., M.A., Q.C. 2 Tola. 
Svo. price 30s. 
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THE TBAVELLER'S LIBEARY. 



Summary of ike ConUnU of ike TBAYELLER'S LIBRAET, now eompUie in 102 
Parts, priee One Skilling eaek, or in 50 Volumes, price 2s, %d. each in cloth,'^ 
To be had alsOy in oom]^te Sets only, at Five Guineas per S^, bound in cloth, 
lettered, in 25 Yolumes^ elassified a» follows >^ 



VOYAeES AND TRAVELS. 



IN EUROPE. 



▲ GONTINENTAL TOUB btJ.BABBOW. 

ARCTIC VOYAGES AlfDl v^ v iTAvm* 

BISCOVEBIBS .^^^j^.. S »T Jf. MAr«J5. 

BRITTANY AND THB BIBLE bt I. HOPE. 

BRITTANY AND THE CHASE bt I. HOPE. 

CORSICA ST F. OREGOROVIUS. 



GERMANY, mc. : NOTES OFl „ b t atwo 

A TRAVELLER J •"• '^o.liAiaii, 

ICELAND BT P. MILES. 

NORWAY, A RESIDENCE IN btS.LAING. 

NORWAY, RAMBLES IN bt T. FORESTER. 

RUSSIA bt tbb MARQUIS DE CUSTINE. 

RUSSIA AND TURKEY .. BT J. R. M'CULLOCH. 

ST. PETERSBURG. . _^ bt M. JERRMANN. 

THE RUSSIANS OF THE SOUTH, bt S. BROOKS. 

MONT BLANC. ASCENT OF bt J. AULDJO. 

^ m'r'^ALPS^^^^^™'}" '• VON TSCHUDI. 
VISIT TO THE VAUDOiS) __ « ratt^q 

OF PIEDMONT J BY JC, BAINES. 



m ASIA. 

CHINA AND THIBET BY THB ABBE* HUC. 

SYRIA AND PALESTINE. "SOTHEN." 

THE PHILIPPINE ISLANDS, bt Pr GIRONI^EK* 

IN AFRICA. 

AFRICAN WANDERINGS BtM. WEBNB» 

MOROCCO BT X. DURSIEU. 

NIGER EXPLORATION . .BT T. J. HUTCHINSaN, 
THE ZULUS OF NATAL BTaH.MASON. 

IN AMERICA. 

BRAZIL BT E. WILBERFORCE. 

CANADA BT A. M. JAMESON. 

CUBA BTW.H.HUBLBUT. 

NORTH AMERICAN WILDS . . . . bt C. LANMAN. 

IN AUSTRALIA. 
AUSTRALIAN COLONIES bt W. HUGHES. 

ROUND THE WORLD. 
A LADY'S VOYAGE BtIDA PFBIFFE& 



HrSTORY AND BIOGRAPHY. 



MEMOIR OF THE DUKE OF WELLINGTON. 
T HE L IFE OF MARSHAL "I bt the REV. T. 0. 

TURENNE i COCKAYNE. 

8CHAMYL .... BT B0DEN8TEDT abb WAGNER. 
FERDINAND I. AND MAXIMI- 1 ,^ vAnnriK 

LIAN II J ^* RANKE. 

FRANCIS ARAGO'S AUTOBIOGRAPHY. 
THOMAS HOLCROFrS MEMOIRS. 



CHESTERFIELD A SELWYN, BY A. HA YWAM> > 
SWIFT AND RICHARDSC^, bt LORD JEF FREY . 
DEFOE AND CHURCHILL .... bt J. F0R8TBR. 
ANECDOTES OF DR. JOHNSON, bt MR& PIOEZL 
TURKEY AND CHRISTENDOM. 
LBIPSIC CAMPAIGN, bt tkb REV. O. &. GLEIO. 
AN ESSAY ON THE LIFE ANDl bt HENRY 
GENIUS OF THOMAS FULLER/ ROGERS. 



ESSAYS BY LORD MACAULAY. 



WARREN HASTINGS^ 

LOR D CLIVB. 

WILL IAM PITT. 

THE EARL OF CHATHAM. 

BANKS'S HISTORY OF THE POPES. 

GLADSTONE ON CHURCH AND STATE, 

ADDISON'S LIFE AND WRITINGS. 

HORACE WALPOLE. 

LORD BACON. 



LORD BYRON. 

COMIC DRAMATISTS OF THE RESTORATION. 
FREDERIC THE GREAT. 
HALLAM'S CONSTITUTION AL HI STORY. 
CROKER'S EDITION OF BOSWELL'S LIFE OF 
JOHNSON. 

LORD MACAULAY'S SPEECHES ON PAELU- 
MENTARY REFORM. 



WORKS OF FICTION. 



THE LOVE STORY, raoM SOUTHEY'S DOCTOR, 
SIR ROGER DE COVERLE Y. . . . } SPECTATOR 
MEMOIRS OF A MAITRE-iyARHES. by DUMAS. 
"^^^G^MA^.t } BTE.SOUVESTRE. 



AN ATTIC PHILOSO-l ^^ « flOTTVKfrPKE. 

PHERIN PARIS.. / BT «. BOUVERTKBr 

SIR EDWARD SEAWAED'S NARRATIVE OF 
HIS SHIPWRECK. 



NATURAL HISTORY, Ac. 



ELECTRIC TELEGRAPH, &c. BYDB. G.WILSON. 



ATURAL HISTORY OP 1 ,^ t^« t in!.*n> I ELECTRIC TELEGRAPH, &c. BYDB. G.WI 

CREATION / ■* ^*' ^' *"iJli^« OUR COAL-FIELDS AND OUR COAL-PITS. 

fDICATIONS OF INSTINCT, BY DR. L. KEMP. CORNWALL, ITS MINES, MINERS, *c. 



INDICATIONS 



MISCELLANEOUS WORKS. 



LECTURES AND ADDRESSES { ^ "aRL^SLE °' 
SELECTIONS FROM SYDNEY SMITH'S 

WRITINGS. 
PRINTING BY A. STARK. 



RAILWAY MORALS AND\ _.„ fii>nvn!R. 
RAILWAY POLICY ]-. • KT H. SPKNCJSK. 

MORMONISM . . BY THB REV. W. J. CONYBEARK. 
LONDON BY J.R.M'CULLOCH. 



rvBLuau) BT LOIfaMAS, BBOWH, ixo 00. 



^e Traveller'B Libnirj lieiit^ now com- 
plete, the Pnbliahen call ■tlention to this 
eoUection h well ttdapted for livttl/tn and 
EmIgrmU. fbr SeAoel-reem U*raH«, the lAbrmha 
Hf ilechanici' Inititulioni, YoiMg Ittx't hOirarttw, 
the UArarif tf Slapt, ud limilu purpoau. The 
Hpinile volume! ire >ui(ed rOr School Prlitt, 
Pranilt If Ymaij Ptaple, and for geutrti initnic- 
UOD and esterUlnment. Tbe Seiir* crmpriw) 
IbUTtten of tbc moflt popular of f'>nl Huau^y^s 

lyt, iitd hi* £.^e«Af# ou PmrliaiBrntaiy Bf tons. 
depBrtment ofTrsvelHt ' ' 

■ighl ol llie pliptdpal ci 

Bilranlainfburdisuii: 



TroUope.— Barcti«iter Towers. B7A11- 

lEOXT IboUiOFB. 8 Tols. post 8to. price 
31>.6d. 



Till 



wealth 0* 



It of tt 



linecal 



If BnKland, Ibe habil 
InlneTi, and the Kcnery of llic nmrnniliBg' unnlry. 
It oniT remlpi to add, that among tie MiKClla- 
QeotiaWorki arc ■ Selection of the btsC Writissa of 
tlie Rer. Sidney Hmilhi Laid Cailiile's Lttttru 
find AddTciacs : bd account of Jfornumini, by Ihe 
Kev. W. J. Conybean; an eipoiitian of Satlwag 
manaKemenl andmiamanaKeBMiit, brMr. UeiliHt 
Spencer ; an accauut of tbe Origin imd Practice of 
Pn'nfin^.by Mr. Stu-iii andan accDantofL^nifBii, 
by Mr. M'Culloch. 




IS" The Jhmeller't Library may tito be had 
as originallj iaeued in 102 parte, la. each, 
forming SO Tols. 2b. 6d. each ; or anj aepsrate 
parts or ToltnaeB. 




niriea of Earop^ aa 
.of Afriia, in fbur of 
America, and in three of Aaia. Madame Preiffer's 
Fifit Jownet rimtid Iht World is inrinded ; and a 

BiORrapliy and Hiatory will be f&ond I*rd Jlacan- 
lay't Biograpbtcal Sketcbea of Warren Bmthigi, 
Chvi, Pitl, Walpttt, BaeoH, and other); betide* 
1iemcinoIW^Ingl<nt,Tlimiu,P.Arag»,»iC.;io 
Bauy on tbe Life and Genioa of Titmai Fuller, 
with SclectlflBB from hia WrilioEB, by Mr. Henry 
KoKers; snd a bistory of tlie J>4ii«eC«;iaipi,by 
Mr. Gieie, — wbieb ia the only separate account of 
tbia remarluble caiBiiai[B. Wwka of Fiction did 
not come mtbin tlie plan of the Thaveu.h'9 Li- 
BHABY ; but tbe Cimftuiont of a Warliing ilat, by 
Sonveitre, which is indeed aBclion founded on tact, 
bas been included, and has been read with nnonal 
interest by many of the working- elaiaes, (br wbosa 

* of tbe Maitre-d'Arma, Ihoofb In ftrra a work of 
AcUoo, fivFa a atriUiiKpictBTe of an epiaode in the 
hiRory of Rnssia. AmavRBt tbe workt on Sdence 
and Natural FbitosoiAy, aitenerai view of Creation 
ia embodied ia Di. Keoip'a ^ttaial BUIary of 
Crin/ion; and in hia Jadica((MU.//ai(iBc( remark- 
able facts in nalnral bistary are collected. Dr. 

SUetTic TtUgroph. In (he volnmea on Ibe Coal- 
Fields, and on the Tin and other Mtnins Disli 



of Kr!*^B2lwIi ftumar 
aotd ni Vordm) data 
not AspiDd only on t£vj Hot 
Ui Inlaiwt; tlte^canAiI 
wil£ a Ividacv ot 



Sharon Tnmer'B Sacred Htstory of the 

World, attempted to be Philosopbically 
coniidered, in a Series of Lettera to a Son. 
BewSditiou, edited by the Her. S. TcBlfBB. 
8 Tola, poet 8td. price 31>. 6d, 

Sharon Tamer's History of Enf^d 

daring the Uiddb Ages: Compniing the 



Sharon Turner's History of the Anglo* 
BaiOTia, from tbe Eariieat Panod to the 

i{t>man Conaueat. Serenth Edition, refiaed 
by tbe BeV. S. Idbbss. 3 Tola. 8to. 36a. 

Dr. Tnrton's Mannal of the Land and 

rreah-Water Bhdla of ^rrat Britain. New 
KdhiOD, tboKRi^lj rariaed and bronght up 
to the Preaont Time. £dited bj Dr. J. E. 

Obat, ¥.8.8., kc.. Keeper of tbe Zooli^al 
Department in the Britiah Uuieum. Crown 
8to. -with Coloured Plates, [_In tkepreu. 

Dr. Ifre's Dictionai? of Arts, Hannfiic- 

tures, and Minea 1 Containing a clest Expo- 
sition of tbeir Principles Bjid Practice. 
!Fourth Edition, much enlarged ; moat of 
the Articles beuig enlirdy re-written, and 
hlbhj new Articles added. With neao'ly 
1,600 Woodcuts. 2 Tola. 8»o. price 60a. 

Van Der Hoeven's Handbook of Zoology, 
Xranslated from the Second Dutch Edition 
bj the Ber. WuiiiM Ci.iBK, M J)., F.B.S., 
&0.. laU FeUow of Trinitj College, and Pro- 
fasBor of AoaUimy in the DnlTeraitf of 
Cambridge ; with additional Keferenoes fur- 
niahad by Uie Author. In Two Tolnmee. 
Yol. I. InverteiraitJiiimidi; with le Plat«a, 
oomptiaing numeioua Figurca. 8to. SOi. 

Vehse,— Memoirs of the Court, Aristo- 
cracy, and Diplomacr of AuBtria. ByDr.B, 
Tehse. TFansIated from tbe GeTrnan by 
Frutz DuotDEB. 2 Toi». post 8to. 21s, 



Von TempBky.-Sfitia: A Narrative of 

Jiicidmta and Personal AdTentures on a 
Jonmej in Mexico and Guatamala in tlie 
Yean 18&3 and 1854 1 With Obieryationg 
ontbeModesofLileintlioMCoiintriea. Hj 
O.F.Toif Tehpbkt. Editedbf-T'SBBiJ^ 
Author of /oamfl/ o/'b AfnAnce in Cirauiia 
i» tht Yean 1S36 to 1839. With lUiutn- 
tion> in Chromolithographj and Engnniigs 
on Wood. 8to. \_Iafiepreu. 

Wade. — England's Greatness ; Its Rise 

andProgresa inOOTBrmnant, Lawa, Beligion, 
and Social Life ; Agriculture, Commerce, 
and Manii&otuiea i Science, Litnatore, and 
the Artt, from the Earlifst Period to the 
Peace ofForii. By JosN Wadb, Author of 
iho Caiiiul Lavyer, io. Post Sro. lOa. 6d. 

Waterton,— Essays on Natural Histoiy, 

chiefly Omithologj. SjC.WATEUTOs.'Ratj. 
With an Autobiography of the Author, and 
Tiewa of Walton HalL New and cheaper 
Edition. 2 toU. fop. Bto. price 10a. 

Tatarton'! Eiiayi en Vatnral Hiftfiy. Thlid 
Series ; with a Continuation of the Auto- 
biography, and a Portrait of the Aathor. 
"Bop. Sto. price 6e. 

Webster and Parkes's Encyclopiedia of 

Domestic Economy ; comprising such snb- 

Srts as are most immediately connected with 
ouBeluepinff 1 As, The Conatmction of 
Domestic Edifioea, with theModea of Warm- 
ing, Tentilating, and Lighting them — A de- 
■oription of the various ^iclei of Fomiture, 
iritn the nature of their Materials — Bnties of 
Senanta— Ac, Hew Edition; with nearly 
1,000 Woodcuts. 8to. price fiOs. 

Weld. — Vacations in Ireland. By 
CsABLSa BlOHABj> WiU), Bufistar - at ■ 
Law. Post 8so. with a tinted Tiew of 
Birr Castle, price lOi. Gd. 

Veld.— A Taoation Tout In the United BtatM 
and Canada. Sy C. B. Wild, Barriater.at- 
L«w. Post 8*o. with Map, lOs. 6d. 

West. — Lectures on the Diseases 'of 

Infancy and Childhood. By Okablkb West, 
M.D., Physician to the Hospital for Sict 
Children; Physician- Accouoheur to, and 
Lecturer on Midwifery at, St. Bartholomew's 
Hoapitftl. Third Edition. Bto. 14s. 

milich's Popular Tallies for ascertain- 
ing the TaJvie of Lifehold, LeasehDld, and 
Church Property, Renewal Fines, Ac. With 
numerouB additional Tables — Chemical, Ab- 
tronomical. Trigonometrical, Common and 
Hyperbolic Logarithms ; Constants, Squares, 
Cubes, Roots, Keciprocals, Ac. Fourth 
Edition, enlarged. Post Bto. prioe 10a. 
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Wbitelooke's Joomal of the En^iih 

Embassy to the Courii of Sweden in tha 
Yean 1663 and 1654. A New Edilkn, 
reriaed by Hksbt Bbbtk, Baq., FAA. 
8 Tole. 8to. 24c. 

Wilmot's Abiic^ent of Blackstone'i 

Commentaries on the Laws of England, m- 
traided for the use of Young Feraons, and 
eompriaed in ■ series of Letters &am aS'aOur 
to hit Daughter. 12nio. price 6b. 6d, 

Wilson CW.)— Bryologia Britannica: Con- 
taining the Mosses of Great Britain and 
Ireland systematically arranged and described 
according to the Method of Srvth and 
Seiimper; with 61 illustrative Pistes. Being 
a New Edition, enlarged and altered, of the 
Mtueologit Briiamiett of Messrs. Hooker and 
Taylor. By WiLUAK Wruov, Prendent 
of the Warrington Natural History Society. 
Bto. 42s.; or, with the Platea coloured, 
prioe £4. 4a. cloth. 

Tonge.— ANew English-Greek Lexicon : 

Containing all the Greek Words need by 
Writer* of good authoritf. By O. D. 
YoKOB, B.A. Seetmd Edilion, rerised and 
corrected. Post 4to. price 21a. 

Tongs'B Sew Latin A«diu : Containing 
Ever; "Ward, used by the Poeta of good 
authority. For the use of Eton, West, 
minster, Winchester, Harrow, Charterhouse^ 
and Bugby Schools ; King's College, Lon- 
don ; and Marlborough Coll^a. F^k 
SditioH. Post Bto. price 9a. ; or with 
Affbndtx of Epilhett claasilied acoording 
to their Englith Meaning, 12s. 

Tonatt— The Horse. By William Yonatt 

With a Treatiae of Draught. New Edition, 
with numeroua Wood EngraTings, &am 
Designs by William Harvey. (Measra. 
Zjosamx and Co.'s Sdition should be or- 
dered.) 8to. pricelOa. 

Tonatt — The Dog. By William Touatt. A 
New Edition j with numerous EngraTinga, 
from Designs by W. Earrey. Sto. 6n. 

Young. — The Christ of Hlstoiy: An 
Arsument grounded in the Facta of His 
Lift on Earth. By JoHir TovKa, LL.D. 
Second Edition. Fast 8to. 7a. 6d. 



Znmpt's Grammar of the Latin Lan- 
goBige. Translated and adapted for the 
use of English Students by Da. L. Sckmim, 
F.B.S.E. : With numerous Additions and 
Corrections by the Author and T^™slator. 
4th Edition, thoroughly reriaed. Bvo. 14i. 

iOctoitr 1857. 



